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This article investigates the rough approximation of a fuzzy concept on a probabilistic
approximation space. We propose the probabilistic rough fuzzy set by defining the condi-
tional probability of a fuzzy event. Then we establish the model of probabilistic rough fuzzy
set and discuss several properties in detail. Furthermore, three generalizations of probabi-
listic rough fuzzy set, namely, 0.5-probabilistic rough fuzzy set, variable precision probabi-
listic rough fuzzy set and Bayesian rough fuzzy set are reported. In order to give a
systematic method of selecting parameters for the probabilistic rough fuzzy set, we pro-
pose a decision-theoretic rough fuzzy set. That is, we formulate a non-parametric defini-
tion of the probabilistic rough fuzzy set. Moreover, we illustrate the motivation and
verify the validity of the decision-theoretic rough fuzzy set by using a credit card applicant
decision-making problem. Furthermore, the interrelationship between the decision-
theoretic rough fuzzy set and the probabilistic rough fuzzy set is explained. The main
contribution of this paper is twofold. One is to extend the probabilistic rough set to fuzzy
environment, i.e., the probabilistic rough fuzzy set model. Another is to present an
approach to select parameters needed in probabilistic rough fuzzy set modeling by using
the process of decision-making under conditions of risk.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

Rough set theory is an extension of set theory for studying intelligent systems characterized by insufficient and incom-
plete information [34,36,37,52]. As a new mathematical tool to deal with vagueness and uncertainty, one of the main advan-
tages of rough set theory is that it does not need any preliminary or additional information about data, such as probability
distribution in statistics, basic probability assignment in the Dempster–Shafer theory, or grade of membership or the value of
possibility in fuzzy set theory [55]. This new mathematical approach to imprecision, vagueness and uncertainty is founded
on the assumption that objects in the universe of discourse can be associated with data or knowledge [31,42,43]. Recently,
rough set theory has become an important method and tool for granular computing [34–37,49,50,52] and also has been
demonstrated to be useful in decision-making [26,51,53], feature selection [48,72,74,75], clustering analysis [54], machine
learning [3,12] and so on.

The theory of rough set was proposed in 1982. It has captured much attention from artificial intelligence and intelligent
systems researchers and has been applied to knowledge discovery, data mining, etc. Many generalized rough set models
have been proposed by scholars in past years. Broadly speaking, there are several directions for the generalization of the
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rough set theory. In [65], Yao summarizes various formulations of the standard rough set theory and demonstrates how
those formulations can be adopted to develop different generalized rough set theories. Within the set-theoretic framework,
generalizations of the element-based definition can be obtained by using non-equivalence binary relations [33,63], general-
izations of the granule-based definition can be obtained by using coverings [47,48,64,65], and generalizations of the subsys-
tem-based definition can be obtained by using other subsystems [65]. By the fact that the system ð2U ; c;\;[Þ is based on
Boolean algebra, one can generalize rough set theory using other algebraic systems such as Boolean algebras, lattices, and
posets [10,35]. Subsystem-based definitions and algebraic methods are useful for such generalizations. Also, there are many
other important generalizations of the theory, such as probabilistic and decision-theoretic rough sets [45,55,56] and rough
membership functions [31,44,50].

However, many generalized rough set models are often too strict when including objects into the approximation regions
and may require additional information. A lack of consideration for the degree of overlap between an equivalence class and
the set to be approximated unnecessarily limits the applications of rough set and has motivated a good deal of research to
investigate probabilistic generalization of the theory [4,7,28,29,41,45,46,55,59,71]. In 1987, Wong and Ziarko [45] intro-
duced probabilistic approximation space to the studies of rough set and then presented the concept of probabilistic rough
set. Subsequently, Yao et al. [66] proposed a more general probabilistic rough set called decision-theoretic rough set. Then
another perspective to deal with the degree of overlap of an equivalence class with the set to be approximated was given,
and an approach to select the needed parameters in lower and upper approximations was presented. As far as the probabi-
listic approach to rough set theory, Pawlak and Skowron [31], Pawlak et al. [32] and Wong and Ziarko [45] proposed a
method to characterize a rough set by a single membership function. By the definition of a rough membership function, ele-
ments in the same equivalence class have the same degree of membership. The rough membership may be interpreted as the
probability of any element belonging to a set, given that the element belongs to an equivalence class. This interpretation
leads to probabilistic rough set [56]. Greco et al. [6] introduced a new generalization of the original definition of rough sets
and variable precision rough sets, named the parameterized rough set model. They aim at modeling data relationships
expressed in terms of frequency distribution rather than in terms of a full inclusion relation, which is used in the classical
definition of rough sets.

Probabilistic rough set extends the classical Pawlak rough set model. The major change is the consideration regarding the
probability of an element being in a set to determine inclusion in approximation regions. Two probabilistic thresholds are
used to determine the division between the boundary-positive region and boundary-negative region. Over the last two dec-
ades, probabilistic rough set theories, such as 0.5-probabilistic rough set [45], decision-theoretic rough set [57], rough mem-
bership function [31], parameterized rough set [38], Bayesian rough set [39], game-theoretic rough set [8] and naive
Bayesian rough set [39,60] have been proposed to solve probabilistic decision-making problems by allowing a certain accept-
able level of error. All these models use two parameters a and b (a pair of thresholds) to define the lower and upper approx-
imations. Actually, variable precision rough set [69] proposed by Ziarko also is one kind of probabilistic rough set; he firstly
used a set inclusion function to define the lower and upper approximations. Moreover, only one parameter was used in the
lower and upper approximations. Later on, he reformulated the theory of variable precision rough set by using probabilistic
terms [69]. However, a fundamental difficulty with all generalizations of probabilistic rough set is the physical interpretation
of the required threshold parameters [58], as well as the need for a systematic method for setting the parameters. In order to
offer an effective approach for selecting the threshold parameters, Yao et al. [57] proposed the decision-theoretic rough set
model by using the Bayesian decision theory, and then the above difficulty was resolved from the semantic point of view.

Decision-theoretic rough set, as a general probabilistic rough set model, has invoked the interest of many scholars and
much valuable research has been done in recent years. We briefly review the studies of decision-theoretic rough set as fol-
lows: Herbert and Yao [8,9] study the combination of the decision-theoretic rough set and the game rough set. Li and Zhou
[14,15] present a multi-perspective explanation of the decision-theoretic rough set and discuss attribute reduction and its
application for the decision-theoretic rough set. Jia et al. [11] also discuss the attribute reduction problem for the deci-
sion-theoretic rough set theory. Liu et al. [16–19] discuss multiple-category classification with decision-theoretic rough sets
and its applications in the areas of management science. Li et al. [20], Lingras et al. [21–23] and Yu et al. [68] discuss the
clustering analysis by using the decision-theoretic rough set theory. Yang [67] studies the multi-agent decision-theoretic
rough set model. Li et al. and Liang et al. [24,25,27] discuss information retrieval and filtering by using the decision-theoretic
rough set theory. Greco and Slowinski [5] combine the decision-theoretic rough set with the dominance-based rough set and
then give a new generalized rough set model. Based on the basic idea of the decision-theoretic rough set model, Zhou [73]
presents a new description of this model. Ma and Sun [28,29] study the decision-theoretic rough set theory over two uni-
verses based on the idea of the classical decision-theoretic rough set.

In general, the objects approximated are crisp set or accurate concepts of the universe of discourse in both Yao’s decision-
theoretic rough set theory and the existing probabilistic rough set models. For a decision-making problem, there are only two
states, which are disjoint and opposite each other for a precise concept of the universe of discourse. For example, in the deci-
sion-making problems of diagnosis analysis and email spam filtering, there are only two states of Yes or No for a sufferer or an
email. That is, a patient either has the disease or does not have the disease and an email either is junk mail or is not junk mail.

However, the objects of many decision-making problems, such as measuring student achievement in comprehensive test-
ing or the credit evaluation of a credit card applicant, could have more than two states in practice. Moreover, the states of the
decision object are not necessarily disjoint and opposite each other. For a given student or credit card applicant, the
evaluation results may not be described by two completely opposite states with Yes or No. That would be the case if a student
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is either a good student or a bad student, or if a credit card applicant is either a good credit risk or a bad credit risk. As a
matter of fact, the evaluation results could be a semantic state with preferences, such as Excellent or Good or Medium, High
or Medium or Low and Large or Medium or Small. This means that the evaluation results of a student or a credit card applicant
could be Excellent or Good or Medium. Obviously, these decision states are not completely opposite and disjoint, but they are
fuzzy descriptions of the state of the object in the universe. So, for these decision-making problems, the states of the object
approximated on the universe are a fuzzy set instead of a crisp set.

Based on these considerations, in this paper we focus on the rough approximation of a fuzzy concept on probabilistic
approximation space. We propose the probabilistic rough fuzzy set model by defining the conditional probability of a fuzzy
event. Meanwhile, the basic theory of the probabilistic rough fuzzy set is investigated in detail and several generalized mod-
els of the probabilistic rough fuzzy set are also given. At the same time, we define a decision-theoretic rough fuzzy set model
in order to provide an approach to select the parameters needed in the lower and upper approximations of probabilistic
rough fuzzy set by using the Bayesian decision procedure. This also can be regarded as a generalization of Yao’s [57] deci-
sion-theoretic rough set model in a fuzzy environment. In this paper, we firstly define the lower and upper approximations
of a fuzzy set with respect to probabilistic approximation space according to the traditional idea which treats the required
parameter values of a and b as a primitive notion. Then, we present the Bayesian risk decision with fuzzy objects based on
the well-established Bayesian decision procedure. Subsequently, we establish the relationship between the probabilistic
rough fuzzy set model and Bayesian risk decision-making. Moreover, the required parameter values of a and b can be cal-
culated and interpreted systematically by the process of Bayesian risk decision with fuzzy objects. Finally, the basis of the
formula of calculating the values of a and b is given by the process of Bayesian risk decision with fuzzy objects.

So, the motivation of this paper is to approximate a fuzzy object of the universe of discourse in probabilistic approxima-
tion space, as well as to present an approach to determine the parameters needed in the lower and upper approximations.
Therefore, there are two aspects for the proposed model. One is to present decision-making for the fuzzy decision classes by
approximating the fuzzy concepts in probabilistic approximation space. Another is to present a method of how to calculate
the needed threshold values.

The rest of this paper is organized as follows. Section 2 provides the basic concept of rough set theory and briefly reviews
probabilistic rough set theory. In Section 3, we propose the probabilistic rough fuzzy set model and discuss several proper-
ties. Moreover, we give three generalizations of the probabilistic rough fuzzy set model. In Section 4, we firstly review the
Bayesian risk decision-making procedure and then propose a decision-theoretic rough fuzzy set model. Furthermore, a sys-
tematic method for setting the parameters is given. In Section 5, an example is presented to illustrate the concept and show
approaches in handling the credit card applicant problem. At last, we conclude our research and suggest further research
directions in Section 6.

2. Review of rough set models

In this section, we briefly review the concept of rough set theory as well as its extensions.

2.1. Pawlak rough set

Let U be a non-empty finite universe and R be an equivalence relation of U � U. The equivalence relation R induces a par-
tition of U, denoted by ½x�R or ½x�, and U=R ¼ f½x�jx 2 Ug stands for the equivalence classes of x. Then ðU;RÞ is the Pawlak
approximation space.

For any X # U, its lower and upper approximations are defined as follows [30,43]:
RðXÞ ¼ fx 2 Uj½x�# Xg ¼ [f½x�j½x�# Xg;
RðXÞ ¼ fx 2 Uj½x� \ X – £g ¼ [f½x�j½x� \ X – £g:
The lower approximation RðXÞ is the union of all elementary sets which are the subset of X, and the upper approximation
RðXÞ is the union of all elementary sets which have a non-empty intersection with X. The positive, boundary and negative
regions of X can be defined as follows [30]:
posðXÞ ¼ RðXÞ; bnðXÞ ¼ RðXÞ � RðXÞ; negðXÞ ¼ U � RðXÞ:
The positive region posðXÞ consists of all objects that are definitely contained in the set X. The negative region negðXÞ con-
sists of all objects that are definitely not contained in the set X. The boundary region bnðXÞ consists of all objects that may be
contained in X. Because approximations are from equivalence classes, inclusion into the boundary region reflects uncertainty
about the classification of objects.

2.2. Probabilistic rough set

The traditional rough set model is often too strict when including objects into the approximation region and may require
additional information [58,70], or require several approximations. A probabilistic model for rough set can modify the rough
set region in a universe. The main approach makes use of given probability as parameters to produce the region.
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Let ðU;RÞ be the Pawlak approximation space. P is a probability measure defined on the r algebra of the subset family of
universe U. Then, ðU;R; PÞ is called a probabilistic approximation space [55,58,69].

For any 0 6 b < a � 1;X # U, the lower and upper approximations of the target set X are defined as follows:
PaðXÞ ¼ fx 2 UjPðXj½x�ÞP ag;
PbðXÞ ¼ fx 2 UjPðXj½x�Þ > bg:
Similarly, the positive region, boundary region and negative region of the target set X are defined as follows:
posðX;a;bÞ ¼ PaðXÞ ¼ fx 2 UjPðXj½x�ÞP ag;
bnðXÞ ¼ PbðXÞ � PaðXÞ ¼ fx 2 Ujb < PðXj½x�Þ < ag;
negðX;a;bÞ ¼ U � PbðXÞ ¼ fx 2 UjPðXj½x�Þ 6 bg:
That is, an object x is included in a set X if the probability, given its description, of it belonging to X is greater than or equal
to the threshold value a specified by the decision-maker. The positive region of a set X consists of all objects that meet this
criterion. Likewise, the negative region is controlled by the threshold value b. An object x is included in a set X if the prob-
ability, given its description, of it belonging to X is less than or equal to the threshold value specified by the decision-maker.

The quality of classification is decision-maker driven because the a and b parameters are given by the decision-maker. An
expert provides the value of these parameters based on his or her knowledge or intuition [32,62]. The parameter a that is set
too low decreases the certainty that any object is correctly classified. Likewise, the parameter b that is set too high suffers
from the same outcome. The special case a ¼ 1 and b ¼ 0 results in this approach performing exactly like the Pawlak rough
set model [30].

3. Probabilistic rough fuzzy set model and its extensions

As for the above analysis, we know that there is a solid necessity to approximate a fuzzy concept in probabilistic approx-
imation space or to discuss the theory of probabilistic rough set in a fuzzy environment for management decision-making in
practice. With the objective of bringing together existing studies on probabilistic rough set approximations in a fuzzy envi-
ronment, we discuss the approximation of a fuzzy concept of the universe of discourse on a probabilistic approximation
space in this section. That is, we will give a probabilistic rough fuzzy set model. Similar to the existing probabilistic rough
set models [3,39,41,45,55,58], we also present several generalized forms for this proposed model.

3.1. Probabilistic rough fuzzy set

As is well known, the key concept in probabilistic rough set is the conditional probability between the target set and the
equivalence classes. So, we firstly give the definition of conditional probability of any fuzzy event in probabilistic space.

Definition 3.1 [1]. Let U ¼ fx1; x2; . . . ; xn; . . .g. Denote PðxnÞðn ¼ 1;2; . . .Þ as the probability of xn and satisfy
PðxnÞP 0;

P1
n¼1PðxnÞ ¼ 1. For any eA 2 FðUÞ (where FðUÞ denotes all the fuzzy subsets of U), the probability of the fuzzy

event eA is defined as follows:
PðeAÞ ¼X1
n¼1

eAðxnÞPðxnÞ;
where eAðxnÞ stands for the membership function of fuzzy set eA.
If the probabilistic space is continuous, then the probability of fuzzy event eA is defined as follows:
PðeAÞ ¼ Z
U

eAðxÞdP ¼ EðeAðxÞÞ:

Here dP is the Lebsegue–Stieltjes integral [1].
By this definition and the concept of conditional probability of classical measurement theory, we define the conditional

probability of a fuzzy event given the description of a crisp set as follows.
Definition 3.2. Let U be a non-empty finite universe and R be an equivalence relation of U. Denote U=R ¼ f½x�jx 2 Ug and P as
the probabilistic measure. For any eA 2 FðUÞ; PðeAj½x�Þ is called the conditional probability of fuzzy event eA given the
description ½x�. Define
PðeAj½x�Þ ¼Py2½x�
eAðyÞ

j½x�j x 2 U;
where j � j stands for the cardinality of a set.
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The PðeAj½x�Þ also can be understood as the probability that a randomly selected object x 2 U belongs to the fuzzy concepteA given the description ½x�.
Remark 3.1. The conditional probability of a fuzzy event given in Definition 3.2 is a direct generalization of the conditional
probability of a crisp set in the fuzzy environment. In Ref. [40], Sarkar proposes a rough-fuzzy membership function for any
two fuzzy sets of the universe of discourse as:
leAðxÞ ¼ jeA \ eBjjeBj ; for any eA; eB 2 FðUÞ; x 2 U:
So, the conditional probability PðeAj½x�Þ also can be regarded as the rough-fuzzy membership function between a fuzzy seteA and a crisp set ½x�# U.
By this definition, the following properties are clear.
Proposition 3.1. Let U be a non-empty finite universe and let R be an equivalence relation of U:P is the probabilistic measure. Then
the following conclusions hold.

(1) 0 6 PðeAj½x�Þ � 1.
(2) If eA; eB 2 FðUÞ and eA # eB, then PðeAj½x�Þ 6 PðeBj½x�Þ.
(3) PðeAcj½x�Þ ¼ 1� PðeAj½x�Þ (where eAc stands for the complementary set of eA).
Proof. It can be easily verified by the definition. h

In the following, we give the rough approximation of a fuzzy set in probabilistic approximation space.

Definition 3.3. Let ðU;R; PÞ be a probabilistic approximation space. For any eA 2 FðUÞ;0 6 b < a � 1 and x 2 U. The lower and
upper approximations of fuzzy set eA are, respectively, defined on ðU;R; PÞ with respect to a and b as follows:
aprða;bÞðeAÞ ¼ fx 2 UjPðeAj½x�ÞP ag ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P a

�����
( )

;

aprða;bÞðeAÞ ¼ fx 2 UjPðeAj½x�Þ > bg ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > b

�����
( )

:

Obviously, the lower approximation aprða;bÞ and upper approximation aprða;bÞ are the binary operators from FðUÞ�!PðUÞ
(where PðUÞ stands for all subsets of unserve U).

Likewise, we present the positive region, boundary region and negative region of fuzzy set eA on probabilistic approxima-
tion space ðU;R; PÞ as follows:
posða;bÞðeAÞ ¼ aprða;bÞðeAÞ ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P a

�����
( )

;

bnða;bÞðeAÞ ¼ aprða;bÞðeAÞ � aprða;bÞðeAÞ ¼ x 2 U b <

P
y2½x�

eAðyÞ
j½x�j < a

�����
( )

;

negða;bÞðeAÞ ¼ U � aprða;bÞðeAÞ ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j 6 b

�����
( )

:

It is easy to verify that the following relationships are satisfied because R is an equivalence relation of U.
aprða;bÞðeAÞ ¼ posða;bÞðeAÞ ¼ [ ½x� Py2½x�
eAðyÞ

j½x�j P a; x 2 U

�����
( )

;

aprða;bÞðeAÞ ¼ [ ½x� 2 U

P
y2½x�

eAðyÞ
j½x�j > b; x 2 U

�����
( )

:

bnða;bÞðeAÞ ¼ aprða;bÞðeAÞ � aprða;bÞðeAÞ ¼ [ ½x� b <Py2½x�
eAðyÞ

j½x�j < a; x 2 U

�����
( )

;

negða;bÞðeAÞ ¼ U � aprða;bÞðeAÞ ¼ [ ½x� Py2½x�
eAðyÞ

j½x�j 6 b; x 2 U

�����
( )

:
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The positive region, boundary region and negative region of fuzzy set eA on ðU;R; PÞwith the parameters a and b determine
a partition of universe U. Furthermore, we have
aprða;bÞðeAÞ ¼ posða;bÞðeAÞ [ bnða;bÞðeAÞ:

In general, if aprða;bÞðeAÞ ¼ aprða;bÞðeAÞ, then we call eA a definable fuzzy set on ðU;R; PÞ. Otherwise, eA is called a probabilistic

rough fuzzy set.

Remark 3.2. If eA is a crisp set of the universe, then
PðeAj½x�Þ ¼ PðA \ ½x�Þ
Pð½x�Þ ¼ jA \ ½x�jj½x�j ¼ PðAj½x�Þ:
As a result, the probabilistic rough fuzzy set will be degenerated to the traditional probabilistic rough set.
Therefore, the model of probabilistic rough fuzzy set is a natural generalization of the traditional probabilistic rough set

[32,55,61,64,70].
Based on the definition of probabilistic rough fuzzy set, it is easy to verify the following properties for the binary

operators aprða;bÞ and aprða;bÞ.
Theorem 3.1. Let ðU;R; PÞ be a probabilistic approximation space. aprða;bÞ and aprða;bÞ are the binary operators from FðUÞ�!PðUÞ.
Then

(1) aprða;bÞð£Þ ¼ aprða;bÞð£Þ ¼£; aprða;bÞðUÞ ¼ aprða;bÞðUÞ ¼ U;
(2) aprða;bÞðeAÞ# aprða;bÞðeAÞ;

(3) aprða;bÞðeAÞ ¼ ðaprð1�a;bÞðeAcÞÞ

c
; aprða;bÞðeAÞ ¼ ðaprða;1�bÞðeAcÞÞ

c
;

(4) aprða;bÞðeA [ eBÞ � aprða;bÞðeAÞ [ aprða;bÞðeBÞ; aprða;bÞðeA \ eBÞ# aprða;bÞðeAÞ \ aprða;bÞðeBÞ;

(5) aprða;bÞðeA \ eBÞ# aprða;bÞðeAÞ \ aprða;bÞðeBÞ; aprða;bÞðeA [ eBÞ � aprða;bÞðeAÞ [ aprða;bÞðeBÞ:
Proof. It can be easily verified by the definition. h

Similar to the Pawlak rough set, we also define the uncertainty measure of probabilistic rough fuzzy set in the manner of
the Pawlak rough set as follows:

We call
qða;bÞðeAÞ ¼ japrða;bÞðeAÞj
japrða;bÞðeAÞj
the accuracy of approximation for fuzzy set eA in probabilistic approximation space.
Moreover, the approximated quality of lower and upper approximations are, respectively, defined as follows:
qðeAÞ ¼ japrða;bÞðeAÞj
jUj ¼ Pðaprða;bÞðeAÞÞ; qðeAÞ ¼ japrða;bÞðeAÞj

jUj ¼ Pðaprða;bÞðeAÞÞ:

Furthermore, the relationship between the accuracy and quality of approximation can be expressed as
qða;bÞðeAÞ ¼ qðeAÞ
qðeAÞ :
Then, we call
rða;bÞðeAÞ ¼ 1� qða;bÞðeAÞ ¼ kbnða;bÞðeAÞk
japrða;bÞðeAÞj
the roughness for fuzzy set eA in probabilistic approximation space.
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Actually, there are similar properties for the accuracy of approximation and roughness of the probabilistic rough fuzzy set
and we can establish the relationship between the accuracy of approximation and roughness, as in the existing probabilistic
rough set models [32].

In order to illuminate the above results for the probabilistic rough fuzzy set model, we present a numerical example as
follows.

Example 3.1. Let U ¼ fx1; x2; x3; x4; x5; x6g the universe of discourse. R is an equivalence relation over universe U. Let
U=R ¼ ffx1; x3g; fx2; x6g; fx4; x5gg be a partition of universe U with equivalence relation R. Let eA 2 FðUÞ be a fuzzy set on U
with the membership function
eA ¼ 0:3
x1
þ 0:6

x2
þ 0:2

x3
þ 0:5

x4
þ 0:9

x5
þ 0:4

x6
:

Then we have following results by Definition 3.2:
½x1� ¼ ½x3� ¼ fx1; x3g; PðeAj½x1�Þ ¼ PðeAj½x3�Þ ¼
eAðx1Þ þ eAðx3Þ
j½x1�j

¼ 0:3þ 0:2
2

¼ 0:25;

½x2� ¼ ½x6� ¼ fx2; x6g; PðeAj½x2�Þ ¼ PðeAj½x6�Þ ¼
eAðx2Þ þ eAðx6Þ
j½x2�j

¼ 0:6þ 0:4
2

¼ 0:5;

½x4� ¼ ½x5� ¼ fx4; x5g; PðeAj½x4�Þ ¼ PðeAj½x5�Þ ¼
eAðx4Þ þ eAðx5Þ
j½x4�j

¼ 0:5þ 0:9
2

¼ 0:7;
Suppose a ¼ 0:6 and b ¼ 0:3.
Then, we obtain the lower and upper approximations of eA on ðU;R; PÞ as follows:
aprða;bÞðeAÞ ¼ aprð0:6;0:3ÞðeAÞ ¼ fx 2 UjPðeAj½x�ÞP 0:6g ¼ fx4; x5g;

aprða;bÞðeAÞ ¼ aprð0:6;0:3ÞðeAÞ ¼ fx 2 UjPðeAj½x�Þ > 0:3g ¼ fx2; x4; x5; x6g:
So, the positive region, boundary region and negative region of eA are, respectively, given as follows:
posð0:6;0:3ÞðeAÞ ¼ fx4; x5g; bnð0:6;0:3ÞðeAÞ ¼ fx2; x6g; negð0:6;0:3ÞðeAÞ ¼ fx1; x3g:
Furthermore, the accuracy and roughness of eA with probabilistic approximation space can be calculated as follows:
qð0:6;0:3ÞðeAÞ ¼ japrð0:6;0:3ÞðeAÞj
japrð0:6;0:3ÞðeAÞj ¼ 1

2
; rð0:6;0:3ÞðeAÞ ¼ 1� qð0:6;0:3ÞðeAÞ ¼ 1

2
:

Also, the approximated quality of lower and upper approximations are, respectively, calculated as follows:
qðeAÞ ¼ japrð0:6;0:3ÞðeAÞj
jUj ¼ 1

3
; qðeAÞ ¼ japrð0:6;0:3ÞðeAÞj

jUj ¼ 2
3
:

So, the validity of the probabilistic rough fuzzy set model is tested by this numerical example.
In the following, we give several generalizations of the probabilistic rough fuzzy set model. Actually, all the generalized

forms correspond to the traditional probabilistic rough set models [39,55,58,70].
We only present the definition of the lower and upper approximations for various generalized probabilistic rough fuzzy

set models because we can discuss the properties in a similar manner by using the definitions.
3.2. 0.5-Probabilistic rough fuzzy set

As far as the probabilistic rough fuzzy approximation is concerned, a pair of parameters a; b 2 ½0;1� with a > b are used.
The relationship a > b ensures that the rough fuzzy lower approximation is smaller than the rough fuzzy upper approxima-
tion in order to be consistent with the existing approximation operators.

If a ¼ b–0, then the lower and upper approximations of probabilistic rough fuzzy set are changed into the following
forms:
aprða;bÞðeAÞ ¼ apraðeAÞ ¼ fx 2 UjPðeAj½x�Þ > ag ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > a

�����
( )

;

aprða;bÞðeAÞ ¼ apraðeAÞ ¼ fx 2 UjPðeAj½x�ÞP ag ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P a

�����
( )

:
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Suppose a ¼ 0:5 in the above lower and upper approximations. Then we obtain the 0.5-probabilistic rough fuzzy set.
Let ðU;R; PÞ be a probabilistic approximation space. For any eA 2 FðUÞ;a ¼ 0:5 and x 2 U. Then
apr0:5ðeAÞ ¼ fx 2 UjPðeAj½x�Þ > 0:5g ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > 0:5

�����
( )

;

apr0:5ðeAÞ ¼ fx 2 UjPðeAj½x�ÞP 0:5g ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P 0:5

�����
( )

:

Actually, the 0.5-probabilistic rough fuzzy set model is based on the majority rule of the Pawlak approximation operators.
The lower and upper 0.5-probabilistic rough fuzzy approximation operators are dual to each other. The boundary region

consists of those elements whose probability values are exactly 0.5, i.e.,
bn0:5ðeAÞ ¼ fx 2 UjPðeAj½x�Þ ¼ 0:5g ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j ¼ 0:5

�����
( )

;

which represents maximal uncertainty.

3.3. Variable precision probabilistic rough fuzzy set

The variable precision rough set, as an important generalization of the Pawlak rough set, was firstly proposed by Ziarko in
1993. In Ziarko’s [69] first paper, he used a set inclusion function to define approximations. Also, only one parameter was
used. Later on, Ziarko reformulated the theory by using probabilistic terms. So, variable precision rough set also is one of
the probabilistic rough set models. Meanwhile, Sun and Gong [41] also define the variable precision probabilistic rough
set model by confining the parameter a at a confidence threshold 0:5 < a � 1 in the probabilistic rough set model.

The philosophy of the variable precision rough set is to introduce a parameter a 2 ð0:5;1� and a majority inclusion relation
defined on the equivalence classes of the universe. Then the lower and upper approximations are given by confining the
domain of the parameter a. In fact, the conditional probability used in probabilistic rough set models is essentially a majority
inclusion relation.

On the other hand, as a generalization of variable precision rough sets, we also may consider the set-inclusion function
named as an inclusion degree, which used by Skowron and Stepaniuk [38]. Here we use the conditional probability of a fuzzy
event in order to keep consistency with other generalizations in this paper.

Let ðU;R; PÞ be a probabilistic approximation space. For any eA 2 FðUÞ;0:5 < a � 1 and x 2 U. Similar to Ziarko’s variable
precision rough set model [69], the parameters a and b satisfy the equation b ¼ 1� a. Then, we give the lower and upper
approximations of fuzzy set eA as follows:
aprða;bÞðeAÞ ¼ apraðeAÞ ¼ fx 2 UjPðeAj½x�ÞP ag ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P a

�����
( )

;

aprða;bÞðeAÞ ¼ apr1�aðeAÞ ¼ fx 2 UjPðeAj½x�Þ > 1� ag ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > 1� a

�����
( )

:

The condition 0:5 < a � 1 implies 0 � 1� a < 0:5. Therefore, the lower and upper approximations of the variable preci-

sion probabilistic rough fuzzy set produces a pair of dual approximation operators apraðeAÞ and apr1�aðeAÞ. Meanwhile, we call
this rough set the variable precision probabilistic rough fuzzy set model with symmetric bounds.

Similarly, the variable precision probabilistic rough fuzzy set model with asymmetric bounds [13] also can be defined by
using two parameters: the lower-bound parameter and the upper-bound parameter. However, the lower and upper approx-
imations are not necessarily dual in the probabilistic approximation space.

In the following, we present the lower and upper approximations of the variable precision probabilistic rough fuzzy set
model with asymmetric bounds.

Let ðU;R; PÞ be a probabilistic approximation space. For any eA 2 FðUÞ;0 6 b < PðeAÞ < a � 1 and x 2 U. Then the lower and
upper approximations of eA are, respectively, defined as follows:
aprða;bÞðeAÞ ¼ aprða;bÞðeAÞ ¼ fx 2 UjPðeAj½x�ÞP ag ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P a

�����
( )

;

aprða;bÞðeAÞ ¼ aprða;bÞðeAÞ ¼ fx 2 UjPðeAj½x�Þ > bg ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > b

�����
( )

:

The first parameter, referred to as the upper limit a, satisfies the constraint 0 < PðeAÞ < a � 1. The upper limit reflects the
least acceptable degree of the conditional probability PðeAj½x�Þ to include the elementary set ½x� in the positive region.
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The second parameter, referred to as the lower limit b, satisfying the constraint 0 6 b < PðeAÞ < 1, represents the highest

acceptable degree of the conditional probability PðeAj½x�Þ to include the elementary set ½x� in the negative region of the fuzzy

set eA.

3.4. Bayesian rough fuzzy set

In general, the variable precision rough set model is a parametric definition of positive and negative regions that depends
on the setting of permissible levels of uncertainty associated with each of the approximation regions. However, as pointed by
Slezak and Ziarko [39], the decision-maker often does not know how to define the parameters in practice. So, Slezak and
Ziarko [39] introduced the Bayesian rough set model in an attempt to present a non-parametric modification of a variable
precision rough set model, where the set approximations are defined by using the prior probability as a reference. The main
feature of Bayesian rough set is the absence of parameters, which makes it appropriate for applications concerned with
achieving any certainty gain in decision-making processes, rather than meeting specific certainty goals [39]. This fact also
is true for the variable precision probabilistic rough fuzzy set. So, we give another generalization of the probabilistic rough
fuzzy set model established in Section 3.1. That is, we present the Bayesian rough fuzzy set model by substituting the param-
eters used in traditional lower and upper approximations with the probability of a fuzzy event in a probabilistic rough fuzzy
set model.

Let ðU;R; PÞ be a probabilistic approximation space. For any eA 2 FðUÞ and x 2 U. Then we can define the Bayesian lower
and upper approximations as follows:
aprða;bÞðeAÞ ¼ apr
PðeAÞðeAÞ ¼ fx 2 UjPðeAj½x�Þ > PðeAÞg ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > PðeAÞ�����

( )
;

aprða;bÞðeAÞ ¼ apr
PðeAÞðeAÞ ¼ fx 2 UjPðeAj½x�ÞP PðeAÞg ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P PðeAÞ�����

( )
:

Meantime, similar to the 0.5-probabilistic rough fuzzy set, the boundary region of eA consists of those elements whose
probability value are exactly the probability of a fuzzy event eA, i.e.,
bn0:5ðeAÞ ¼ fx 2 UjPðeAj½x�Þ ¼ PðeAÞg ¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j ¼ PðeAÞ�����

( )
;

which represents maximal uncertainty.

Remark 3.3. If a ¼ b ¼ PðeAÞ – 0, then the Bayesian probabilistic rough fuzzy set model will changed into the 0.5-
probabilistic rough fuzzy set model in Section 3.2.

From the above discussion, we can easily see that the 0.5-probabilistic rough fuzzy set, variable precision probabilistic
rough fuzzy set and Bayesian rough fuzzy set are generalizations of the probabilistic rough fuzzy set proposed in Section 3.1.
4. Decision-theoretic rough fuzzy set

Like the traditional probabilistic rough set, all the rough set models defined in Section 3 are parametric definitions of posi-
tive and negative regions that depend on the setting of a permissible level of uncertainty associated with each of the approx-
imation regions. In some applications, however, it is not clear how to define the parameters. Also, using parameters is
sometimes not required, as the general objective can be to increase the certainty of a prediction that an event of interest will
or will not occur, rather than to find high probability rules, which might be impossible to get [39].

Probabilistic rough set approximations can be formulated based on the notions of rough membership function and rough
inclusion. Both notions can be interpreted in terms of conditional probabilities or a posteriori probabilities [58]. Threshold
values, known as parameters of a and b, are applied to a rough membership function or a rough inclusion to obtain proba-
bilistic or parameterized approximations. The existing probabilistic rough set models treat the required parameters as a
primitive notion. The interpretation and the process of determining the parameters are based on rather intuitive arguments
and are left to empirical studies. There is a lack of theoretical and systematic studies and justifications for the choices of
the threshold parameters [28,58]. This is also true for the probabilistic rough fuzzy set and its extensions established in
Section 3.

In this section, we will present a systematic method to overcome the above limitation by defining a decision-theoretic
rough fuzzy set model based on the traditional Bayesian decision theory. On one hand, the decision-theoretic rough fuzzy
set model brings new insight into the problem of parameter setting for the probabilistic rough fuzzy set. On the other hand,
it also can provide an effective approach to a decision-making problem with fuzzy states in practice.

First of all, we present a brief description of the Bayesian risk decision-making procedure from the book by Duda and Hart
[2,61].
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4.1. An overview of the Bayesian decision procedure

Given an object x, let x be a description of the object. Let X ¼ fw1;w2; . . . ;wsg be a finite set of s states that x is possibly in,
and let A ¼ fa1; a2; . . . ; atg be a finite set of t possible actions. Let PðwjjxÞ be the conditional probability of x being in state wj,
and let the loss function kðaijwjÞ denote the loss (or cost) for taking the action ai when the state is wj.

All the values of loss functions can be conveniently expressed as an s� t matrix illustrated in Table 1, with the rows
denoting the set X of s states and the columns denoting the set A of t actions. Each cell denotes the cost kðaijwjÞ for taking
the action ai in the state wj. The cost kðaijwjÞ can be written as kaiwj

for simplicity.
For any object x with description x, suppose action ai is taken. The expected cost associated with action ai is given by:
RðaijxÞ ¼
Xs

j¼1

kðaijwjÞPðwjjxÞ
The quantity RðaijxÞ is called the conditional risk.
The s� t matrix has two important applications. First, given the loss functions and the probabilities, one can compute the

expected cost of a certain action. Furthermore, comparing the expected costs of all the actions, one can decide on a particular
action that has the minimum cost. Second, according to the loss functions, one can determine the condition or probability for
taking a particular action.

4.2. Decision-theoretic rough fuzzy set

In the probabilistic approximation space ðU;R; PÞ, all elements in the equivalence class ½x� share the same description. For

a given fuzzy subset eA 2 FðUÞ, the rough fuzzy approximation operators defined in Section 3.1 partition the universe into

three disjoint classes posða;bÞðeAÞ; bnða;bÞðeAÞ and negða;bÞðeAÞ. Then, one question is how to assign x into the three regions based

on the conditional probability PðeAj½x�Þ of fuzzy event eA. In this section, we will solve this problem by using the Bayesian min-
imum risk decision-making procedure.

Firstly, we present the concept of fuzzy partition of the universe of discourse.

Definition 4.1. Let U be the non-empty universe of discourse. For any fAt 2 FðUÞ; t 2 C (where C is the index set), we call the
family of set ffAt 2 FðUÞjt 2 Cg a fuzzy partition of the universe U if the following condition holds:
X

t2C

fAt ðxÞ ¼ 1; for any x 2 U
For the rough approximations of a fuzzy set on the probabilistic approximation space, we can describe the decision-mak-
ing problem as follows:

The set of states is given by X ¼ feA; eB; eCg, where eA; eB; eC 2 FðUÞ. For any x 2 U, there is
eAðxÞ þ eBðxÞ þ eCðxÞ ¼ 1
indicating that the grade of membership of an element belongs to eA; eB and eC . That is, the equation
eAðxÞ þ eBðxÞ þ eCðxÞ ¼ 1
shows that the fuzzy sets (i.e., the given states of decision objects) form a fuzzy partition of the universe of discourse.
Here, we use the same symbol to denote both a fuzzy subset eA 2 FðUÞ and its corresponding state.
For example, let eA; eB; eC 2 FðUÞ with different descriptions of the semantic states, where eA = Big, eB = Medium and eC = Small

with the membership functions as follows, respectively.
eAðxÞ ¼ x� 2
2
ð2 6 x � 4Þ; eBðxÞ ¼ x

2 ; 0 6 x � 2;
�xþ4

2 ; 2 6 x � 4;

( eCðxÞ ¼ 2� x
2
ð0 6 x � 2Þ:
Table 1
The s� t matrix for all the values of loss function.

a1 a2 � � � ai � � � at

w1 kða1jw1Þ kða2jw1Þ � � � kðaijw1Þ � � � kðat jw1Þ
w2 kða1jw1Þ kða2jw2Þ � � � kðaijw2Þ � � � kðat jw2Þ
� � �
wj kða1jwjÞ kða2jwjÞ � � � kðaijwjÞ � � � kðat jwjÞ
� � �
ws kða1jwsÞ kða2jwsÞ � � � kðaijwsÞ � � � kðat jwsÞ
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It is easy to verify that eAðxÞ þ eBðxÞ þ eCðxÞ ¼ 1 holds for any x 2 ½0;4�. Also, the fuzzy set eA; eB; eC 2 FðUÞ form a fuzzy par-
tition of the universe of discourse ½0;4�.

With respect to three regions, the set of actions is given by A ¼ fa1; a2; a3g, where a1; a2 and a3 represent the three actions

in classifying an object, namely, deciding posða;bÞðeAÞ, deciding bnða;bÞðeAÞ and deciding negða;bÞðeAÞ, respectively.

Let kðaijeAÞ denote the loss incurred for taking action ai when an object belongs to fuzzy set eA;

Let kðaijeBÞ denote the loss incurred for taking action ai when an object belongs to fuzzy set eB;
Let kðaijeCÞ denote the loss incurred for taking action ai when an object belongs to fuzzy set eC;
By the Bayesian decision-making procedure, we obtain that the expected loss Rðaij½x�Þ associated with taking the individ-

ual actions can be expressed as follows:
Rða1j½x�Þ ¼ k
1eA PðeAj½x�Þ þ k

1eB PðeBj½x�Þ þ k
1eC PðeC j½x�Þ ð1Þ

Rða2j½x�Þ ¼ k
2eA PðeAj½x�Þ þ k

2eB PðeBj½x�Þ þ k
2eC PðeC j½x�Þ ð2Þ

Rða3j½x�Þ ¼ k
3eA PðeAj½x�Þ þ k

3eB PðeBj½x�Þ þ k
3eC PðeC j½x�Þ ð3Þ
where k
ieA ¼ kðaijeAÞ, k

ieB ¼ kðaijeBÞ, k
ieC ¼ kðaijeCÞ and i ¼ 1;2;3.

The Bayesian decision-making procedure leads to the following minimum risk decision rules:
ðPÞRða1j½x�Þ 6 Rða2j½x�Þ and Rða1j½x�Þ 6 Rða3j½x�Þ; decide posða;bÞðeAÞ; ð4Þ

ðNÞRða2j½x�Þ 6 Rða1j½x�Þ and Rða2j½x�Þ 6 Rða3j½x�Þ; decide negða;bÞðeAÞ; ð5Þ

ðBÞRða3j½x�Þ 6 Rða1j½x�Þ and Rða3j½x�Þ 6 Rða2j½x�Þ; decide bnða;bÞðeAÞ; ð6Þ
Tie-breaking rules should be added so that each element is classified into only one region.
By using the equation eAðxÞ þ eBðxÞ þ eCðxÞ ¼ 1 for any x 2 U, the above decision rules can be simplified so that only the con-

ditional probability PðeAj½x�Þ of the fuzzy set eA is included. We can classify any object in the equivalence class ½x� based only on

the conditional probability PðeAj½x�Þ of the fuzzy set eA and the given loss function kij; i ¼ 1;2;3 and j ¼ eA; eB; eC .

Remark 4.1. It can be easily seen that the decision rules ðPÞ; ðBÞ and ðNÞ are indefinite equations according to the
formulations of Rða1j½x�Þ;Rða2j½x�Þ and Rða3j½x�Þ because there are three probabilities for three fuzzy concepts given an
equivalence class and only two degrees of freedom. So, we can obtain a set of solutions for the above decision rules by using
the method of the principle of indefinite equation.

Based on Remark 4.1, we will obtain a solution by taking one of the coefficients as zero for the probabilities of three fuzzy
concepts given an equivalence class when solving the indefinite equations ðPÞ; ðBÞ and ðNÞ.

Supposed that a kind of constraint for kij; i ¼ 1;2;3 and j ¼ eA; eB; eC is as follows:

k

1eC > k
3eC P k

2eC ; k
2eA > k

3eA P k
1eA ; k

1eB � k
1eC ¼ k

2eB � k
2eC ¼ k

3eB � k
3eC ; ð7Þ
(One of the concrete explanations of the significance of this type of loss function constraining kij will be presented by the
case of a credit card applicant in the next section.) Then we have the following results, respectively.

For decision rule ðPÞ: we have
PðeAj½x�ÞP k
1eC � k

3eC
ðk

3eA � k
1eAÞ þ ðk1eC � k

3eC Þ ; PðeAj½x�ÞP
k

1eC � k
2eC

ðk
2eA � k

1eAÞ þ ðk1eC � k
2eC Þ :
For decision rule ðNÞ: we have
PðeAj½x�Þ 6 k
1eC � k

2eC
ðk

2eA � k
1eAÞ þ ðk1eC � k

2eC Þ ; PðeAj½x�Þ 6
k

3eC � k
2eC

ðk
2eA � k

3eAÞ þ ðk3eC � k
2eC Þ :
For decision rule ðBÞ: we have

k

3eC � k
2eC

ðk
2eA � k

3eAÞ þ ðk3eC � k
2eC Þ 6 PðeAj½x�Þ 6 k

1eC � k
3eC

ðk
3eA � k

1eAÞ þ ðk1eC � k
3eC Þ :
Denote
a ¼
k

1eC � k
3eC

ðk
3eA � k

1eAÞ þ ðk1eC � k
3eC Þ ;

c ¼
k

1eC � k
2eC

ðk
2eA � k

1eAÞ þ ðk1eC � k
2eC Þ ;

b ¼
k

3eC � k
2eC

ðk
2eA � k

3eAÞ þ ðk3eC � k
2eC Þ :

ð8Þ



B. Sun et al. / Information Sciences 283 (2014) 180–196 191
From the above derivation for the decision rules ðPÞ; ðBÞ and ðNÞ, the following conclusion is clear.

Theorem 4.1. 0 6 b < c < a � 1.
Proof. We firstly prove that 0 6 b < 1, 0 < c < 1 and 0 < a � 1 under the condition of the constraint (7).
From the formula (8), we have
a ¼
k

1eC � k
3eC

ðk
3eA � k

1eAÞ þ ðk1eC � k
3eC Þ ¼ ð1þ

k
3eA � k

1eA
k

1eC � k
3eC Þ

�1

c ¼
k

1eC � k
2eC

ðk
2eA � k

1eAÞ þ ðk1eC � k
2eC Þ ¼ ð1þ

k
2eA � k

1eA
k

1eC � k
2eC Þ

�1

b ¼
k

3eC � k
2eC

ðk
2eA � k

3eAÞ þ ðk3eC � k
2eC Þ ¼ ð1þ

k
2eA � k

3eA
k

3eC � k
2eC Þ

�1
So, it can easily be obtained that 0 6 b < 1;0 < c < 1 and 0 < a � 1, according to the constraints k
1eC > k

3eC P k
2eC and

k
2eA > k

3eA P k
1eA .

Next, we prove 0 6 b < c < a � 1.
It can be easily seen that a > b from the decision rule ðBÞ. Then there is

k
3eA�k

1eA
k

1eC�k
3eC <

k
2eA�k

3eA
k

3eC�k
2eC . Moreover, the following

inequalities hold:
b
a
>

d
c
) b

a
>

bþ d
aþ c

>
d
c

for any a; b; c;d > 0:
Then we have
k
3eA � k

1eA
k

1eC � k
3eC <

k
2eA � k

1eA
k

1eC � k
2eC <

k
2eA � k

3eA
k

3eC � k
2eC :
So, we prove that 0 6 b < c < a � 1. This completes the proof. h

According to the above derivation and Theorem 4.1, the minimum risk decision rules ðPÞ; ðNÞ and ðBÞ can be written as
follows, respectively.
ðPÞ If PðeAj½x�ÞP c and PðeAj½x�ÞP a; decide posða;bÞðeAÞ; ð40 Þ

ðNÞ If PðeAj½x�Þ 6 b and PðeAj½x�Þ 6 c; decide negða;bÞðeAÞ; ð50 Þ

ðBÞ If b 6 PðeAj½x�Þ 6 a; decide bnða;bÞðeAÞ; ð60 Þ
The condition b < c < a ensures that the probabilistic rough fuzzy set approximations are consistent with the definition
of the probabilistic rough fuzzy set defined in Section 3.1. That is, the lower approximation is a subset of the upper approx-
imation and the boundary region may be non-empty.

For the condition of b < c < a, after tie-breaking, we obtain the decision rules as follows, respectively.
ðPÞ If PðeAj½x�ÞP a; decide posða;bÞðeAÞ; ð9Þ

ðNÞ If PðeAj½x�Þ 6 b; decide negða;bÞðeAÞ; ð10Þ

ðBÞ If b < PðeAj½x�Þ < a; decide bnða;bÞðeAÞ; ð11Þ
Based on the relationship between the lower and upper approximations and the three regions, we obtain the probabilistic
rough fuzzy lower and upper approximations as follows:
aprða;bÞðeAÞ ¼ fx 2 UjPðeAj½x�ÞP ag;

aprða;bÞðeAÞ ¼ fx 2 UjPðeAj½x�Þ > bg:
This is the probabilistic rough fuzzy set model defined in Section 3.1.
Therefore, we can discuss the problem of Bayesian minimum risk decision-making problem with the above conditions

based on the probabilistic rough fuzzy set model.

Remark 4.2. From the above discussion, it is easy to give another constraint for kij, i ¼ 1;2;3; j ¼ eA; eB; eC as: k
1eA 6 k

3eA < k
2eA ,

k
1eB > k

3eB P k
2eB , k

1eC � k
1eB ¼ k

2eC � k
2eB ¼ k

3eC � k
3eB . Meanwhile, we can obtain similar results for PðeAj½x�Þ. Moreover, we also

can give a similar discussion for PðeBj½x�Þ and PðeC j½x�Þ in the same manner as PðeAj½x�Þ.
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Actually, considering the condition that X ¼ feA; eB; eCg; eA; eB; eC 2 FðUÞ is a fuzzy partition of U, we then can give another
method to describe the Bayesian minimum risk decision-making for a fuzzy event eA over the probabilistic approximation
space ðU;R; PÞ. Also, we can derive the decision-theoretic rough fuzzy set by using the same procedure. So, we have the
following conclusions.
Remark 4.3. It can be easily obtained that eAc ¼ eB þ eC from the equation eAðxÞ þ eBðxÞ þ eCðxÞ ¼ 1 for any x 2 U. Denote
k

ieA ¼ kðaijeAÞ; k
ieAc
¼ kðaijeAcÞ and i ¼ 1;2;3. So, we have
Rða1j½x�Þ ¼ k
1eA PðeAj½x�Þ þ k

1eAc
PðeAcj½x�Þ ð10 Þ

Rða2j½x�Þ ¼ k
2eA PðeAj½x�Þ þ k

2eAc
PðeAcj½x�Þ ð20 Þ

Rða3j½x�Þ ¼ k
3eA PðeAj½x�Þ þ k

3eAc
PðeAcj½x�Þ ð30 Þ
Then, we can present the decision-theoretic rough fuzzy set in a similar way to the classical decision-theoretic rough set
model [56,57,59]. It can be regarded as a special case of the above decision-theoretic rough fuzzy set.

From the above discussion, we establish the interrelationship between Bayesian minimum risk decision-making and the
probabilistic rough fuzzy set model given by Definition 3.3. For one thing, it can analyze the decision rules by using the
probabilistic rough fuzzy set model established in Section 3.1. For another, it also naturally interprets the background and
the meaning of the parameters for the probabilistic rough set model.

As in the existing probabilistic rough set models [55,58], there are three other forms for the definition of lower and upper
approximations of the probabilistic rough fuzzy set, because it includes two parameters a and b. In the following, we present
the other three definitions for the probabilistic rough fuzzy lower and upper approximations, respectively.
Definition 4.2. Let ðU;R; PÞ be a probabilistic approximation space. For any eA 2 FðUÞ;0 6 b < a � 1 and x 2 U. The other
three forms of the lower and upper approximations of fuzzy set eA are, respectively, defined on ðU;R; PÞ with respect to a
and b as follows:

CASE 1.
aprða;bÞðeAÞ ¼ x 2 UjPðeAj½x�Þ > a
n o

¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > a

�����
( )

;

aprða;bÞðeAÞ ¼ x 2 UjPðeAj½x�ÞP b
n o

¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P b

�����
( )

:

CASE 2.
aprða;bÞðeAÞ ¼ x 2 UjPðeAj½x�Þ > a
n o

¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > a

�����
( )

;

aprða;bÞðeAÞ ¼ x 2 UjPðeAj½x�Þ > b
n o

¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j > b

�����
( )

:

CASE 3.
aprða;bÞðeAÞ ¼ x 2 UjPðeAj½x�ÞP a
n o

¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P a

�����
( )

;

aprða;bÞðeAÞ ¼ x 2 UjPðeAj½x�ÞP b
n o

¼ x 2 U

P
y2½x�

eAðyÞ
j½x�j P b

�����
( )

:

In Section 4, a non-parametric method to determine the lower and upper approximations of the definition of probabilistic
rough fuzzy set presented in Definition 3.3 was given by using the Bayesian decision procedure. That is, the decision-
theoretic rough fuzzy set model in Section 4.2. was used. Similarly to the discussion in Section 4.2, we also can present a
non-parametric way to define the probabilistic rough fuzzy set models given in Definition 4.2 by using a kind of Bayesian
decision procedure. That is, we can also establish the corresponding decision-theoretic rough fuzzy set models for the
probabilistic rough fuzzy set models given by Definition 4.2.

So, we have the following assertion.
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Proposition 4.1. For a given probabilistic rough fuzzy set model, there must exist a Bayesian minimum risk decision-making prob-
lem corresponding to it, and vice versa.

So, we present a non-parametric definition for the probabilistic rough fuzzy set model proposed in this paper by using the
decision-theoretic rough fuzzy set. Then the limitation of the parameters selected depend on the experts or empirical studies that
have been solved for the probabilistic rough fuzzy set model.

Actually, we also can derive the variable precision probabilistic rough fuzzy set with symmetric bounds, variable precision
probabilistic rough fuzzy set with asymmetric bounds and other probabilistic rough fuzzy set models proposed in Section 3 by
confining the different conditions for the loss functions.
Proposition 4.2. In the above discussion of decision-theoretic rough fuzzy set, only three fuzzy concepts (decision classes) are con-
sidered in the Bayesian minimum risk decision-making procedure. Similar to Ref. [73], it is easy to know that finitely many concepts
also can be discussed in the same way.
Remark 4.4. For the set of states given by X ¼ feA; eB; eCg, if eA; eB and eC are crisp sets of universe U, then there is eAðxÞ ¼ 1 oreBðxÞ ¼ 1 or eCðxÞ ¼ 1 by the condition eAðxÞ þ eBðxÞ þ eCðxÞ ¼ 1 for any x 2 U. That is to say, there are only two states for the

objects x 2 U with respect to the decision classes eA; eB and eC . Then there is eAðxÞ þ eAcðxÞ ¼ 1 for any x 2 U. So, the set of states

is given by X ¼ feA; eB; eCg, which degenerates into X ¼ feA; eAcg. Therefore, the decision-theoretic rough fuzzy set given in this
Section degenerates into the existing decision-theoretic rough set [57].

As is well known, the existing studies of probabilistic rough sets focus on rough approximations of a crisp decision class of
the universe of discourse. This paper presents an approach to deal with the fuzzy decision class of the universe of discourse.
Because a crisp set is a special case of a fuzzy set of the universe of discourse, the probabilistic rough fuzzy set will
degenerate into the existing probabilistic rough set, while the fuzzy decision class degenerates into the crisp decision class.
So, this is one of the advantages of the proposal presented in this paper. Moreover, the method for selecting the threshold
parameters used in the lower and upper approximations of probabilistic rough fuzzy set was given. On the other hand, the

loss functions kij (i ¼ 1;2;3 and j ¼ eA; eB; eC) were used in the Bayesian risk decision procedure. So, different formulations for
the threshold parameters a and b could be generated when different relationships appear among the loss functions. Then
the decision-makers determine appropriate parameters from the different relationships.

5. A test example

To demonstrate the decision-theoretic rough fuzzy set model established in Section 4, we present a simplified example of
an application in practice. The example does not necessarily reflect realistic practices in management decision-making but is
used here as an illustration of the basic principal and steps given in Section 4. Below, Table 2 gives a decision information
system for responding to a credit card applicant. Here, the salary of applicants can be describe by the linguistic value Low,
High and Middle. Suppose a salary over $30,000 means High, between $10,000 and $30,000 means Middle and not more than
$10,000 means Low. Furthermore, we denote the three values by 3, 2 and 1 for simplicity.

In the following, we give the decision-making results for the credit card application by using the decision-theoretic rough
fuzzy set model. We also show the process of selecting the threshold parameters for probabilistic rough fuzzy set.

The universe U ¼ fx1; x2; x3; x4; x5; x6g is six applicants for a credit card. The conditional attributes are R = {Wages
(a),Degrees (b),Poor credit record (c)}. This is an equivalence relation and it makes a partition
U=R ¼ ffx1; x5g; fx3; x4g; fx2; x6gg of universe U.

The set of states is given by X ¼ feA; eB; eCg, where eA = Excellent, eB = Good and eC = Medium are three fuzzy sets on universe
U. We use the same symbol to denote a fuzzy set and the corresponding state.

Here, we discuss the decision-making procedure for fuzzy sets eA and eB and present the decision-making results. The

decision-making procedure of fuzzy set eC is similar to eA or eB.
Denote posða;bÞðeAÞ, bnða;bÞðeAÞ and negða;bÞðeAÞ as the positive region (accept), boundary region (further evaluation) and the

negative region (reject) of the fuzzy set eA.
Table 2
Decision information system for a credit card applicant.

Applicants Salary (a) Degrees (b) Bad records (c) Credit rating (States)

Excellent (eA) Good (eB) Medium (eC)

x1 1 M.S. 2 0.5 0.3 0.2
x2 3 Ph.D. 1 0.8 0.1 0.1
x3 2 Else 3 0.2 0.5 0.3
x4 2 Else 3 0.2 0.2 0.6
x5 1 M.S. 2 0.6 0.1 0.3
x6 3 Ph.D. 1 0.7 0.2 0.1
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With respect to these three regions, the set of the actions is given by A ¼ fa1; a2; a3g, where a1; a2 and a3 represent the

three actions in classifying an applicant, namely, deciding posða;bÞðeAÞ, deciding negða;bÞðeAÞ and deciding bnða;bÞðeAÞ, respectively.

The loss functions kðaijeAÞ, kðaijeBÞ and kðaijeCÞ are consistent with the definition in Section 4.2.
Generally speaking, the risk of loss from accepting a medium applicant is greater than the risk of loss from further eval-

uation of that applicant, but the risk of loss from rejecting the same applicant is not more than the risk of loss from further
evaluation. That is,
k
2eC 6 k

3eC < k
1eC :
Similarly, the loss risk of rejecting an excellent applicant is greater than the loss risk of further evaluation, but the loss risk
of accepting the same applicant is not more than the loss risk of further evaluation. That is,
k
1eA 6 k

3eA < k
2eA :
Moreover, as far as a good applicant is concerned, we think the loss risk has the same difference between the good appli-
cant and the medium applicant for the three decision actions. That is,
k
1eB � k

1eC ¼ k
2eB � k

2eC ¼ k
3eB � k

3eC :

Here, we consider the following loss functions:
k
1eC ¼ 7; k

2eC ¼ 0; k
3eC ¼ 3; k

1eA ¼ 3; k
2eA ¼ 9; k

3eA ¼ 5; k
1eB ¼ 11; k

2eB ¼ 4; k
3eB ¼ 7:
Then, by using the formula (8), we have a ¼ 0:67 and b ¼ 0:43.
Also, we have the following results according to Definition 3.2:
PðeAj½x1�Þ ¼ PðeAj½x5�Þ ¼ 0:55; PðeAj½x2�Þ ¼ PðeAj½x6�Þ ¼ 0:75; PðeAj½x3�Þ ¼ PðeAj½x4�Þ ¼ 0:20:
Therefore, we have the lower and upper approximations of fuzzy set eA with the semantic description ‘‘Excellent’’ as
follows:
aprða;bÞðeAÞ ¼ aprð0:67;0:43ÞðeAÞ ¼ fx 2 UjPðeAj½x�ÞP 0:67g ¼ fx2; x6g;

aprða;bÞðeAÞ ¼ aprð0:67;0:43ÞðeAÞ ¼ fx 2 UjPðeAj½x�Þ > 0:43g ¼ fx1; x2; x5; x6g:
By the definitions of the positive region, boundary region and negative region, we obtain the decision-making results for
this credit card applicant problem as follows:
posða;bÞðeAÞ ¼ fx2; x6g; bnða;bÞðeAÞ ¼ fx1; x5g; negða;bÞðeAÞ ¼ fx3; x4g:
The results show that applicant 2 and applicant 6 should be accepted, applicant 1 and applicant 5 should be further eval-
uated and applicant 3 and applicant 4 should be rejected.

Next, we give the results of the fuzzy set eB (Good) of the universe of discourse U.
Based on the discussion in Section 4.2, we can present the constraints for kij; i ¼ 1;2;3; j ¼ eA; eB; eC as follows:
k
1eA > k

3eA P k
2eA ; k

2eB > k
3eB P k

1eB ; k
1eA � k

1eC ¼ k
2eA � k

2eC ¼ k
3eA � k

3eC

Then we can obtain the threshold parameter expressions for a; b and c by repeating the deduction process of Section 4.2

as follows:
a ¼
k

1eA � k
3eA

ðk
3eB � k

1eBÞ þ ðk1eA � k
3eAÞ ; c ¼

k
1eA � k

2eA
ðk

2eB � k
1eBÞ þ ðk1eA � k

2eAÞ ; b ¼
k

3eA � k
2eA

ðk
2eB � k

3eBÞ þ ðk3eA � k
2eAÞ :
Similar to the discussion above, here we consider the following loss functions:
k
1eA ¼ 3; k

2eA ¼ 1; k
3eA ¼ 2; k

1eB ¼ 2; k
2eB ¼ 8; k

3eB ¼ 3; k
1eC ¼ 2; k

2eC ¼ 0; k
3eC ¼ 1:
According to the above formula for the threshold parameters a and b, we have a ¼ 0:5 and b ¼ 0:17.
Also, we have the following results according to Definition 3.2:
PðeBj½x1�Þ ¼ PðeBj½x5�Þ ¼ 0:2; PðeBj½x2�Þ ¼ PðeBj½x6�Þ ¼ 0:15; PðeBj½x3�Þ ¼ PðeBj½x4�Þ ¼ 0:35:
So, we have the lower and upper approximations of fuzzy set eB with the semantic description ’’Good’’ as follows:
aprða;bÞðeBÞ ¼ aprð0:5;0:17ÞðeBÞ ¼ fx 2 UjPðeAj½x�ÞP 0:5g ¼£;

aprða;bÞðeBÞ ¼ aprð0:5;0:17ÞðeBÞ ¼ fx 2 UjPðeAj½x�Þ > 0:17g ¼ fx1; x3; x4; x5g:
By the definitions of the positive region, boundary region and negative region, we obtain the decision-making results for
this credit card applicant problem as follows:
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posða;bÞðeBÞ ¼£; bnða;bÞðeAÞ ¼ fx1; x3; x4; x5g; negða;bÞðeAÞ ¼ fx2; x6g:
The results show that no applicants are accepted; applicant 1, applicant 3, applicant 4 and applicant 5 should be further
evaluated and applicant 2 and applicant 6 should be rejected.

Similarly, we also can obtain analogous conclusions for the fuzzy set eC (Medium) according to the above process.
6. Conclusion and future work

In this paper, we systematically discuss the basic theory of the probabilistic rough fuzzy set. We propose several proba-
bilistic rough fuzzy set models such as the 0.5-probabilistic rough fuzzy set model, variable precision probabilistic rough
fuzzy set model and Bayesian rough fuzzy set model. That is, we establish the method of approximating a fuzzy concept
in a probabilistic approximation space. Like the traditional probabilistic rough set, these models depend on the choice of
parameters by the experts. In order to overcome this limitation for the probabilistic rough fuzzy set, we define the deci-
sion-theoretic rough fuzzy set model along with the traditional decision-theoretic rough set proposed by Yao et al. [57]. Then
a non-parametric definition of the probabilistic rough fuzzy set model is given and the method of Bayesian minimum risk
decision-making with fuzzy states is also presented. The decision-theoretic rough fuzzy set model provides a new tool to
deal with the characteristics of uncertainty or fuzzy decisions in the practice of management science. Actually, Yao’s [57]
decision-theoretic rough set can be regarded as a fuzzy decision with special states, where the membership function takes
the value 0 or 1 in the framework of the decision-theoretic rough fuzzy set. From this point of view, the models proposed in
this paper are natural generalizations of, and complementary to, the existing conclusions. At the same time, a case study of
bank credit card applicants, with some adaptations, demonstrates the feasibility of the proposed models and approaches. The
decision-theoretic rough fuzzy set model opens an avenue for decision research in the probabilistic rough set in a fuzzy envi-
ronment. A promising direction may be to study various measures based on the loss function within the decision-theoretic
rough fuzzy set model.

Like the three-way decision with probabilistic rough set [62], the decision procedure with decision-theoretic rough fuzzy
set has been established for the three-way decision with probabilistic rough fuzzy set proposed in this paper. It suggests that
a decision theoretic framework for approximating fuzzy concepts should be carefully examined in the future. Moreover, the
application of the model established in this paper to real life examples should be thoroughly studied in the future.
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