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One important and valuable topic in rough set theory is the concept of approximation over
various generalized information systems. Although rough set models and approaches over
hybrid attribute sets have been studied by many researchers recently, the studies focus on
the rough approximation of a crisp concept over a hybrid attribute information system. This
paper considers the rough approximation of a fuzzy concept over a hybrid attribute informa-
tion system. We define a hybrid indiscernibility relation by compounding the fuzzy indis-
cernibility (similarity) relation over numerical attributes with the equivalence relation
over symbolic attributes. Then we present the lower and upper approximations of a fuzzy
set based on the hybrid indiscernibility relation, i.e., the fuzzy rough set over a hybrid attri-
bute information system. Also, some interesting properties of the hybrid fuzzy rough approx-
imation operators are presented in detail and the relationship between the fuzzy rough set
and the existing rough set model over a hybrid attribute information system is established.
Meanwhile, based on the definition of the cut set of a fuzzy set of the universe of discourse,
the representations of the lower and upper approximations of a fuzzy set are given with
respect to hybrid attribute approximation space. Furthermore, the concept of the cut set of
the hybrid indiscernibility relation of the hybrid attribute approximation space is defined,
then the characterizations of the hybrid fuzzy rough approximation operators are estab-
lished as well. Two different types of characterization theorems of the hybrid fuzzy rough
approximation operators are presented based on the cut set of the hybrid indiscernibility
relation over the hybrid attribute information system. At the same time, we study the uncer-
tainty measure of the fuzzy rough set over a hybrid attribute information system by using
knowledge granulation. The main contribution of this paper is twofold. One is to extend
the existing rough set approach over hybrid attribute information systems to a fuzzy envi-
ronment. Another is to present a new way to define the rough approximation of a fuzzy con-
cept as well the uncertainty measure over hybrid attribute information systems.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

The approximation of a concept on knowledge space (approximation space) with rough set theory is a principal problem
in pattern recognition, fault diagnostics, decision-making under uncertainty, etc. It has induced various generalizations of
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the Pawlak rough set [10,27] during the last decade, such as rough fuzzy set [4,5,43,44], fuzzy rough set
[2,11,24,25,35,45,51,52,63], intuitionistic fuzzy rough set [36,64,65], vague rough set [7], etc. For a detailed review, readers
can consult Ref. [28,29]. The basis of both the Pawlak rough set and its generalized forms is the equivalence relation or arbi-
trary binary relation on the universe of discourse determined by the attribute set. All existing generalizations have enriched
the theoretical basis and also extended the areas of application of the Pawlak rough set. However, there may exist two or
more types of attributes that describe the objects on the universe of discourse in practical decision-making. Then some
new rough set approaches are needed to effectively deal with the case when different types of attributes appear. So, inves-
tigating the rough set approach to hybrid attribute sets is necessary. The aim of this paper is to deal with the fuzzy concept
on hybrid attribute set information systems by combining rough set and fuzzy set.

The theory of Pawlak rough set deals with the approximation of an arbitrary subset of a universe by two definable or
observable subsets, named lower and upper approximations, based on an indiscernibility relation determined by attributes.
In the Pawlak rough set theory, the values of all attributes are assumed to be the nominal (symbolic) attribute, i.e., all attri-
butes are in the same category for classification and then there is defined an indiscernibility relation by the symbol values of
the attributes. In the traditional approach of Pawlak rough set theory, it should firstly transform the non-symbolic attributes
into symbolic values by means of a discretization process when using the rough set theory to deal with classification deci-
sion-making. Though the attributes are in the same category in practical applications, as mentioned in Ref. [19], there could
exist both symbolic and real values for the attributes. Then Pawlak rough set theory will encounter difficulty when modeling
these kinds of values of attributes. Thus, there is a need for new approaches to handling the symbolic and real value of
attributes simultaneously. So, the fuzzy rough set theory is established naturally by combining fuzzy set and rough set
[4,5]. Consequently, the fuzzy rough theory has recently attracted much attention and interest of researchers and has also
been successfully applied in many fields, such as machine learning, data mining and management decision-making.
[3,8,12–17,19–21,33,38,41,42,45,46,48,66].

In many applications, especially management decision-making, however, there may not only be different types of attri-
bute values but also different categories for the attributes which describe the objects of a universe of discourse. For example,
let us consider a decision-making problem in management science: a credit card applicant. For all the potential applicants,
the characteristics of the applicants could be described by four attributes ‘‘Income’’, ‘‘Consumption level’’, ‘‘Education’’ and
‘‘Sex’’. The attributes ‘‘Income’’ and ‘‘Consumption’’ may be given the values of ‘‘high’’, ‘‘mid’’, and ‘‘low’’ but the values of the
attribute ‘‘Education’’ may be ‘‘Ph.D’’, ‘‘M.S’’, and ‘‘B.S’’ and the values of ‘‘Sex’’ are ‘‘Male’’ and ‘‘Female’’. It is easy to see that
the values of attributes ‘‘Income’’ and ‘‘Consumption’’ are a fuzzy set and the values of ‘‘Education’’ and ‘‘Sex’’ are symbol-
valued. So, the decision-making problem of processing a credit card application includes two different category attributes
because ‘‘Income’’ and ‘‘Consumption’’ are numerical attributes (fuzzy set) but ‘‘Education’’ and ‘‘Sex’’ are nominal attributes
(symbolic-valued). That is, the decision-making problem for a credit card application has hybrid attributes (or hybrid data;
we assume that hybrid attributes and hybrid data are the same in the following sections). As aforementioned, the Pawlak
rough set theory is incapable of dealing with the hybrid attribute decision-making problem. Therefore, the generalization
of Pawlak rough set theory for handling hybrid data is valuable.

Broadly speaking, there are two kinds of methods for hybrid data processing. One is employing traditional numerical data
processing methods, including Principal Component Analysis (PAC) [23], Neural Networks [6,18] and Support Vector
Machine (SVM) [26], etc. The hybrid data should be transformed into integral numbers when these traditional approaches
are employed. However, there exists an inherent limitation in this method because the transformation for the hybrid data
lacks a reasonable semantic interpretation [9]. Another method is using Pawlak rough set directly by means of discretization
of numerical data into symbolic data. Likewise, this method could result in some information loss when adapted to the dis-
cretization method [21]. So, there exist some inherent limitations and there is a need to develop a new approach to hybrid
data processing.

Recently, the rough set approach to hybrid attribute information systems has attracted much attention, and some
generalized rough set models have been proposed by researchers [9,10,15,45,47,52]. In order to deal with hybrid attribute
information systems, Daniel et al. [52] and Hu et al. [15] propose a fuzzy equivalence relation over the hybrid attribute which
includes numerical and fuzzy attributes and construction of fuzzy information granules (i.e., fuzzy equivalence classes). Then
they define a new fuzzy rough set model based on a fuzzy equivalence relation for hybrid attribute information systems.
Furthermore, they investigate the hybrid attribute reduction by using the fuzzy rough set method based on a fuzzy equiv-
alence relation. In Ref. [47], Wei et al. construct a fuzzy equivalence relation by hybrid attribute which includes numerical
and symbolic attributes. Based on the definition of fuzzy equivalence relation derived from numerical and symbolic attri-
butes, they discuss the relationships among the existing fuzzy rough models based on hybrid attribute information systems.
Actually, the existing fuzzy rough set models based on fuzzy equivalence relations derived from hybrid attributes approxi-
mate a crisp concept of the universe of discourse [10,15]. However, there may also be a fuzzy decision attribute on the hybrid
attribute decision-making problem in management science. Just as in the decision-making about the credit card applicant,
the evaluation of every applicant also may be a fuzzy set but not a crisp value. So, putting the fuzzy set and rough set
together and applying these concepts to hybrid attribute information systems is a natural generalization of the existing fuzzy
rough set theory [4,5,14,19,24,38–40,42–44,46,49]. Moreover, it would degenerate into a kind of fuzzy rough set approach to
handle hybrid attribute decision making based on the hybrid indiscernibility relation when the decision object is a crisp
concept.
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In this paper, we consider the rough approximation of a fuzzy concept of a universe of discourse on a hybrid attribute
information system. Without lack of generality, we assume throughout that the hybrid attribute information system
includes both numerical attributes and symbolic attributes. As in the existing studies [9,10,45,52], we firstly define a fuzzy
equivalence relation over the fuzzy attributes (i.e., numerical attributes) and an equivalence relation over the symbolic
attributes for the hybrid attribute information system. Then we construct a hybrid indiscernibility relation over the hybrid
attributes, which includes symbolic and fuzzy attributes by means of compounding the fuzzy equivalence relation and the
equivalence relation. Secondly, we approximate a fuzzy concept by the fuzzy equivalence relation and the equivalence rela-
tion respectively, and then obtain two fuzzy rough approximations of the approximated fuzzy concept of the universe of dis-
course. Furthermore, we compound these two fuzzy rough approximations by the operator rules of fuzzy set theory.
Therefore, we arrive at the rough approximations of a fuzzy concept of the universe of discourse by using the hybrid indis-
cernibility relation. That is, we define the fuzzy rough set model based on a hybrid indiscernibility relation over a hybrid
attribute information system. Note that we will present another way to define the rough approximation of a crisp concept
of the universe of discourse when the fuzzy concept degenerates into the crisp one. Comparing to existing approaches to
hybrid attribute information systems using fuzzy rough set theory [9,10,15,19,38,45], the existing fuzzy rough set
approaches to hybrid attribute information system [9,10,15,19,38,45] approximate a crisp concept of the universe of dis-
course. Meanwhile, the existing approaches constructive the fuzzy equivalence relation by dealing with the crisp value of
the attribute as a special case of the fuzzy value of the attribute [19] or regarding the crisp equivalence relation induced
by the categorical attribute as a special case of the fuzzy equivalence relation generated by the numerical attribute
[9,10,15]. Moreover, there is a different way to define the lower and upper approximations of the objects over hybrid attri-
bute information systems between the existing approaches and the proposed method in this paper. Particularly, the defined
lower and upper approximations in this paper will degenerate into the existing results in Ref. [5,19,38] when there are
numerical attributes and degenerate into the existing results in Ref. [9,10,15] when there are symbolic attributes. Further-
more, we present the lower and upper approximations of the cut set of a fuzzy set based on the hybrid indiscernibility
relation over a hybrid attribute information system. Meantime, we give the representation of the lower and upper approx-
imations of a fuzzy concept of the universe of discourse by using the defined lower and upper approximations of the cut set
of a fuzzy set over hybrid attribute information system. That is, we establish the relationship between the rough approxi-
mation of a fuzzy and a crisp concept over the hybrid attribute information system. This result shows that we also present
another way to define the rough approximation of a fuzzy concept of the universe of discourse over the hybrid attribute
information system.

The rest of this paper is organized as follows. Section 2 provides the basic concept of information systems and briefly
reviews the Pawlak rough set theory. In Section 3, we firstly define the hybrid attribute information system and also give
the definition of the hybrid indiscernibility relation over the hybrid attribute set. Then we propose the fuzzy rough set model
based on the hybrid indiscernibility relation and discuss the relationships between the proposed model and the existing
rough set model over hybrid attribute information systems. In Section 4, we give the representation of the hybrid rough
approximation operators over the hybrid attribute information system by approximating a cut set of a fuzzy set of the uni-
verse of discourse. Section 5 presents two different characterizations of the lower and upper approximations over the hybrid
attribute information system. In Section 6, we study the uncertainty measure for the fuzzy rough set based on the hybrid
indiscernibility relation by using knowledge granulation and establish several valuable conclusions. At last, we conclude
our research and set out further research directions in Section 7.
2. Preliminaries

In this section, we briefly review the concept of information systems as well as the Pawlak rough set model over infor-
mation systems. Also, we will present the definition of rough fuzzy set and fuzzy rough set over information systems.
2.1. Information system and notations

We call a triple ðU;A; FÞ a decision information system (object information system) or database system [67], where
U ¼ fx1; x2; . . . ; xng is a universe of discourse, A is an attribute set and satisfies A ¼ C [ D and C \ D ¼£;

A ¼ fa1; a2; . . . ; amg;C is called a condition attribute and D is called a decision attribute. F ¼ ffjjj ¼ 1;2; . . . ;mg is a family
of mapping set between universe U and attribute set A, where fj : U �A! V and V ¼ [aj2AVjðj ¼ 1;2; . . . ;mÞ is the domain
of attribute set A. That is, 8x 2 U; aj 2 A; fjðx; ajÞ 2 Vjðj ¼ 1;2; . . . ;mÞ. In general, the domain of attribute set A may be sym-
bolic values, numerical values, linguistic values, etc.

In particular, the triple ðU;A; FÞ is called an information system if decision attribute D ¼ ;, i.e., ðU;A; FÞ ¼ ðU;C; FÞ. More-
over, ðU;A; FÞ is called a fuzzy decision information system if decision attribute D is a fuzzy set on universe U. Furthermore,
one can define the interval-valued (decision) information system, fuzzy number-valued (decision) information system and
continuous-valued (decision) information system, and so on.

Without lack of generality, we assume throughout that D – £ and also call ðU;A; FÞ the information system if there is no
special explanation.
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2.2. Pawlak rough set

Traditionally, the Pawlak rough set [27] begins from the indiscernibility relation of the universe of discourse. In the fol-
lowing, we firstly introduce the indiscernibility relation and then present the Pawlak rough set model in detail.

Definition 2.1. Let ðU;A; FÞ be an information system where A ¼ C [ D and C \ D ¼£. For any a 2 A, we call
½x�a ¼ fðx; yÞ 2 U � Ujf ðx; aÞ ¼ f ðy; aÞ;8a 2 Ag the indiscernibility relation determined by attribute a.

It is easy to verify that the indiscernibility relation ½x�aða 2 AÞ satisfies reflectivity, symmetry and transitivity. So, indis-
cernibility relation ½x�aða 2 AÞ is an equivalence relation of universe U.

Let ðU;A; FÞ be an information system. For any B # A; IndðBÞ ¼
T

a2B½x�aðx 2 UÞ is an indiscernibility relation determined by
attribute set B. Clearly, IndðBÞ is an equivalence relation of universe U.

Definition 2.2. Let ðU;A; FÞ be an information system. 8x 2 U, B # A, the equivalence classes of x with respect to IndðBÞ, are
defined as: ½x�B ¼ fy 2 Ujðx; yÞ 2 IndðBÞg.

We do not discriminate between the symbol ½x� and ½x�B if there is no confusion arising within the following context.
Let R stand for the equivalence relation induced by attribute set A of universe of discourse U. Then equivalence relation R

forms a partition of U and U=R ¼ f½x�jx 2 Ug stands for the equivalence classes of R.

Definition 2.3. Let U be the non-empty finite universe of discourse and R be an equivalence relation. Then we call ðU;RÞ a
Pawlak approximation space.

Let ðU;RÞ be the Pawlak approximation space. For any X # U, the lower and upper approximations of X with respect to
ðU;RÞ are defined as follows:
RðXÞ ¼ fx 2 Uj½x�# Xg ¼ [f½x�j½x�# Xg;
RðXÞ ¼ fx 2 Uj½x� \ X – £g ¼ [f½x�j½x� \ X – £g:
The lower approximation RX is the union of all elementary sets which are the subset of X, and the upper approximation
RX is the union of all elementary sets which have a non-empty intersection with X. The positive, boundary and negative
regions of X can be defined as follows:
posðXÞ ¼ RðXÞ; bnðXÞ ¼ RðXÞ � RðXÞ; negðXÞ ¼ U � RðXÞ:
The positive region posðXÞ consists of all objects that are definitely contained in the set X. The negative region negðXÞ con-
sists of all objects that are definitely not contained in the set X. The boundary region bnðXÞ consists of all objects that may be
contained in X. Because approximations are from equivalence classes, inclusion into the boundary region reflects uncertainty
about the classification of the object.

2.3. Fuzzy rough set

Pawlak rough set gives the approximation of a crisp concept over the information system. Dubois and Prade [5] consider
the rough approximation of a fuzzy concept with respect to the Pawlak approximation space.

Definition 2.4. Let ðU;RÞ be a Pawlak approximation space. For any X # FðUÞ, the lower and upper approximations of fuzzy
set X with respect to ðU;RÞ are defined as follows:
RðXÞðxÞ ¼minfXðyÞjy 2 ½x�;8x 2 Ug;RðXÞðxÞ ¼maxfXðyÞjy 2 ½x�;8x 2 Ug;
where FðUÞ stands for all fuzzy sets of universe U.
Then, fuzzy set X is called definable with respect to the Pawlak approximation space ðU;RÞwhen RðXÞðxÞ ¼ RðXÞðxÞ for any

x 2 U. Otherwise, we call ðRðXÞ;RðXÞÞ the rough fuzzy set.

Remark 2.1. Let ðU;RÞ be Pawlak approximation space. If X is a crisp set of universe U. 8x 2 U, the following equations hold:
RðXÞðxÞ ¼minfXðyÞjy 2 ½x�;8x 2 Ug ¼ 1() fx 2 Uj½x�# Xg ¼ RðXÞ;
RðXÞðxÞ ¼maxfXðyÞjy 2 ½x�;8x 2 Ug ¼ 1() fx 2 Uj½x� \ X – £g ¼ RðXÞ;
So, the fuzzy rough set is a generalization of the Pawlak rough set or the Pawlak rough set is a special case of fuzzy rough
set in Pawlak approximation space [51].

Furthermore, Dubois and Prade [4,5] present a new generalization of the Pawlak rough set by introducing a fuzzy equiv-
alence relation to ðU;RÞ and proposing the fuzzy rough set model.

Definition 2.5. A fuzzy subset R 2 FðU � UÞ is referred to as a fuzzy binary relation over universe U. 8x; y; z 2 U, if the
following conditions are satisfied:
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ð1Þ reflexivity: Rðx; xÞ ¼ 1;
ð2Þ symmetry: Rðx; yÞ ¼ Rðy; xÞ; and
ð3Þ transitivity: Rðx; zÞP

W
yðRðx; yÞ ^ Rðy; zÞÞ.

Then R is called a fuzzy equivalence relation of universe U.
Let U be a non-empty finite universe and R be a fuzzy equivalence relation of U. Then we call ðU;RÞ the fuzzy approxima-

tion space.

Definition 2.6. Let ðU;RÞ be the fuzzy approximation space. For any fuzzy set X 2 FðUÞ, the lower and upper approximations
of A with respect to ðU;RÞ are defined as follows, respectively.
RðXÞðxÞ ¼
^
y2U

½XðyÞ _ ð1� Rðx; yÞÞ�; x 2 U;RðXÞðxÞ ¼
_
y2U

½XðyÞ ^ Rðx; yÞ�; x 2 U:
We call R : FðUÞ�!FðUÞ and R : FðUÞ�!FðUÞ the fuzzy lower approximation operator and fuzzy upper approximation
operator, respectively.

Similar to the Pawlak rough set, fuzzy set X is definable if RðXÞðxÞ ¼ RðXÞðxÞ with respect to ðU;RÞ. Otherwise, we call
ðRðXÞ;RðXÞÞ the fuzzy rough set of ðU;RÞ.

Remark 2.2. Let ðU;RÞ be a fuzzy approximation space. If X # U, i.e., X is a crisp set of the universe of discourse, the following
equations hold:
RðXÞðxÞ ¼ ^y2U ½XðyÞ _ ð1� Rðx; yÞÞ� ¼ ^yRUð1� Rðx; yÞÞ; x 2 U;

RðXÞðxÞ ¼ _y2U ½XðyÞ ^ Rðx; yÞ� ¼ _y2UðRðx; yÞÞ; x 2 U:
Remark 2.3. If R is an equivalence relation of the universe of discourse, then fuzzy approximation space ðU;RÞ degenerates
into a Pawlak approximation space. For any fuzzy set X 2 FðUÞ, the following equations hold:
RðXÞðxÞ ¼ ^y2U ½XðyÞ _ ð1� Rðx; yÞÞ� ¼ ^fXðyÞjy 2 ½x�;8x 2 Ug;
RðXÞðxÞ ¼ _y2U ½XðyÞ ^ Rðx; yÞ� ¼ _fXðyÞjy 2 ½x�;8x 2 Ug:
This is the rough fuzzy set model presented by Definition 2.5. Furthermore, we can obtain the Pawlak rough set model
according to the definition of fuzzy rough set from Remark 2.1 [68].

Therefore, fuzzy rough set is a generalization of the existing rough set models. Consequently, fuzzy rough set theory has
been widely studied by many researchers [2,24,25,35,37,39,40,43,44,51,52].

3. Hybrid attribute information system and fuzzy rough approximations

In this section, we will establish the fuzzy rough set model for a hybrid attribute information system by defining the
hybrid indiscernibility relation over a hybrid attribute set. Meanwhile, several properties of the fuzzy rough set model based
on a hybrid indiscernibility relation will be given in detail. Also, the relationships among the existing fuzzy rough set over
hybrid information system with the hybrid indiscernibility-based fuzzy rough set will be investigated and a numerical exam-
ple will be used to test the conclusions presented in this section.

3.1. Hybrid attribute information system and notations

As is analyzed in the introduction, there could exist two or more different categories of attributes in many applications
in management science. That is, there are hybrid attribute information systems. Here we present the formal definition of
the hybrid attribute information system along with the traditional information system. In this paper, we only consider
two categories of attributes, which are described as fuzzy attributes and symbolic attribute in a given information system.
The management science background can be referred to in the example of the credit card applicant given in the
introduction.

We call a triple ðU;A; FÞ a hybrid attribute decision information system if A ¼ C [ D and C \ D ¼£, where C ¼ CN [ CS;CN

stands for the numerical attribute (i.e., fuzzy attribute) and CS denotes the symbolic attribute. Both CN and CS are called
condition attributes and D is called a decision attribute. F ¼ ffjjj ¼ 1;2; . . . ;mg is a family of mapping sets between universe
U and attribute set A, where fj : U �A! V and V ¼ [aj2AVjðj ¼ 1;2; . . . ;mÞ is the domain of attribute set A. That is,
8x 2 U; aj 2 A, fjðx; ajÞ 2 Vjðj ¼ 1;2; . . . ;mÞ.

In general, if 8aj 2 Aðj ¼ 1;2; . . . ;mÞ, then fjðx; ajÞ is a fuzzy set of the universe U (i.e., fjðx; ajÞ 2 FðUÞ) when aj 2 CN and
fjðx; ajÞ is a crisp set of the universe U (i.e., fjðx; ajÞ 2 PðUÞ) when aj 2 CS, where PðUÞ is all subsets of universe U.
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Similar to the traditional information system, ðU; ðCN [ CSÞ [ D; FÞ is called a hybrid attribute information system if deci-
sion attribute D ¼£. Likewise, ðU; ðCN [ CSÞ [ D; FÞ is called a hybrid attribute fuzzy decision information system when deci-
sion attribute D is a fuzzy set of the universe of discourse.

In the following sections, we assume that decision attribute D is a fuzzy set of the universe of discourse.
For the sake of clarity, we call ðU; ðCN [ CSÞ [ D; FÞ the hybrid attribute information system in the following sections, i.e.,

the hybrid attribute fuzzy decision information system ðU; ðCN [ CSÞ [ D; FÞ that is studied in the following is uniformly dis-
cussed using the concept of hybrid attribute information system, where CN and D are fuzzy attributes and CS is a symbolic
attribute.

Remark 3.1. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. Then

ð1Þ ðU; ðCN [ CSÞ [ D; FÞ is a fuzzy information system if condition attribute CS ¼£;
ð2Þ ðU; ðCN [ CSÞ [ D; FÞ is a traditional information system if condition attribute CN ¼£.

Therefore, the hybrid attribute information ðU; ðCN [ CSÞ [ D; FÞ has included the existing information systems.
In order to illustrate the above definitions and notations, we present a hybrid attribute information system

ðU; ðCN [ CSÞ [ D; FÞ in Table 1.
From Table 1, we can easily obtain the following results:
Table 1
A hybri

U

x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13

x14
U ¼ fx1; x2; x3; x4; x5; x6; x7; x8; x9; x10; x11; x12; x13; x14g;
CN ¼ fC1;C2;C3;C4; C5;C6;C7; C8;C9; C10g; CS ¼ fC11;C12g; D ¼ fD1;D2g 2 FðUÞ:
3.2. Hybrid indiscernibility relation based on hybrid attribute sets

The arbitrary binary relation induced by the attributes in a given information system is the basis of various aspects of
rough set theory. In this section, we focus on the method of defining a binary relation over a hybrid attribute informa-
tion system. This is also the critical process that establishes the rough set model for a hybrid attribute information
system.

As for the definition of binary relation over a hybrid attribute information system, Wei et.al [35] have presented a method
to define a fuzzy equivalence relation over hybrid attribute sets. They firstly defines a distance function of any two samples
of the universe of discourse according to the information function fj 2 Fðj ¼ 1;2; . . . ;mÞ for all attributes of the hybrid attri-
bute information system. Then a fuzzy equivalence relation over hybrid attributes is defined by using the distance matrix. In
Wei et al.’s methods, they do not discriminate between the numerical and symbolic attributes; instead, they deal with all
attributes simultaneously by using the distance function. This section presents another method to define a hybrid indiscern-
ibility relation over a hybrid attribute information system.

Firstly, we present the fuzzy equivalence relation [30,32,62] on the fuzzy attribute set of the hybrid attribute information
system.

Definition 3.1. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. For any B # CN;RðBÞ is the fuzzy
equivalence relation (fuzzy similarity relation) on B if and only if the following condition holds:
d attribute information system ðU; ðCN [ CSÞ [ D; FÞ.

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 D1 D2

0.9 0.1 0.0 0.9 0.1 0.0 0.8 0.2 0.7 0.4 1 1 0.4 0.7
0.9 0.1 0.1 0.8 0.2 0.1 0.9 0.2 0.1 0.8 2 3 0.3 0.7
0.1 0.9 0.2 0.9 0.1 0.1 0.9 0.1 0.9 0.1 3 2 0.8 0.3
0.0 0.1 0.9 0.1 0.9 0.0 0.6 0.5 0.8 0.3 2 3 0.6 0.5
0.1 0.0 0.9 0.0 0.1 0.9 0.0 0.1 0.8 0.2 1 1 0.9 0.2
0.1 0.1 0.9 0.0 0.2 0.9 0.1 0.9 0.1 0.9 2 3 0.3 0.8
0.0 1.0 0.0 0.0 0.1 0.9 0.1 0.9 0.2 0.9 1 1 0.9 0.3
0.9 0.1 0.0 0.3 0.9 0.1 0.9 0.1 1.0 0.0 3 2 0.2 0.9
0.8 0.2 0.0 0.0 0.4 0.6 0.0 1.0 1.0 0.0 3 2 0.9 0.2
0.0 0.1 0.9 0.0 1.0 0.0 0.0 1.0 0.9 0.1 2 1 0.6 0.5
0.9 0.1 0.0 0.0 0.9 0.1 0.1 0.9 0.0 1.0 2 1 0.8 0.3
0.0 1.0 0.0 0.1 0.9 0.0 1.0 0.0 0.0 1.0 2 3 0.7 0.4
0.0 0.9 0.1 1.0 0.0 0.0 0.0 1.0 0.9 0.1 1 3 0.7 0.2
0.0 0.1 0.9 0.0 0.9 0.1 0.9 0.1 0.0 1.0 1 2 0.1 0.9



Table 2
A hybri

U

x1

x2

x3

x4

x5

x6

x7

x8
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RðBÞðxi; xjÞ ¼ ajðxi; xjÞ 2 U � U;a ¼min
CN

k 2B
CN

k ðxi; xjÞ;CN
k 2 CN ;1 < k < m

( )
;

where CN
k ðxi; xjÞ is the degree of similarity of two objects xi; xj on CN

k ð1 < k < mÞ.
So, a is called similarity degree on fuzzy attribute set B of xi; xj, denoted by rij ¼ a ¼ RðBÞðxi; xjÞ, rij 2 ½0;1�.
According to Definition 3.1, the fuzzy equivalence relation RðBÞ can be represented by a fuzzy similarity matrix. In par-

ticular, if B ¼£, we also present the definition of Rð£Þ as follows:
RðBÞ ¼

r11 r12 � � � r1n

r21 r22 � � � r2n

� � � � � � � � � � � �

rn1 rn2 � � � rnn

0
BBBBBB@

1
CCCCCCA

Rð£Þ ¼

1 � � � 1

..

. . .
. ..

.

1 � � � 1

0
BBB@

1
CCCA:
This is because we cannot distinguish any objects of a universe when the fuzzy attribute set is empty [42].

Remark 3.2. If B1;B2 # CN and satisfies B1 # B2, for any xi; xj 2 U, then the following relation holds: a1 ¼minCN
k 2B1

CN
k ðxi; xjÞ

P minCN
k 2B2

CN
k ðxi; xjÞ ¼ a2.

Thus, RðB1ÞP RðB2Þ. Furthermore, Rð£ÞP RðB1ÞP RðB2 P � � �P RðBkÞP RðCNÞ is satisfied when the relations
£ # B1 # B2 # � � � # Bk # CN hold.

In the following, we present an example to illustrate the fuzzy equivalence relation over the fuzzy attribute of the hybrid
attribute information system.

Example 1. Let us consider Table 2, which is a part of Table 1 (with minor modification). U ¼ fx1; x2; . . . ; x8g is the set of

eight objects; every object is described by two categories of attribute sets. That is, C ¼ CN [ CS, where CN ¼ fC1;C2; . . . ;C10g is

the fuzzy attribute and CS ¼ fC11;C12g is the symbolic attribute. D ¼ fD1;D2g is the decision attribute, where D1 and D2 are

two fuzzy sets over universe U. So, ðU; ðCN [ CSÞ [ D; FÞ is a hybrid attribute information system.
We define the similarity measure of the fuzzy attribute CN by way of the following:
Sðxi; xjÞ ¼
1; i ¼ j;

min
CN

k 2CN
1� jfk xi;C

N
k

� �
� fk xj;C

N
k

� �
j

� �
; i – j;

8<
:

where xi; xj 2 U and fk 2 Fð1 < k < mÞ is the information function.
According to this definition of the similarity measure between xi and xj, we can calculate the similarity degree of x1 and x2

as follows:
r12 ¼ Sðx1; x2Þ ¼minfð1� j0:9� 0:9jÞ; ð1� j0:1� 0:1jÞ; ð1� j0:0� 0:1jÞ; ð1� j0:9� 0:8jÞ; ð1� j0:1� 0:2jÞ; ð1� j0:0� 0:1jÞ;

ð1� j0:8� 0:9jÞ; ð1� j0:2� 0:2jÞ; ð1� j0:7� 0:8jÞ; ð1� j0:4� 0:3jÞg ¼ 0:9,
Similarly,
r13 ¼ Sðx1; x3Þ ¼minfð1� j0:9� 0:1jÞ; ð1� j0:1� 0:9jÞ; ð1� j0:0� 0:2jÞ; ð1� j0:9� 0:9jÞ; ð1� j0:1� 0:1jÞ; ð1� j0:0� 0:1jÞ;

ð1� j0:8� 0:9jÞ; ð1� j0:2� 0:1jÞ; ð1� j0:7� 0:9jÞ; ð1� j0:4� 0:1jÞg ¼ 0:2,
r28 ¼ Sðx2; x8Þ ¼minfð1� j0:9� 0:9jÞ; ð1� j0:1� 0:1jÞ; ð1� j0:1� 0:0jÞ; ð1� j0:8� 0:3jÞ; ð1� j0:2� 0:9jÞ; ð1� j0:1� 0:1jÞ;

ð1� j0:9� 0:9jÞ; ð1� j0:2� 0:1jÞ; ð1� j0:8� 1:0jÞ; ð1� j0:3� 0:0jÞg ¼ 0:3,
..
. ..

.

r78 ¼ Sðx7; x8Þ ¼minfð1� j0:0� 0:9jÞ; ð1� j1:0� 0:1jÞ; ð1� j0:0� 0:0jÞ; ð1� j0:0� 0:3jÞ; ð1� j0:1� 0:9jÞ; ð1� j0:9� 0:1jÞ;
ð1� j0:1� 0:9jÞ; ð1� j0:9� 0:1jÞ; ð1� j0:2� 1:0jÞ; ð1� j0:9� 0:0jÞg ¼ 0:1.

Therefore, the fuzzy similarity matrix (i.e., the fuzzy equivalence relation matrix) over the hybrid attribute information
system ðU; ðCN [ CSÞ [ D; FÞ can be given as follows:
d attribute information system ðU; ðCN [ CSÞ [ D; FÞ.

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 D1 D2

0.9 0.1 0.0 0.9 0.1 0.0 0.8 0.2 0.7 0.4 1 1 0.4 0.7
0.9 0.1 0.1 0.8 0.2 0.1 0.9 0.2 0.1 0.8 2 3 0.3 0.7
0.1 0.9 0.2 0.9 0.1 0.1 0.9 0.1 0.9 0.1 3 2 0.8 0.3
0.0 0.1 0.9 0.1 0.9 0.0 0.6 0.5 0.8 0.3 2 3 0.6 0.5
0.1 0.0 0.9 0.0 0.1 0.9 0.0 0.1 0.8 0.2 1 1 0.9 0.2
0.1 0.1 0.9 0.0 0.2 0.9 0.1 0.9 0.1 0.9 2 3 0.3 0.8
0.0 1.0 0.0 0.0 0.1 0.9 0.1 0.9 0.2 0.9 1 1 0.9 0.3
0.9 0.1 0.0 0.3 0.9 0.1 0.9 0.1 1.0 0.0 3 2 0.2 0.9
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RðCNÞ ¼

1 0:9 0:2 0:1 0:1 0:1 0:1 0:2

0:9 1 0:2 0:1 0:1 0:2 0:1 0:3

0:2 0:2 1 0:2 0:1 0:1 0:1 0:2

0:1 0:1 0:2 1 0:1 0:1 0:1 0:1

0:1 0:1 0:1 0:1 1 0:2 0 0:1

0:1 0:2 0:1 0:1 0:2 1 0:1 0:1

0:1 0:1 0:1 0:1 0 0:1 1 0:1

0:2 0:3 0:2 0:1 0:1 0:1 0:1 1

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

:

So far, we have dealt with the part of fuzzy attributes in the hybrid attribute set by defining a fuzzy equivalence relation
on the fuzzy attribute. Next, we handle the symbolic attributes in the hybrid attribute set.

Definition 3.2. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. For any CS
k 2 CSð1 < k < mÞ, we call

½x�CS
k
¼ ðxi; xjÞ 2 U � Ujfk x;CS

k

� �
¼ fk y;CS

k

� �n o
the indiscernibility relation determined by the symbolic attributes CS

k of

ðU; ðCN [ CSÞ [ D; FÞ.
Furthermore, we call IndðCSÞ ¼

T
CS

k2CS ½x�CS
k

the indiscernibility relation on symbolic attribute CS. That is, IndðCSÞ is an equiv-
alence relation over symbol attribute CS, denoted by RðCSÞ.

Example 2 (Continued From Example 1). From Table 2, we can easily obtain the equivalence classes induced by the
equivalence relation RðCSÞ as follows:
½x1�RðCSÞ ¼ ½x5�RðCSÞ ¼ ½x7�RðCSÞ ¼ fx1; x5; x7g; ½x3�RðCSÞ ¼ ½x8�RðCSÞ ¼ fx3; x8g;
½x2�RðCSÞ ¼ ½x4�RðCSÞ ¼ ½x6�RðCSÞ ¼ fx2; x4; x6g:
So, we obtain the equivalence classes as follows:
U=RðCSÞ ¼ ffx1; x5; x7g; fx2; x4; x6g; fx3; x8gg:
Based on Definitions 3.1 and 3.2, we define the hybrid indiscernibility relation for a hybrid attribute information system
as follows.

Definition 3.3. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. We call RH ¼ RðCNÞ \ RðCSÞ ¼
fðxi; xjÞ 2 U � Uj0 6 RðCNÞðxi; xjÞ � 1 ^ xiRðCSÞxjg the hybrid indiscernibility relation over the hybrid attribute set CN [ CS.
Remark 3.3. In general, because the equivalence relation also can be represented by a Boolean matrix, then it could define
the hybrid indiscernibility relation R over hybrid attribute set CN [ CS by the multiplication of the matrix RðCNÞ and RðCSÞ, i.e.,
RH ¼ RðCNÞ � RðCSÞ (where � ¼ f[;\;þ;�;�g). However, it can be easily verified that RH ¼ RðCNÞ � RðCSÞ does not satisfy sym-
metry and transitivity. So, RH ¼ RðCNÞ � RðCSÞ is not a fuzzy equivalence relation over a hybrid attribute information system.

Thus, we present the basic concept of the hybrid indiscernibility relation for a hybrid attribute information system
ðU; ðCN [ CSÞ [ D; FÞ by combining the fuzzy equivalence relation determined by fuzzy attributes and the equivalence relation
induced by symbolic attributes.

3.3. Fuzzy rough set theory over a hybrid attribute system

In this section, we present the rough approximation of a fuzzy concept of the universe of discourse over a hybrid attribute
information system by using the hybrid indiscernibility relation.

For the sake of simplicity, let RN denote the fuzzy equivalence relation and RS denote the equivalence relation (or indis-
cernibility relation) which is defined by the fuzzy attributes (numerical attributes) and symbolic attributes of the hybrid
attribute information system, respectively. Then RH ¼ RN \ RS is the hybrid indiscernibility relation over a hybrid attribute
information system.

In the following, we define the fuzzy rough set model for the hybrid attribute information system by using the hybrid
indiscernibility relation RH .

Definition 3.4. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. RN is the fuzzy equivalence relation over

fuzzy attribute CN . For any fuzzy set A 2 FðUÞ, the lower and upper approximations of A with respect to hybrid attribute
information system, respectively, are defined as follows:
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RNðAÞðxÞ ¼ inf
y2U

maxf1� RNðx; yÞ;AðyÞg; x 2 U;

RNðAÞðxÞ ¼ sup
y2U

minfRNðx; yÞ;AðyÞg; x 2 U:
It is easy to see that the above definition also can be defined as follows for the lower and upper approximations,
respectively,
RNðAÞðxÞ ¼
^
y2U

fð1� RNðx; yÞÞ _ AðyÞg; x 2 U;

RNðAÞðxÞ ¼
_
y2U

fRNðx; yÞ ^ AðyÞg; x 2 U:
Furthermore, the lower and upper approximation of fuzzy set A 2 FðUÞ with respect to a fuzzy equivalence relation over
fuzzy attribute CN can be defined by using the logic operators [13,14].

Definition 3.5. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. RS is the equivalence relation over symbolic
attribute CS. For any fuzzy set A 2 FðUÞ, the lower and upper approximations of A with respect to a hybrid attribute
information system are defined as follows, respectively,
RSðAÞðxÞ ¼ inffAðyÞjy 2 ½x�RSg; x 2 U;

RSðAÞðxÞ ¼ supfAðyÞjy 2 ½x�RSg; x 2 U:

From Definition 3.4 and 3.5, we know that the lower approximation RNðAÞÞ and RSðAÞ, the upper approximation RNðAÞ and

RSðAÞ are the fuzzy set of universe U.

That is, RN;RS: FðUÞ�!FðUÞ and RN , RS : FðUÞ�!FðUÞ are the fuzzy operators.
Next, we present the concept of hybrid attribute approximation space with the hybrid attribute information system

ðU; ðCN [ CSÞ [ D; FÞ.

Definition 3.6. Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. RH ¼ RN \ RS is the hybrid indiscernibility
relation over hybrid attribute CN [ CS. We call ðU;RHÞ the hybrid attribute approximation space.

Thus, the following definition of the fuzzy rough set over hybrid attribute information system is clear.

Definition 3.7. Let ðU;RHÞ be a hybrid attribute approximation space. For any fuzzy set A 2 FðUÞ, the lower and upper
approximations of A with respect to the hybrid attribute approximation space are defined as follows, respectively,
RHðAÞðxÞ ¼ RNðAÞ \ RSðAÞðxÞ x 2 U;

RHðAÞðxÞ ¼ RNðAÞ \ RSðAÞðxÞ x 2 U;
where the operations of RNðAÞ \ RSðAÞ and RNðAÞ \ RSðAÞ are the Zadeh intersection.
So, we have the following results.
RHðAÞðxÞ ¼ minfRNðAÞðxÞ;RSðAÞðxÞg x 2 U;

RHðAÞðxÞ ¼ minfRNðAÞðxÞ;RSðAÞðxÞg x 2 U:
By the above definition, we know that RHðAÞ and RHðAÞ are also a fuzzy set of universe U.
So, RHðAÞ and RHðAÞ: FðUÞ�!FðUÞ are hybrid fuzzy rough operators. Moreover, we call RHðAÞ the hybrid fuzzy rough lower

approximation and RHðAÞ the hybrid fuzzy rough upper approximation of fuzzy set A 2 FðUÞ with respect to ðU;RHÞ.
In general, for any x 2 U, we call ðRHðAÞ;RHðAÞÞ the fuzzy rough set on the hybrid attribute approximation space when

RHðAÞðxÞ – RHðAÞðxÞ. Otherwise, fuzzy set A 2 FðUÞ is called definable with respect to ðU;RHÞ. Therefore, we establish another
way to define the fuzzy rough set model over a hybrid attribute information system by using a hybrid indiscernibility
relation.

As reviewed in Section 2, Jensen and Shen [19] and Hu et al. [9] also studied the rough set approach to hybrid attribute
information systems. There are some differences between Definition 3.7 and the existing studies. In Ref. [19], Jensen and
Shen deal with the crisp value of the attribute as a special case of the fuzzy value of the attribute and then form a fuzzy
equivalence relation. Then the lower and upper approximations of an object set were presented according to the method
of Dubois and Prade [4,5]. In Ref. [9], Hu et al. regard the crisp equivalence relation induced by the categorical attribute
as a special case of the fuzzy equivalence relation generated by the numerical attribute based on the idea of granular com-
puting. Meanwhile, they define a concept of inclusion degree between any two fuzzy sets. Then they present the lower and
upper approximations of any crisp concept of the universe of discourse by using the proposed concept of inclusion degree.
Both Jensen and Shen’s work and Hu’s et al.’s work established the rough approximation of any crisp concept based on the
fuzzy equivalence relation over hybrid attributes. From the above discussion, the fuzzy rough set model given in Definition
3.7 established the rough approximation of a fuzzy concept of the universe of discourse based on the hybrid indiscernibility
relation which is formed by the fuzzy equivalence relation generated by the numerical attribute and the indiscernibility
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relation determined by the symbolic attribute. The lower and upper approximations of a fuzzy concept with respect to the
hybrid indiscernibility relation were given by calculating the minimum value of lower and upper approximations of the
fuzzy concept about the fuzzy equivalence relation and indiscernibility relation, respectively. So, the method of defining
the binary relations and the lower and upper approximation are different over the hybrid attribute information system.

In order to illustrate the above concepts and definitions, we present an example as follows.

Example 3 (Continued from Example 1). By Table 2,
D1 ¼
0:4
x1
þ 0:3

x2
þ 0:8

x3
þ 0:6

x4
þ 0:9

x5
þ 0:3

x6
þ 0:9

x7
þ 0:2

x8
is a fuzzy set of universe U.
It is easy to compute the following results:
RNðD1Þðx1Þ ¼ fð1� 1Þ _ 0:4g ^ fð1� 0:9Þ _ 0:3g ^ fð1� 0:2Þ _ 0:8g ^ fð1� 0:1Þ _ 0:6g ^ fð1� 0:1Þ _ 0:9g ^ fð1� 0:1Þ _ 0:2g
^fð1� 0:1Þ _ 0:9g ^ fð1� 0:2Þ _ 0:3g ¼ 0:3,
RNðD1Þðx1Þ ¼ f1 ^ 0:4g _ f0:9 ^ 0:3g _ f0:2 ^ 0:8g _ f0:1 ^ 0:6g _ f0:1 ^ 0:9g _ f0:1 ^ 0:2g _ f0:1 ^ 0:9g _ f0:2 ^ 0:3g ¼ 0:4,
RSðD1Þðx1Þ ¼minfD1ðx1Þ;D1ðx5Þ;D1ðx7Þg ¼ 0:4,
RSðD1Þðx1Þ ¼maxfD1ðx1Þ;D1ðx5Þ;D1ðx7Þg ¼ 0:9.
So, we have
RHðD1Þðx1Þ ¼minfRNðD1Þðx1Þ;RSðD1Þðx1Þg ¼minf0:3;0:4g ¼ 0:3,
RHðD1Þðx1Þ ¼minfRNðD1Þðx1Þ;RSðD1Þðx1Þg ¼minf0:4;0:9g ¼ 0:4.
Similarly, the membership of the other objects of universe U in the fuzzy set D1 can be computed easily.

Remark 3.4. Let ðU;RHÞ be a hybrid attribute approximation space. Then

ð1Þ If CS ¼£, then the fuzzy rough set given in Definition 3.7 will degenerate into the existing fuzzy rough set over a fuzzy
information system [2,4,35,37,40,41,49]. Meanwhile, for this case, we can regard the hybrid indiscernibility relation as
the fuzzy equivalence relation which defined by dealing with the crisp value of the attribute as a special case of the
fuzzy value of the attribute. Then the fuzzy rough set given in Definition 3.7 will degenerate into the existing fuzzy
rough set over a hybrid attribute information system [5,19,38].

ð2Þ If CN ¼£, then the fuzzy rough set model given in Definition 3.7 will degenerate into the existing rough fuzzy set over
a Pawlak approximation space [4,43]. Meanwhile, for this case, we can regard the hybrid indiscernibility relation as
the fuzzy equivalence relation which defined by dealing with crisp equivalence relation induced by the categorical
attribute as a special case of the fuzzy equivalence relation generated by the numerical attribute. Then the fuzzy rough
set given in Definition 3.7 will degenerate into the existing fuzzy rough set over a hybrid attribute information system
[9,10,15].

So, the fuzzy rough set over a hybrid attribute information system is a natural generalization of the existing fuzzy rough
set theory.

Remark 3.5. If A 2 PðUÞ, i.e., A is a crisp set of universe U, then the rough approximations in Definition 3.4 and 3.5 degenerate
into the following forms:
RNðAÞðxÞ ¼ inf
y2U�A

f1� RNðx; yÞg; x 2 U;

RNðAÞðxÞ ¼ sup
y2A
fRNðx; yÞg; x 2 U;
and
RSðAÞ ¼ fx 2 Uj½x�RS # Ag;
RSðAÞ ¼ fx 2 Uj½x�RS \ A – £g:
So, the rough approximations over a hybrid attribute information system are defined according to the above results, as
follows:
RHðAÞðxÞ ¼ RNðAÞ \ RSðAÞðxÞ ¼ minfRNðAÞðxÞ;RSðAÞðxÞg ¼
inf

y2U�A
f1� RNðx; yÞg; x 2 RSðAÞ;

0; x R RSðAÞ; x 2 RSðAÞ;
0; x R RSðAÞ; x: 2 RSðAÞ;

8>><
>>:
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RHðAÞðxÞ ¼ RNðAÞ \ RSðAÞðxÞ ¼minfRNðAÞðxÞ;RSðAÞðxÞg ¼
sup
y2A
fRNðx; yÞg; x 2 RSðAÞ;

0; x: 2 RSðAÞ:

8<
:

Thus, this formulation of the fuzzy rough approximations over a hybrid attribute information system is similar to the
existing definitions given by Dubois and Prade [4,5], and Hu et al.[14].

Remark 3.5 shows that the fuzzy rough approximations over a hybrid attribute information system are consistent with
the existing fuzzy rough set definition when rough approximation a crisp concept.

In Ref. [47], Wei et al. study the relationship among the fuzzy rough approximations for hybrid data by defining a fuzzy
hybrid granule. For the rough approximation of the concept of universes, the conclusions presented by Wei et al. about the
existing fuzzy rough approximations for hybrid data also hold for a hybrid attribute information system according to the
Remarks 3.4 and 3.5.

By the above definitions about the rough approximations of a fuzzy set over a hybrid attribute information system, the
following theorem is clear.

Theorem 3.1. Let ðU;RHÞ be a hybrid attribute approximation space. For any fuzzy set A;B 2 FðUÞ, the following relations hold.

ð1Þ RHðAÞ# A # RHðAÞ;
ð2Þ RHðUÞ ¼ U, RHð£Þ ¼£;
ð3Þ RHðA \ BÞ ¼ RHðAÞ \ RHðBÞ, RHðA [ BÞ ¼ RHðAÞ [ RHðBÞ;
ð4Þ RHðA [ BÞ � RHðAÞ [ RHðBÞ, RHðA \ BÞ# RHðAÞ \ RHðBÞ.
Proof. This can be directly verified by Definition 3.4, 3.5 and 3.6. h

4. Representation of hybrid fuzzy rough approximation operators

In this section, we will present two different representations of the lower and upper approximations of a fuzzy concept
over a hybrid attribute information system by defining the cut set of a fuzzy set and the hybrid indiscernibility relation. As is
well known, the rough approximation of the cut set of a fuzzy set with respect to the Pawlak approximation space was firstly
discussed by Yao [57]. Moreover, several important further studies about the rough set of the cut set of a fuzzy set have been
established by Yao et al. [58–61]. Inspired by the existing studies [57–61], we discuss the lower and upper approximations
for the cut set of a fuzzy set with respect to the hybrid attribute approximation space.

First, we present the definition of the cut set of a fuzzy concept of the universe [30,31].
Let U be a non-empty finite universe of discourse. A 2 FðUÞ is a fuzzy set of universe U. For any a 2 ½0;1�, we call

Aa ¼ fx 2 UjAðxÞP ag and Aaþ ¼ fx 2 UjAðxÞ > ag the a�cut set and strong a�cut set of fuzzy set A.
In the following, we present the lower and upper approximations of the a�cut set and strong a�cut set of a fuzzy set with

respect to the hybrid attribute information system by the definition given in Section 3.

Definition 4.1. Let ðU;RHÞ be a hybrid attribute approximation space. For any A 2 FðUÞ and a 2 ½0;1�, the lower and upper
approximations of Aa are, respectively, defined as follows:
RHðAaÞðxÞ ¼min
yRAa
ð1� RNðx; yÞÞ ^ vRSðAaÞðxÞ x 2 U;

RHðAaÞðxÞ ¼max
y2Aa

RNðx; yÞ ^ vRSðAaÞðxÞ x 2 U;
where vRSðAaÞ stands for the characteristic function of RSðAaÞ.
Similarly, we have the lower and upper approximations of a strong a-cut set of fuzzy set A with respect to

ðU; ðCN [ CSÞ [ D; FÞ as follows:
RHðAaþÞðxÞ ¼min
yRAaþ
ð1� RNðx; yÞÞ ^ vRSðAaþÞðxÞ x 2 U;

RHðAaþÞðxÞ ¼max
y2Aaþ

RNðx; yÞ ^ vRSðAaþÞðxÞ x 2 U:
From the above definition, the following theorem is clear.

Theorem 4.1. Let ðU;RHÞ be a hybrid attribute approximation space. For any A 2 FðUÞ;a;a1;a2 2 ½0;1� and a – a1 – a2, the
following properties hold for the lower and upper approximations of Aa.

ð1Þ RHðUÞ ¼ U, RHð£Þ ¼£.
ð2Þ RHðAa1 \ Aa2 Þ ¼ RHðAa1 Þ \ RHðAa2 Þ, RHðAa1 [ Aa2 Þ ¼ RHðAa1 Þ [ RHðAa2 Þ.
ð3Þ RHðAa1 [ Aa2 Þ � RHðAa1 Þ [ RHðAa2 Þ;RHðAa1 \ Aa2 Þ# RHðAa1 Þ \ RHðAa2 Þ.

ð4Þ RHðAaÞ# Aa # RHðAaÞ.
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Proof. ð1Þ By convention, maxx2£AðxÞ ¼ 0 and minx2£AðxÞ ¼ 1. Then it is easy to calculate the following relations for any
x 2 U.
RHðUÞ ¼min
yRU
ð1� RNðx; yÞÞ ^ vRSðUÞðxÞ ¼min

yRU
ð1� RNðx; yÞÞ ^ 1 ¼min

yRU
ð1� RNðx; yÞÞ ¼min

y2£
ð1� RNðx; yÞÞ

¼ 1�max
y2£
½y�RN ðxÞ ¼ 1� 0 ¼ 1 ¼ UðxÞ;

RHð£ÞðxÞ ¼max
y2£

RNðx; yÞ ^ vRSð£ÞðxÞ ¼ 0 ^ 0 ¼ 0 ¼£ðxÞ:
Then the relations of RHðUÞ ¼ U and RHð£Þ ¼£ hold.
ð2Þ RHðAa1 \ Aa2 ÞðxÞ ¼minyRAa1\Aa2

ð1� RNðx; yÞÞ ^ vRSðAa1\Aa2 Þ
ðxÞ.

¼minyRAa1
ð1� RNðx; yÞÞ ^minyRAa2

ð1� RNðx; yÞÞ ^ vRSðAa1 Þ
ðxÞ ^ vRSðAa2 Þ

ðxÞ
¼ fminyRAa1

ð1� RNðx; yÞÞ ^ vRSðAa1 Þ
ðxÞg ^ fminyRAa2

ð1� RNðx; yÞÞ ^ vRSðAa2 Þ
ðxÞg

¼ RHðAa1 ÞðxÞ ^ RHðAa2 ÞðxÞ.
So, we prove RHðAa1 \ Aa2 Þ ¼ RHðAa1 Þ \ RHðAa2 Þ.
RHðAa1 [ Aa2 ÞðxÞ ¼maxy2Aa1[Aa2

RNðx; yÞ ^ vRSðAa1[Aa2 Þ
ðxÞ

¼ fmaxy2Aa1
RNðx; yÞ _maxy2Aa2

RNðx; yÞg ^ fvRSðAa1 Þ
ðxÞ _ vRSðAa2 Þ

ðxÞg
¼ fmaxy2Aa1

RNðx; yÞ ^ vRSðAa1 Þ
ðxÞg _ fmaxy2Aa2

RNðx; yÞ ^ vRSðAa2 Þ
ðxÞg

¼ RHðAa1 ÞðxÞ _ RHðAa2 ÞðxÞ.
So, we prove RHðAa1 [ Aa2 Þ ¼ RHðAa1 Þ [ RHðAa2 Þ.
ð3Þ It is easy to know that RSðAa1 [ Aa2 Þ � RSðAa1 Þ [ RSðAa2 Þ and RSðAa1 \ Aa2 Þ# RSðAa1 Þ \ RSðAa2 Þ for any a1 2 ½0;1� and

a2 2 ½0;1� according to the classical Pawlak rough set theory. Then we have
RHðAa1 [ Aa2 ÞðxÞ ¼minyRAa1[Aa2

ð1� RNðx; yÞÞ ^ vRSðAa1[Aa2 Þ
ðxÞ

P fminyRAa1
ð1� RNðx; yÞÞ _minyRAa2

ð1� RNðx; yÞÞg ^ fvRSðAa1 Þ[RSðAa2 Þ
ðxÞg

¼ fminyRAa1
ð1� RNðx; yÞÞ _minyRAa2

ð1� RNðx; yÞÞg ^ fvRSðAa1 Þ
ðxÞ _ vRSðAa2 Þ

ðxÞg
¼ fminyRAa1

ð1� RNðx; yÞÞ ^ vRSðAa1 Þ
ðxÞg _ fminyRAa2

ð1� RNðx; yÞÞ ^ vRSðAa2 Þ
ðxÞg

¼ RHðAa1 ÞðxÞ _ RHðAa2 ÞðxÞ.
So, we prove RHðAa1 [ Aa2 Þ � RHðAa1 Þ [ RHðAa2 Þ.
RHðAa1 \ Aa2 ÞðxÞ ¼maxy2Aa1\Aa2

RNðx; yÞ ^ vRSðAa1\Aa2 Þ
ðxÞ

6 fmaxy2Aa1
RNðx; yÞ ^maxy2Aa2

RNðx; yÞg ^ fvRSðAa1 Þ\RSðAa2 Þ
ðxÞg

¼ fmaxy2Aa1
RNðx; yÞ ^maxy2Aa2

RNðx; yÞg ^ fvRSðAa1 Þ
ðxÞ ^ vRSðAa2 Þ

ðxÞg
¼ fmaxy2Aa1

RNðx; yÞ ^ vRSðAa1 Þ
ðxÞg ^ fmaxy2Aa2

RNðx; yÞ ^ vRSðAa2 Þ
ðxÞg

¼ RHðAa1 ÞðxÞ ^ RHðAa2 ÞðxÞ.
So, we prove RHðAa1 \ Aa2 Þ# RHðAa1 Þ \ RHðAa2 Þ.
ð4Þ From the Definition of RN given in Section 3.2, we know that RN is fuzzy equivalence relation of the universe of

discourse. For any a 2 ½0;1�; x 2 U, there is AaðxÞ ¼ 1 if and only if x 2 Aa. Then there is RNðAaÞðxÞ ¼ 0 if x R Aa. Moreover,
there is vRSðAaÞðxÞ ¼ 0 if x 2 Aa.

So, we obtain RHðAaÞðxÞ ¼ 0. On the other hand, there is RHðAaÞðxÞ ¼maxy2Aa RNðx; yÞ ^ vRSðAaÞðxÞ ¼maxy2Aa RNðx; yÞ ^ 1 ¼
maxy2Aa RNðx; yÞ ¼ 1 because RN is a fuzzy equivalence relation of the universe of discourse. That is, RHðAaÞðxÞ
6 AaðxÞ 6 RHðAaÞðxÞ.

So, we prove RHðAaÞ# Aa # RHðAaÞ. h
Remark 4.1. It is easy to verify that the following two relations are not satisfied in the hybrid attribute approximation space
ðU;RHÞ.
RHðAaÞ ¼	 RHð	 AaÞ;RHðAaÞ ¼	 RHð	 AaÞ;
where 	 stands for the complement of Aa.
However, these two equations are satisfied when ðU;RHÞ is another existing information system, such as a fuzzy approx-

imation space [18,19,22,30,35–37,39,40,47], a Pawlak approximation space [1,2,4,29], etc.
In the following, we employ a numerical example to verify the above assertions.

Example 4 (Continued From Example 1). By Table 2, we have
½x1�RS ¼ ½x5�RS ¼ ½x7�RS ¼ fx1; x5; x7g; ½x3�RS ¼ ½x8�RS ¼ fx3; x8g;
½x2�RS ¼ ½x4�RS ¼ ½x6�RS ¼ fx2; x4; x6g:
Denote A ¼ D1. Then A 2 FðUÞ and the membership function is given as follows:
A ¼ 0:4
x1
þ 0:3

x2
þ 0:8

x3
þ 0:6

x4
þ 0:9

x5
þ 0:3

x6
þ 0:9

x7
þ 0:2

x8
:
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Taking a ¼ 0:6. We have Aa ¼ A0:6 and 	 Aa ¼ A0:6 as follows, respectively:
Aa ¼ A0:6 ¼ fx 2 UjAðxÞP 0:6g ¼ fx3; x4; x5; x7g, and
	 Aa ¼	 A0:6 ¼ U � A0:6 ¼ fx1; x2; x6; x8g.
The lower approximation RSðA0:6Þ and upper approximation RSðA0:6Þ can be easily calculated by Definition 2.3 as follows:

RSðA0:6Þ ¼ fx 2 Uj½x�SR # A0:6g ¼£,
RSðA0:6Þ ¼ fx 2 Uj½x�SR \ A0:6 – £g ¼ fx1; x2; . . . ; x8g ¼ U.
Thus, we have vRSðA0:6ÞðxÞ ¼ 0 and vRSðA0:6ÞðxÞ ¼ 1 for any x 2 U.
For the element x3 2 U, we can obtain that
RHðA0:6Þðx3Þ ¼min
yRA0:6

ð1� RNðx3; yÞÞ ^ vRSðA0:6Þðx3Þ

¼ ½ð1� RNðx3; x1ÞÞ ^ ð1� RNðx3; x2ÞÞ ^ ð1� RNðx3; x6ÞÞ ^ ð1� RNðx3; x8ÞÞ� ^ vRSðA0:6Þðx3Þ

¼ ½ð1� 0:2Þ ^ ð1� 0:2Þ ^ ð1� 0:1Þ ^ ð1� 0:2Þ� ^ vRSðA0:6Þðx3Þ ¼ ½0:8 ^ 0:8 ^ 0:9 ^ 0:8� ^ 0 ¼ 0;

RHð	 A0:6Þðx3Þ ¼ max
y2	A0:6

RNðx3; yÞ ^ vRSð	A0:6Þ
ðx3Þ ¼ ½RNðx3; x1Þ _ RNðx3; x2Þ _ RNðx3; x6Þ _ RNðx3; x8Þ� ^ vRSðA0:6Þ

ðx3Þ

¼ ½0:2 _ 0:2 _ 0:1 _ 0:2� ^ 1 ¼ 0:2 ^ 1 ¼ 0:2;
Then we have 	 RHð	 A0:6Þðx3Þ ¼ 1� RHð	 A0:6Þðx3Þ ¼ 1� 0:2 ¼ 0:8.
So, there is RHðA0:6Þðx3Þ– 	 RHð	 A0:6Þðx3Þ.
Similarly, it can be verified that the relation RHðAaÞ ¼	 RHð	 AaÞ cannot hold for some elements of the universe of

discourse.
This completes the example.
Remark 4.2. We also can obtain the conclusions given in Theorem 4.1 when we replaced Aa with Aaþ.
Based on Definition 4.1, we also can prove the following sufficient and necessary conditions for the hybrid attribute

approximation space.

Theorem 4.2. Let ðU;RHÞ be a hybrid attribute approximation space. For any A 2 FðUÞ;a 2 ½0;1�, the following assertions hold.

(1) RHðAaÞ ¼ RHðAaÞ () RNðx; yÞ ¼ 0, for any x; y 2 U and x R Aa; y 2 Aa.
(2) RHðAaþÞ ¼ RHðAaþÞ () RNðx; yÞ ¼ 0, for any x; y 2 U and x R Aaþ; y 2 Aaþ.
Proof. We only have to prove ð1Þ and the assertion ð2Þ can be proven in the same way. For any x; y 2 U, there exist two cases
because x R Aa and y 2 Aa.

(i) If vRSðAaÞðxÞ ¼ 0 and vRSðAaÞðxÞ ¼ 0. The conclusion is trivial and the assertions hold.
(ii) If vRSðAaÞðxÞ ¼ 0 and vRSðAaÞðxÞ ¼ 1. Then

RHðAaÞðxÞ ¼minyRAa1
ð1� RNðx; yÞÞ ^ vRSðAaÞðxÞ ¼minyRAa1

ð1� RNðx; yÞÞ ^ 0 ¼ 0.

RHðAaÞðxÞ ¼maxy2Aa RNðx; yÞ ^ vRSðAaÞðxÞ ¼maxy2Aa RNðx; yÞ ^ 1 ¼maxy2Aa RNðx; yÞ.
So, 0 ¼ RHðAaÞðxÞ ¼ RHðAaÞðxÞ ¼ maxy2Aa RNðx; yÞ () RNðx; yÞ ¼ 0.
Theorem 4.2 shows the following facts: for any a 2 ½0;1� and A 2 FðUÞ, the cut set Aa(strong cut set Aaþ), whether

definable or not with respect to the hybrid attribute approximation space ðU;RHÞ is determined only by the fuzzy
equivalence relation RN generated by the numerical attributes of a hybrid attribute information system ðU; ðCN [ CSÞ [ D; FÞ.

Next, we present the concept of a cut set for a hybrid indiscernibility relation RH with the parameter a 2 ½0;1�. h
Definition 4.2. Let ðU;RHÞ be a hybrid attribute approximation space. 8a 2 ½0;1�, we call
RH
a ¼ fðx; yÞ 2 U � UjRHðx; yÞP ag ¼ fðx; yÞ 2 U � UjRNðx; yÞP a ^ RSðx; yÞ ¼ ag;

RH
aþ ¼ fðx; yÞ 2 U � UjRHðx; yÞ > ag ¼ fðx; yÞ 2 U � UjRNðx; yÞ > a ^ RSðx; yÞ ¼ ag
the a�cut set and strong a�cut set of hybrid indiscernibility relation RH .
Actually, RSðx; yÞ ¼ a() ½x�RS ¼ fy 2 UjxRSyg since RS is an equivalence relation over the hybrid attribute approximation

space ðU;RHÞ. We also can regard RSðx; yÞ ¼ a as a constant value fuzzy set of the universe of discourse.
From the above definition, the a�cut set and strong a�cut set of hybrid indiscernibility relation RH , respectively, also can

be represented as follows.
RH
a ¼ RN

a \ RS
a; RH

aþ ¼ RN
aþ \ RS

aþ:
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Moreover, it is easy to see that the properties of RH
a and RH

aþ are determined only by RN
a and RN

aþ because RS is an equiva-
lence relation. So, the following conclusions are clear.

Theorem 4.3. Let ðU;RHÞ be a hybrid attribute approximation space. For any a 2 ½0;1�;RH
a and RH

aþ are the a�cut set and strong
a�cut set of hybrid indiscernibility relation RH. Then

ð1Þ If RN satisfies reflexivity, then RH
a and RH

aþ satisfies reflexivity.
ð2Þ If RN satisfies symmetry, then RH

a and RH
aþ satisfies symmetry.

ð3Þ If RN satisfies transitivity, then RH
a and RH

aþ satisfies transitivity.
Proof. ð1Þ and ð2Þ are clear. We only have to prove that ð3Þ holds.
For any x; y; z 2 U, there is RNðx; zÞP RNðx; yÞ ^ RNðy; zÞ because RN is transitive. Then there is RNðx; yÞP a and RNðy; zÞP a

when ðx; yÞ 2 RN
a and ðy; zÞ 2 RN

a . Thus, we have RNðx; zÞP RNðx; yÞ ^ RNðy; zÞP a ^ a ¼ a. So, ðx; zÞ 2 RN
a . This proves the

transitivity. h

Similarly, we can prove the transitivity of RN
aþ.

Let ðU;RHÞ be a hybrid attribute approximation space. 8a 2 ½0;1�; x 2 U. Denote
½x�RN

a
¼ fy 2 UjRNðx; yÞP ag, and ½x�RS

a
¼ ½x�RS ¼ fy 2 UjRSðx; yÞ ¼ ag.

In the following, we present the lower and upper approximations of the cut set of a fuzzy set of the universe of discourse
under the cut set of a hybrid indiscernibility relation over hybrid attribute approximation space.

Let ðU;RHÞ be a hybrid attribute approximation space. For any a; b 2 ½0;1�;A 2 FðUÞ, we define the lower and upper
approximations of b�cut set of A with the a�cut set of hybrid indiscernibility relation RH , respectively, as follows.

RH
a ðAbÞ ¼ fx 2 Uj½x�RN

a
# Ab ^ ½x�RS # Abg, RH

a ðAbÞ ¼ fx 2 Uj½x�RN
a
\ ½x�RS \ Ab – £g,

RH
aþðAbÞ ¼ fx 2 Uj½x�RN

aþ
# Ab ^ ½x�RS # Abg; RH

aþðAbÞ ¼ fx 2 Uj½x�RN
aþ
\ ½x�RS \ Ab – £g,

RH
a ðAbþÞ ¼ fx 2 Uj½x�RN

a
# Abþ ^ ½x�RS # Abþg; RH

a ðAbþÞ ¼ fx 2 Uj½x�RN
a
\ ½x�RS \ Abþ – £g,

RH
aþðAbþÞ ¼ fx 2 Uj½x�RN

aþ
# Abþ ^ ½x�RS # Abþg, RH

aþðAbþÞ ¼ fx 2 Uj½x�RN
aþ
\ ½x�RS \ Abþ – £g,

Remark 4.3. In general, the parameters a and b used in the above definitions may be the same values of ½0;1� and no
difference arises when a ¼ b.
Property 4.1. Let ðU;RHÞ be a hybrid attribute approximation space. For any a; b 2 ½0;1�;A 2 FðUÞ, the following properties are
satisfied.

ð1Þ RH
a ðAbÞ# Ab # RH

a ðAbÞ, RH
aþðAbÞ# Ab # RH

aþðAbÞ.
ð2Þ RH

a ðAbþÞ# Abþ # RH
a ðAbþÞ, RH

aþðAbþÞ# Abþ # RH
aþðAbþÞ.
Theorem 4.4. Let ðU;RHÞ be a hybrid attribute approximation space. For any a1;a2; b 2 ½0;1�;A 2 FðUÞ. If a1 < a2, then we have
following relationship.

ð1Þ RH
a1
ðAbÞ# RH

a2
ðAbÞ# Ab # RH

a2
ðAbÞ# RH

a1
ðAbÞ.

ð2Þ RH
a1
ðAbþÞ# RH

a2
ðAbþÞ# Abþ # RH

a2
ðAbþÞ# RH

a1
ðAbþÞ.

ð3Þ RH
a1þðAbÞ# RH

a2þðAbÞ# Ab # RH
a2þðAbÞ# RH

a1þðAbÞ.
ð4Þ RH

a1þðAbþÞ# RH
a2þðAbþÞ# Abþ # RH

a2þðAbþÞ# RH
a1þðAbþÞ.
Proof. For any a1;a2; b 2 ½0;1� and a1 < a2. Then there is RH
a2

# RH
a1

by Definition 4.2. Furthermore, there is ½x�RN
a2

# ½x�RN
a1

. Also,
these conclusions hold for RH

a1þ and RH
a2þ.

In the following, we only prove the relation of RH
a1
ðAbÞ# RH

a2
ðAbÞ; the other relations can be proven in a similar way.

For any x 2 U and x 2 RH
a1
ðAbÞ, then there is ½x�RN

a1
# Ab and ½x�RS # Ab. Thus, we have ½x�RN

a2
# Ab by the relation of

½x�RN
a2

# ½x�RN
a1

. That is, there is ½x�RN
a2

# Ab and ½x�RS # Ab. Then we prove x 2 RH
a2
ðAbÞ. So, RH

a1
ðAbÞ# RH

a2
ðAbÞ. h

5. Characterization of a fuzzy rough set on a hybrid attribute approximation space

In this section, we present several characterization theorems for the fuzzy rough set over a hybrid attribute information
system based on the representation of fuzzy rough approximation operators given in Section 4.

Theorem 5.1. Let ðU;RHÞ be a hybrid attribute approximation space. For any a 2 ½0;1�;A 2 FðUÞ;Aa and Aaþ are the a�cut set and
strong a�cut set of A. Then
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RHðAÞ ¼
[

a2½0;1�
ða ^ RH

a ðAaÞÞ ¼
[

a2½0;1�
ða ^ RH

a ðAaþÞÞ ¼
[

a2½0;1�
ða ^ RH

aþðAaÞÞ ¼
[

a2½0;1�
ða ^ RH

aþðAaþÞÞ:
Furthermore, we have

ð1Þ RHðAÞaþ # RH
aþðAaþÞ# RH

aþðAaÞ# RH
a ðAaÞ# RHðAÞa,

ð2Þ RHðAÞaþ # RH
aþðAaþÞ# RH

a ðAaþÞ# RH
a ðAaÞ# RHðAÞa.
Proof. For any x 2 U, we haveS
a2½0;1�ða ^ RH

a ðAaÞÞðxÞ ¼ supfa 2 ½0;1�jx 2 RH
a ðAaÞg

¼ supfa 2 ½0;1�j½x�RN
a
\ ½x�RS \ Aa – £g

¼ supfa 2 ½0;1�j½x�RN
a
\ Aa – £ ^ ½x�RS \ Aa – £g

¼ supfa 2 ½0;1�j½x�RN
a
\ Aa – £g ^ supfa 2 ½0;1�j½x�RS \ Aa – £g

¼ supfa 2 ½0;1�j9y 2 U; y 2 ½x�RN
a
; y 2 Aag ^ supfa 2 ½0;1�j9y 2 U; y 2 ½x�RS ; y 2 Aag

¼ supfa 2 ½0;1�j9y 2 U;RNðx; yÞP a;AðyÞP ag ^ supfa 2 ½0;1�jAðyÞP a; y 2 ½x�RSg
¼ ð
W

y2UðR
Nðx; yÞ ^ AðyÞÞÞ ^ ð

W
y2UfAðyÞjy 2 ½x�RSgÞ

¼minfRNðAÞðxÞ;RSðAÞðxÞg ¼ RHðAÞðxÞ.
This proves RHðAÞðxÞ ¼

S
a2½0;1�ða ^ RH

a ðAaÞÞ. h

Similarly, we can prove the other three equations hold.
By the definition of the cut set of a fuzzy set of the universe of discourse, we have
RHðAÞaþ ¼ fx 2 UjRNðxÞ > a;RSðxÞ > ag
¼ fx 2 UjRNðx; yÞ > a;AðyÞ > a; y 2 ½x�RS ; y 2 Ug
¼ fx 2 Uj½x�RN

aþ
\ ½x�RS \ Aaþ – ;g.

Then, there is RHðAÞaþ # RH
aþðAaþÞ by the definition of RH

aþðAaþÞ given in Section 3.
The other relations in ð1Þ and ð2Þ can be easily proven in the same way.

Theorem 5.2. Let ðU;RHÞ be a hybrid attribute approximation space. For any a 2 ½0;1�;A 2 FðUÞ;Aa and Aaþ are the a�cut set and
strong a�cut set of A. Then
RHðAÞ ¼
[

a2½0;1�
a ^ RH

1�aðAaÞ
� �

¼
[

a2½0;1�
a ^ RH

1�aðAaþÞ
� �

¼
[

a2½0;1�
a ^ RH

ð1�aÞþðAaÞ
� �

¼
[

a2½0;1�
a ^ RH

ð1�aÞþðAaþÞ
� �

:

Furthermore, we have

ð1Þ RHðAÞaþ # RH
1�aðAaþÞ# RH

ð1�aÞþðAaÞ# RH
ð1�aÞþðAaÞ# RHðAÞa,

ð2Þ RHðAÞaþ # RH
1�aðAaþÞ# RH

1�aðAaþÞ# RH
ð1�aÞþðAaÞ# RHðAÞa.
Proof. For any x 2 U, we haveS
a2½0;1�ða ^ RH

1�aðAaÞÞðxÞ ¼ supfa 2 ½0;1�jx 2 RH
1�aðAaÞg

¼ supfa 2 ½0;1�j½x�RN
1�a

# Aa ^ ½x�RS
1�a

# Aag
¼ supfa 2 ½0;1�j8y 2 U; y 2 ½x�RN

1�a
^ y 2 ½x�RS

1�a
^ y 2 Aag

¼ ðsupfa 2 ½0;1�j8y 2 U; y 2 ½x�RN
1�a
^ y 2 AagÞ ^ ðsupfa 2 ½0;1�j8y 2 U; y 2 ½x�RS

1�a
^ y 2 AagÞ

¼ ðsupfa 2 ½0;1�j8y 2 U;RNðx; yÞP 1� a;AðyÞP agÞ ^ ðsupfa 2 ½0;1�j8y 2 U;RSðx; yÞ ¼ 1� a;AðyÞP agÞ
¼
V

y2UðAðyÞ _ ð1� RNðx; yÞÞÞ ^ ð
W

y2UfAðyÞjR
Sðx; yÞ ¼ 1� agÞ

¼
V

y2UðAðyÞ _ ð1� RNðx; yÞÞÞ ^ ð
V

y2UfAðyÞjR
Sðx; yÞ ¼ agÞ

¼minfRNðAÞðxÞ;RSðAÞðxÞg ¼ RHðAÞðxÞ.
Similarly, we can prove the other three equations hold. Furthermore, the proofs of ð1Þ and ð2Þ are analogous to those of

Theorem 5.1. h

Theorems 5.1 and 5.2 present another way to represent the lower and upper approximations of a fuzzy concept with
respect to a hybrid attribute approximation space by using the cut set of a hybrid indiscernibility relation. This method char-
acterizes the basic structure of the granulation for the lower and upper approximations of a fuzzy concept on the hybrid
attribute approximation space.

Similar to Theorems 5.1 and 5.2, we can present another characterization of the fuzzy rough set on a hybrid attribute
approximation space according to the principle of the representation theorem of the fuzzy set theorem.

Theorem 5.3. Let ðU;RHÞ be a hybrid attribute approximation space. For any a 2 ½0;1�;A 2 FðUÞ;Aa and Aaþ are the a�cut set and
strong a�cut set of A. Then for any 2 U,



B. Sun et al. / Information Sciences 284 (2014) 60–80 75
RHðAÞðxÞ ¼ sup a 2 ½0;1�jx 2 RH
a ðAaÞ

� �
¼ sup a 2 ½0;1�jx 2 RH

aþðAaÞ
� �

¼ sup a 2 ½0;1�jx 2 RH
a ðAaþÞ

� �
¼ sup a 2 ½0;1�jx 2 RH

aþðAaþÞ
� �

:

RHðAÞðxÞ ¼ supfa 2 ½0;1�jx 2 RH
1�aðAaÞg ¼ sup a 2 ½0;1�jx 2 RH

ð1�aÞþðAaÞ
n o

¼ sup a 2 ½0;1�jx 2 RH
1�aðAaþÞ

� �
¼ sup a 2 ½0;1�jx 2 RH

ð1�aÞþðAaþÞ
n o

:

Proof. The proofs of RHðAÞ and RHðAÞ are analogous to those of Theorems 5.1 and 5.2. h
Remark 5.1. Let ðU;RHÞ be a hybrid attribute approximation space. Then

ð1Þ If CS ¼£, then the results given in Theorems 5.1 and 5.2 will degenerate into the existing fuzzy rough set over a fuzzy
information system [43,44].

ð2Þ If CN ¼£, then the results given in Theorems 5.1 and 5.2 will degenerate into the existing rough fuzzy set over a
Pawlak approximation space [4,29,43].

Moreover, it can be easily proven that the discussions in Remark 5.1 also hold for the results given in Section 4.

6. Uncertainty measure of a fuzzy rough set over a hybrid attribute information system

In the classical Pawlak rough set theory [27,28], accuracy and roughness are used to characterize uncertainty of a set and
approximation accuracy is employed to depict the accuracy of a rough classification. Pawlak [27,28] developed the uncer-
tainty measure of an ordinary set in the universe of discourse. Subsequently, Banerjee [1] studied the uncertainty measure
of a fuzzy set with respect to approximation space. Although these measures are effective, several limitations have been
pointed out by many scholars when applying them to certain applications. Therefore, many improved methods of uncer-
tainty measurement for various generalized rough set models (or generalized information systems) were established
[22,30,31,34,50] in recent years. Hybrid attribute information systems, as a generalization of the various existing information
systems, include two different types of attributes, which makes the existing uncertainty measures approaches invalid.

In this section, we will present the method of uncertainty measurement for fuzzy rough sets by introducing the concept of
knowledge granularity to hybrid attribute information systems. Also, some properties of the proposed method of uncertainty
measurement are investigated in detail.

Firstly, we introduce the concept of a fuzzy equivalence class induced by a fuzzy equivalence relation.

Definition 6.1. [53,69] Let U be a non-empty finite universe. R is a fuzzy binary relation of universe U. We define a fuzzy
class ½xi�R of any xi 2 U induced by R as follows:
½xi�R ¼
ri1

x1
þ ri2

x2
þ � � � þ rin

xn
n ¼ jUj
It is clear that ½xi�R is a fuzzy set of universe U, and the fuzzy cardinal number of ½xi�R is defined as: j½xi�Rj ¼
Pn

j¼1rij n ¼ jUj.
The definition of a fuzzy equivalence class can be interpreted as: for any xj 2 U, the degree of membership of xj in the

fuzzy set ½xi�R of the universe of discourse U is ½xi�RðxjÞ ¼ rij.
For any xi 2 U, where jUj ¼ n is a finite set, we have rij � 1, then the cardinality of ½xi�R also is finite and j½xi�Rj 6 n.
In Ref. [22], Liang et al. present an axiomatic definition of knowledge granularity in an information system by introducing

three conditions.

Definition 6.2 [22]. For any given information system S ¼ ðU;RÞ, let G be a mapping from the power set R to the set of real
numbers. We say that G is a knowledge granularity in an information system S ¼ ðU;RÞ if G satisfies the following conditions:

ð1Þ GðPÞP 0 for any P # R (Non-negativity);
ð2Þ GðPÞ ¼ GðQÞ for any P;Q # A if there is a bijective mapping f : U=P�!U=Q such that jXij ¼ jf ðXiÞjð8i 2 f1;2; . . . ;mgÞ,

where U=P ¼ fX1;X2; . . . ;Xmg and U=Q ¼ fY1;Y2; . . . ;Ymg; and
ð3Þ GðPÞ < GðQÞ for any P;Q # R with P 
 Q (The meaning of 
 is same as Ref. [22]) (Monotonicity).

In the following, we discuss the knowledge granularity of the hybrid attribute information system.
Similar to Definition 6.1, we can present the fuzzy equivalence class induced by the fuzzy equivalence relation over

numerical attributes for a hybrid attribute information system as follows.
Let ðU; ðCN [ CSÞ [ D; FÞ be a hybrid attribute information system. RH ¼ RN \ RS is the hybrid indiscernibility relation over

hybrid attribute CN [ CS. We define the fuzzy equivalence class ½xi�RN of any xi 2 U induced by fuzzy equivalence relation RN

over numerical attribute as follows:
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½xi�RN ¼ ri1

x1
þ ri2

x2
þ � � � þ rin

xn
n ¼ jUj:
Definition 6.3. Let ðU;RHÞ be a hybrid attribute approximation space. Denote U=RH ¼ U=RN [ U=RC , where
U=RN ¼ f½xi�RN jxi 2 Ug and U=RS ¼ f½xi�RS jxi 2 Ug ¼ fX1;X2; . . . ;Xmg. The knowledge granularity of RH is given by
GðRHÞ ¼ 1

jUj2
X
xi2U

j½xi�RN j2 þ
Xm

k¼1

jXkj2
 !

:

Remark 6.1. If for any xi 2 U, there is rij ¼ 0 or rij ¼ 1 (i; j ¼ 1;2; . . . ;n), i.e., the fuzzy equivalence relation RN degenerates
into the crisp equivalence relation over universe U, then we denote U=RN ¼ f½xi�RN jxi 2 Ug ¼ fY1;Y2; . . . ;Ylg, and then the
knowledge granulation of RH is given by
GðRHÞ ¼ 1

jUj2
Xl

k¼1

jYkj2 þ
Xm

k¼1

jXkj2
 !

:

Example 5. Let U ¼ fx1; x2; x3; x4g. R1;R2 2 R be the numerical attribute and symbol attribute over universe U, respectively.
Then R1 generates the fuzzy equivalence relation and R2 generates the crisp equivalence relation over U, respectively. Sup-
pose there are
½x1�R1
¼ 1

x1
þ 0

x2
þ 1

x3
þ 0

x4
; ½x2�R1

¼ 0
x1
þ 1

x2
þ 1

x3
þ 0

x4
;

½x3�R1
¼ 1

x1
þ 0

x2
þ 1

x3
þ 0

x4
; ½x4�R1

¼ 0
x1
þ 1

x2
þ 1

x3
þ 0

x4
:

and
X1 ¼ ½x1�R2
¼ ½x4�R2

¼ fx1; x4g; X2 ¼ ½x2�R2
¼ ½x3�R2

¼ fx2; x3g:

Then we can obtain Y1 ¼ ½x1�R1

¼ ½x3�R1
¼ fx1; x3g, Y2 ¼ ½x2�R1

¼ fx2g, Y3 ¼ ½x4�R1
¼ fx4g, i.e., there is

U=RN ¼ f½xi�RN jxi 2 Ug ¼ fY1;Y2;Y3g. So, there is
GðRHÞ ¼ 1

jUj2
Xl

k¼1

jYkj2 þ
Xm

k¼1

jXkj2
 !

¼ 1
42 ð2

2 þ 12 þ 12 þ 22 þ 22Þ ¼ 7
8
¼ 0:875:
Proposition 6.1. The formula GðRHÞ in Definition 6.3 is a knowledge granularity.
Proof. We only need to verify that GðRHÞ meets all the conditions in Definition 6.1.

ð1Þ Obviously, GðRHÞ is non-negative.
ð2Þ For this condition, there are two cases as follows.
(i) Let P;Q # RN . Then there is U=P ¼ f½xi�Pjxi 2 Ug and U=Q ¼ f½yj�Q jyj 2 Ug. We know that jU=Pj ¼ jU=Q j by the fuzzy
equivalence class given in Definition 6.1.
So, if there is a bijective mapping f : U=P�!U=Q such that j½xi�Pj ¼ jf ð½xi�PÞjð8xi 2 UÞ, then the equation GðPÞ ¼ GðQÞ
hold.

(ii) Let P;Q # RS, then U=P ¼ f½xi�Pjxi 2 Ug ¼ fX1;X2; . . . ;Xmg and U=Q ¼ f½yi�Q jyi 2 Ug ¼ fY1;Y2; . . . ;Yng.
Suppose that there is a bijective mapping f : U=P�!U=Q such that jXij ¼ jf ðXiÞj ¼ jYjjð1 6 i 6 m;1 6 j 6 nÞ. Then

m ¼ n and GðPÞ ¼ 1
jUj2
Pm

i¼1jXij2 ¼ 1
jUj2
Pm

i¼1jf ðXiÞj2 ¼ 1
jUj2
Pn

j¼1jYjj2 ¼ GðQÞ.

On the basis of ðiÞ and ðiiÞ, we prove that GðRHÞ ¼ 1
jUj2

P
xi2U j½xi�RN j2 þ

Pm
k¼1jXkj2

� �
satisfies condition ð2Þ given in Def-

inition 6.1.

ð3Þ We also prove this condition by two case as follows.
(i) Let P;Q # RN and satisfy P 
 Q . Then there is U=P ¼ f½xi�Pjxi 2 Ug and U=Q ¼ f½yj�Q jyj 2 Ug. It is easy to know that
jU=Pj ¼ jU=Q j by the definition of fuzzy equivalence class given in Definition 4.1. Then, for any xi 2 U, there exists
yj 2 U such that ½xi�P � ½yj�Q by the condition P 
 Q . That is, for any xk 2 U, there is rik ¼ ½xi�PðxkÞ < ½yj�Q ðxkÞ ¼ rjk.

Furthermore, there is
P

xk2U jrikj2 <
P

xk2U jrjkj2;1 6 i; j 6 jUj.
So, we prove that GðPÞ < GðQÞ hold.
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(ii) Let P;Q # RS satisfy P 
 Q . Then U=P ¼ f½xi�Pjxi 2 Ug ¼ fX1;X2; . . . ;Xmg and U=Q ¼ f½yi�Q jyi 2 Ug ¼ fY1;Y2; . . . ; Yng.
Then m > n and there exists a partition C ¼ C1;C2; . . . ;Cn of 1;2; . . . ;m such that Yj ¼

S
i2Cj

Xi; j ¼ 1;2; . . . ;n. So,
we have

GðPÞ ¼ 1

jUj2
Xm

i¼1

jXij2 ¼
1

jUj2
Xn

j¼1

X
i2Cj

jXij2
0
@

1
A <

1

jUj2
Xn

j¼1

X
i2Cj

jXij

0
@

1
A

2

¼ 1

jUj2
Xn

j¼1

j
[
i2Cj

Xij2 ¼
1

jUj2
Xn

j¼1

jYjj2 ¼ GðQÞ:
On the basis of ðiÞ and ðiiÞ, we prove that GðRHÞ ¼ 1
jUj2

P
xi2U j½xi�RN j2 þ

Pm
k¼1jXkj2

� �
satisfies condition ð3Þ given in Definition

4.1.
So, the formula GðRHÞ in Definition 6.3 is a knowledge granularity according to the axiomatic demonstrations given in

Definition 6.1.
This completes the proof. h

By the definition of knowledge granularity of a hybrid attribute information system, the following conclusions are clear.

Property 6.2. (Minimum) Let ðU;RHÞ be a hybrid attribute approximation space. GðRHÞ is the granularity measure of ðU;RHÞ. The
minimum of knowledge granularity of a hybrid attribute information system is 2=jUj. This value is achieved only if, for any
xi; xj 2 U, ½xi�RN ðxjÞ ¼ 0ði – j;1 6 i; j 6 jUjÞ and Xk ¼ f½xk�RSgðk ¼ 1;2; . . . ; jUjÞ.
Property 6.3. (Maximum) Let ðU;RHÞ be a hybrid attribute approximation space. GðRHÞ is the granularity measure of
ðU; ðCN [ CSÞ [ D; FÞ. The maximum of knowledge granularity of a hybrid attribute information system is jUj þ 1. This value is
achieved only if, for any xi; xj 2 U; ½xi�RN ðxjÞ ¼ 1 and Xk ¼ Uðk ¼ 1;2; . . . ; jUjÞ.
Property 6.4. (Boundedness) Let ðU;RHÞ be a hybrid attribute approximation space. GðRHÞ is the granularity measure of
ðU; ðCN [ CSÞ [ D; FÞ. The knowledge granularity GðRHÞ exists the boundedness, i.e., 2=jUj 6 GðRHÞ 6 jUj þ 1.

The proof of Properties 6.2, 6.3 and 6.4 can be easily verified by the definition of the knowledge granularity of a hybrid
attribute information system.

Example 6 (Continued from Example 1). From the Table 2, we can easily obtain the fuzzy equivalence class induced by the
fuzzy equivalence relation RN as follows:
½x1�RN ¼ 1

x1
þ 0:9

x2
þ 0:2

x3
þ 0:1

x4
þ 0:1

x5
þ 0:1

x6
þ 0:1

x7
þ 0:2

x8
; ½x2�RN ¼ 0:9

x1
þ 1

x2
þ 0:2

x3
þ 0:1

x4
þ 0:1

x5
þ 0:2

x6
þ 0:1

x7
þ 0:3

x8
,

½x3�RN ¼ 0:2
x1
þ 0:2

x2
þ 1

x3
þ 0:2

x4
þ 0:1

x5
þ 0:1

x6
þ 0:1

x7
þ 0:2

x8
; ½x4�RN ¼ 0:1

x1
þ 0:1

x2
þ 0:2

x3
þ 1

x4
þ 0:1

x5
þ 0:1

x6
þ 0:1

x7
þ 0:1

x8
,

½x5�RN ¼ 0:1
x1
þ 0:1

x2
þ 0:1

x3
þ 0:1

x4
þ 1

x5
þ 0:2

x6
þ 0

x7
þ 0:1

x8
; ½x6�RN ¼ 0:1

x1
þ 0:2

x2
þ 0:1

x3
þ 0:1

x4
þ 0:2

x5
þ 1

x6
þ 0:1

x7
þ 0:1

x8
,

½x7�RN ¼ 0:1
x1
þ 0:1

x2
þ 0:1

x3
þ 0:1

x4
þ 0

x5
þ 0:1

x6
þ 1

x7
þ 0:1

x8
; ½x8�RN ¼ 0:2

x1
þ 0:3

x2
þ 0:2

x3
þ 0:1

x4
þ 0:1

x5
þ 0:1

x6
þ 0:1

x7
þ 1

x8
,

Similarly, we can obtain the equivalence class induced by equivalence relation RS as follows:
½x3�RðCSÞ ¼ ½x8�RðCSÞ ¼ fx3; x8g ¼ X1;

½x1�RðCSÞ ¼ ½x5�RðCSÞ ¼ ½x7�RðCSÞ ¼ fx1; x5; x7g ¼ X2;

½x2�RðCSÞ ¼ ½x4�RðCSÞ ¼ ½x6�RðCSÞ ¼ fx2; x4; x6g ¼ X3:
So, there is U=RS ¼ fX1;X2;X3g. Then we have

GðRHÞ ¼ 1
jUj2

P
xi2U j½xi�RN j2 þ

Pm
k¼1jXkj2

� �
¼ 1

82 2:72 þ 2:92 þ 2� 2:12 þ 1:82 þ 1:72 þ 1:92 þ 1:62 þ jX1j2 þ jX2gj2 þ jX3j2
� �

¼ 58:82
82 ¼ 0:91906.

That is, the knowledge granulation of hybrid attribute information system ðU; ðCN [ CSÞ [ D; FÞ is 0.91906.
On the basis of the knowledge granularity of hybrid attribute information system ðU; ðCN [ CSÞ [ D; FÞ, we present the

uncertainty measure of a fuzzy rough set over a hybrid attribute information system.
In general, two indices, named roughness and accuracy, are used to describe the uncertainty of an approximated set in

approximation space. In the following, we present the definition of roughness and accuracy of the fuzzy rough set over a
hybrid attribute information system.

Definition 6.4. Let ðU;RHÞ be a hybrid attribute approximation space. For any fuzzy set A 2 FðUÞ, and 0 < b 6 a � 1, the
roughness and accuracy of A with respect to ðU; ðCN [ CSÞ [ D; FÞ are respectively defined as follows:
RoughnessRH ðA;a;bÞ ¼ qRH ðA;a;bÞGðRHÞ; AccuracyRH ðA;a;bÞ ¼ 1� qRH ðA;a;bÞGðRHÞ;
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where qRH ðA;a; bÞ ¼ 1� jR
HðAÞa j
jRHðAÞb j

, and RHðAÞa ¼ fx 2 UjRHðAÞðxÞP ag;RHðAÞb ¼ fx 2 UjRHðAÞðxÞP bg.

In the existing literature [8,15,22–26], the formulations of qRH ðA;a; bÞ ¼ 1� jR
H ðAÞa j
jRHðAÞb j

and cRH ðA;a; bÞ ¼ jR
HðAÞa j
jRHðAÞb j

are used for

evaluating uncertainty of an approximated set of the universe of discourse. These two numerical measures take into account
the number of elements in each of the approximation sets and are good metrics for evaluating uncertainty that arises from
the boundary region. However, this does not provide the information that is missing because of the uncertainty related to the
granularity of the indiscernibility relation (the hybrid indiscernibility relation). The method of defining roughness and accu-
racy for a fuzzy rough set over a hybrid attribute information system, given in Definition 6.4, could avoid the above limita-
tions effectively. In Ref. [18], Hu et al. investigate the information measure (uncertainty measure) of a fuzzy relation over the
universe of discourse by introducing Shannon’s entropy into the fuzzy probabilistic approximation space. In Ref. [30], Qian
et al. discuss measuring a fuzzy-information granularity by using the fuzzy binary-granular-structure model. Here we define
the knowledge granulation of the hybrid indiscernibility relation over a hybrid attribute information system by using the
granularity sum of the fuzzy equivalence relation and the indiscernibility relation. Specifically, the knowledge granularity
RH will degenerate into Qian’s definition when CN ¼£ and RH will degenerate into Hu et al.’s definition when CS ¼£. So,
the definition of the knowledge granularity RH is a natural generalization of the existing results.

Property 6.5. Let ðU;RHÞ be a hybrid attribute approximation space. For any fuzzy set A 2 FðUÞ, and 0 < b 6 a � 1. Then

ð1Þ 0 6 RoughnessRH ðA;a; bÞ � 1;0 6 AccuracyRH ðA;a; bÞ � 1;
ð2Þ RoughnessRH ðA;a; bÞ will not decrease with respect to a and will not increase with respect to b;
ð3Þ AccuracyRH ðA;a; bÞ will not increase with respect to a and will not decrease with respect to b;
Property 6.6. Let ðU;RHÞ be a hybrid attribute approximation space. For any fuzzy set A;B 2 FðUÞ, and 0 < b 6 a � 1. Then

ð1Þ If A # B and RHðAÞb ¼ RHðBÞb, then RoughnessRH ðB;a; bÞ 6 RoughnessRH ðA;a; bÞ, AccuracyRH ðA;a; bÞ 6 AccuracyRH ðB;a; bÞ;
ð2Þ If A # B and RHðAÞa ¼ RHðBÞa, then RoughnessRH ðA;a; bÞ 6 RoughnessRH ðB;a; bÞ, AccuracyRH ðB;a; bÞ 6 AccuracyRH ðA;a; bÞ.

The proof of Properties 6.5 and 6.6 can be easily verified by the definitions above.

Example 7. (Continued from Example 1) By Table 2,
D1 ¼
0:4
x1
þ 0:3

x2
þ 0:8

x3
þ 0:6

x4
þ 0:9

x5
þ 0:3

x6
þ 0:9

x7
þ 0:2

x8
is a fuzzy set of universe U. Then we calculate the lower and upper approximations of D1 with respect to the hybrid attribute
information system ðU; ðCN [ CSÞ [ D; FÞ as follows:
RHðD1Þ ¼
0:3
x1
þ 0:3

x2
þ 0:2

x3
þ 0:3

x4
þ 0:4

x5
þ 0:3

x6
þ 0:4

x7
þ 0:2

x8
; RHðD1Þ ¼

0:4
x1
þ 0:4

x2
þ 0:8

x3
þ 0:6

x4
þ 0:9

x5
þ 0:3

x6
þ 0:9

x7
þ 0:3

x8
:

Let b ¼ 0:35;a ¼ 0:4. We have
RHðD1Þa ¼ fx 2 UjRHðD1ÞðxÞP 0:4g ¼ fx5; x7g; RHðD1Þb ¼ fx 2 UjRHðD1ÞðxÞP 0:35g ¼ fx1; x2; x3; x4; x5; x7g:
So, we obtain that qRH ðD1;a; bÞ ¼ 1� jR
HðD1Þa j
jRHðD1Þb j

¼ 1� 2
6 ¼ 2

3 ; cRH ðD1;a; bÞ ¼ jR
HðD1Þa j
jRHðD1Þb j

¼ 1
3.

Meanwhile, there is GðRHÞ ¼ 0:91906 by Example 4. Then we have
RoughnessRH ðD1;a;bÞ ¼ qRH ðD1;a;bÞGðRHÞ ¼ 2
3
� 0:91906 ¼ 0:6127;

AccuracyRH ðD1;a; bÞ ¼ 1� qRH ðD1;a;bÞGðRHÞ ¼ 1� 0:6127 ¼ 0:3873:
Therefore, we present the numerical description of the uncertainty for fuzzy set D1 with respect to the hybrid indiscern-
ibility relation RH by combining the knowledge granulation of the hybrid attribute information system.

7. Conclusions

Hybrid attribute information systems, as a natural generalization of traditional information systems, have invoked much
interest and have also been successfully applied to decision-making under uncertainty in management science. This paper
studies the theory of fuzzy rough set for hybrid attribute information systems in detail. We establish the lower and upper
approximations of a fuzzy concept of the universe of discourse by defining the fuzzy indiscernibility relation over a hybrid
attribute information system. Also, we discuss several properties of the fuzzy rough approximations and investigate the
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relationship between the existing fuzzy rough set model and the proposed model over a hybrid attribute information system.
The lower and upper approximations of the cut set of a fuzzy concept under the hybrid indiscernibility relation and the cut
set of a hybrid indiscernibility relation over hybrid attribute approximation space were defined, respectively. A detailed dis-
cussion of the properties of the rough approximation operators of the cut set of a fuzzy set over hybrid attribute approxima-
tion space was presented as well. Then the characterization theorems of the lower and upper approximations of the cut set of
a fuzzy set over a hybrid attribute approximation space were established. The different characterization theorems reveal the
innate characteristics and the structure of the granulation over a hybrid attribute approximation space. Moreover, we pres-
ent the uncertainty measure of a fuzzy rough set based on a fuzzy indiscernibility relation by introducing knowledge gran-
ularity to hybrid fuzzy approximation space. Like the Pawlak rough set theory, the fuzzy equivalence relation is the basis of
handling hybrid attribute information systems. In Ref. [9,47], the authors do not discriminate between the different attribute
categories; instead, they model the hybrid attributes together. They introduce a distance function among samples of the uni-
verse over the hybrid attribute and present a fuzzy equivalence relation. Where there are different formulations of the dis-
tance function for the numerical attributes and symbolic attributes, this method allows convenient computation of the fuzzy
equivalence relation over hybrid attributes. In this paper, we deal with the hybrid attributes with both numerical and sym-
bolic attributes by a fuzzy equivalence relation and an equivalence relation, respectively. Then we define a hybrid indiscern-
ibility relation over numerical attributes and symbolic attributes by compounding the above two different categories into a
binary relation. This method of defining the hybrid indiscernibility relation over hybrid attributes does not change the struc-
ture of the original data and reduces the loss of information from the original data.

Actually, there are at least two aspects in the study of rough set theory: constructive and axiomatic approaches
[43,44,54–56]. The same is true for fuzzy rough sets over hybrid attribute approximation space. In this paper, we study
the fuzzy rough approximation operators of a fuzzy set on hybrid attribute approximation space and discuss the basic prop-
erties by the constructive method. Therefore, further work should consider axiomatic approaches to fuzzy rough set over
hybrid attribute approximation space and try to come up with decision-making approaches to real-life problems. On the
other hand, the attribute reduction of the hybrid attribute information system using the fuzzy rough set established in this
paper should be studied and detailed experimental investigations and comparisons with existing approaches should be
discussed.
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