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Abstract This paper studies an online scheduling problem
with immediate and reliable lead-time quotation. A manufac-
turer either accepts an order by quoting a reliable lead-time
on its arrival or rejects it immediately. The objective is to
maximize the total revenue of completed orders. Keskinocak
et al. (Management Science 47(2):264–279, 2001) studied
a linear revenue function in a discrete model with integer
release time of order, and proposed a competitive strategy
Q-FRAC. This paper investigates a relaxed revenue func-
tion in both discrete and continuous models where orders
are released at integer and real time points, respectively. For
the discrete model, we present a revised Q-FRAC strategy
that is optimal in competitiveness for concave and linear rev-
enue functions with unit length and uniform weight of order,
improving the previous results in Keskinocak et al. (Manage-
ment Science 47(2):264–279, 2001). For the scenario with
uniform length p and nonuniform weight of order, we prove
an optimal strategy for the case with p = 1 and the nonex-
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istence of competitive strategies for the case with p > 1.
For the continuous model, we present an optimal strategy in
competitiveness for the case with uniform weight of order
and linear revenue functions, and prove the nonexistence of
competitive strategies for the other case with nonuniform
weight of order.
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1 Introduction

The online problem of scheduling and reliable lead-time quo-
tation (SLTQ) for orders with availability intervals and lead-
time sensitive revenues was introduced by Keskinocak et al.
(2001). The problem describes the following manufacturing
circumstance. To satisfy time-sensitive customers, for any
accepted order that cannot be served on its arrival, a man-
ufacturer has to give a price discount to the corresponding
customer and promise service time. She quotes an available
lead-time, which is the difference between the arrival time of
order and the promised start time of service, for each accepted
order. The revenue of the order decreases in its quoted lead-
time. She also has the ability to decline a customer by quoting
an unacceptable lead-time, provided that the corresponding
order cannot be handled in time with a sufficiently large rev-
enue. The decision on acceptance and lead-time quotation
for each order depends on the weight and length of that order
and current load at the time as well.

Keskinocak et al. (2001) defined a linear revenue func-
tion of quoted lead-time. One of their proposed online mod-
els is the Q-SLTQ model where the decision on acceptance
and lead-time quotation has to be made immediately on the
arrival of an order. They presented a 1.618-competitive strat-
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egy named Q-FRAC (Quotation-FRACtional revenue) and
a lower bound 1.5 of competitive ratio for the case where
orders with unit length are released and started for process-
ing at integer time points. In this paper, we follow the concept
of the Q-SLTQ model and give an extended study.

Some authors studied online scheduling and lead-time
quotation problems with cost-related objectives (Hsu and
Sha 2004; Chang et al. 2005). Kaminsky and Lee (2008)
studied an online model to minimize the total quoted lead-
times. They characterized the conditions under which the
proposed online heuristics are asymptotically optimal. Hein
et al. (2006) considered the online lead-time assignment
problem to minimize either the total cost of satisfying all
requests or the maximum cost of the last request, where the
costs are quite related to the number of delivery dates avail-
able to all requests. They studied several cases according
to the relationship between the maximum length of wait-
ing time and the length of time horizon in a request input
list. Kaminsky and Kaya (2005) investigated three online
scheduling models with lead-time quotation, aiming at mini-
mizing the total processing cost. The cost function increases
in both quoted lead-time and lateness of order. They adopted
a probabilistic approach to develop asymptotically optimal
solutions for the models. Charnsirisakskul et al. (2004) and
Charnsirisakskul et al. (2006) investigated the effect of lead-
time flexibility in an offline scenario. Numerical experiments
show that a scheduler usually benefits in large value of maxi-
mum available lead-time for making decisions on order pric-
ing and scheduling rules.

We adopt the competitive ratio analysis (Borodin and El-
yaniv 1998) to gauge the performance of an online strategyA.
Denote by�A(I ) and�∗(I ) the schedules produced byA and
by an optimal offline strategy OPT on an order input instance
I , respectively, and by |�A(I )| and |�∗(I )| the total revenue
of completed orders in �A(I ) and �∗(I ), respectively. The
competitive ratio of A is rA if |�∗(I )| ≤ rA|�A(I )| + ω

holds for any I where ω ≥ 0 is a constant number.

1.1 Related work

One related problem is online single-machine scheduling to
maximize throughput where the acceptance decision for each
order has to be made on its arrival and its revenue is a con-
stant, provided that the order is satisfied before its due date.
The objective is to maximize the total weight of completed
orders for an order input instance. Woeginger (1994) inves-
tigated a special case where orders have tight deadlines, and
proved a matching upper and lower bound of 4 for the case
with unit length and nonuniform weight of order. Poon et
al. (2007) studied on-demand-bounded broadcast schedul-
ing. Translated into our terminology, they considered a case
where unit length orders are of tight deadlines and bounded
weights. They proved a matching upper and lower bound

which is strictly less than 4 and is quite related to the upper
bound of order weight. In online single-machine scheduling,
the decision for each order is whether to accept it, while in the
Q-SLTQ problem a scheduler needs to promise the start time
of service for each accepted order, and the revenue decreases
in its quoted lead-time.

Another related work is online scheduling with immediate
notification where a scheduler decides immediately whether
to accept an order on its arrival. The lead-time of an accepted
order can be quoted after its arrival but before its due date.
Hence, the scheduler has more flexibility on processing deci-
sion in this model than in the model with immediate quota-
tion. Goldwasser and Kerbikov (2003) studied this model
to maximize the utility of resource. They proposed several
online strategies which perform as well in competitiveness
as previous strategies without notification. It implies that the
requirement of immediate notification does not make online
strategies behave worse. Fung (2010) considered a preemp-
tive model with unreliable notification such that an accepted
order may be abandoned, if necessary, later on with some
induced penalty. Optimal or improved online strategies are
given for various cases to maximize the total revenue of com-
pleted orders minus total penalties. Ding et al. (2007) stud-
ied online scheduling with immediate notification on parallel
machines. For the objective to maximize the number of orders
completed before their deadlines, they proposed an online
strategy with competitive ratio decreasing to e/(e−1) ≈ 1.58
as the number of machine increases. Ebenlendr and Sgall
(2009) further proved a matching lower bound for the case
with many machines.

1.2 Our results

In this paper, we extend the study of the Q-SLTQ problem
in Keskinocak et al. (2001) and define a relaxed revenue
function. We investigate four models which are formally
described in the next section, and present either competi-
tive online strategies or negative results on competitiveness
for each model. Table 1 summaries our main results where
parameter α is to be defined by Formula (5) in Sect. 3.1, ψ
by Formula (6) in Sect. 4.2, and ρt̂ by Formula (7) in Sect. 5.
Parameter p represents the uniform length of order in model
M2. The results on upper and lower bounds in each model
are true for specific revenue functions as described in round
brackets where general functions mean that the functions
may be concave, linear, or convex. The superscript “(2001)”
means that the result is by Keskinocak et al. (2001), and the
notation “∞” means that there exist no competitive strate-
gies for the scenario. The experimental results in Sect. 7 show
intuitively that the upper bound of 1.618 and the lower bound
of 1.5 in Keskinocak et al. (2001) for the first model M1 are
not accurate when the maximum available lead-time is rela-
tively small. We give detailed explanation in Sect. 3.3.
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Table 1 Summary of main results in this paper

Model Upper bound Lower bound

M1 : unit order length,
uniform penalty weight,
and integer release time

1/α(Theorem1)
(general
functions)

1/α(Corollary1)
(concave or linear
functions)

1.618(2001)

(linear
functions)

1.5(2001) (linear
functions)

M2 : uniform order length,
nonuniform penalty
weight, and integer
release time

∞(p>1) ∞(p>1,Theorem4)

ψ(p=1,Theorem6) ψ(p=1,Theorem5)

M3 : unit order length,
uniform penalty weight,
and arbitrary release time

ρt̂ (Theorem7)
(general
functions)

ρt̂ (Corollary3) (linear
functions)

M4 : uniform order length,
nonuniform penalty
weight, and arbitrary
release time

∞ (general
functions)

∞(Theorem9)
(general
functions)

2 Description of the problem

The Q-SLTQ problem (Scheduling and reliable Lead-Time
Quotation with immediate Quotation) is formally described
as follows. There is a scheduler to process orders that are
released over time. For each order Ji , denote by ri , pi , and
wi its release time, processing time, and weight or penalty
per unit of waiting time before processing, respectively. Let
l (>0) be the maximum length of allowed waiting time for
each order, i.e., the maximum available lead-time. The sched-
uler may accept or reject any order if necessary. To accept
order Ji , she has to quote irrecoverably a reliable lead-time
di (0 ≤ di < l) on its arrival, and starts to process it no
later than ri + di . To reject Ji , a virtual lead-time di ≥ l
is quoted on its arrival. The revenue of an accepted order
decreases in its quoted lead-time. The scheduler processes at
most one order at any time, and preemption is not allowed.
The objective is to maximize the total revenue of completed
orders.

For the revenue function in the Q-SLTQ problem,
Keskinocak et al. (2001) proposed a linear one f (di , w)with
uniform weight w > 0.

f (di , w) =
{
(l − di ) · w, if 0 ≤ di < l;
0, if l ≤ di .

(1)

The above linear function represents that the loss of revenue
is uniform for each unit of waiting time. However, this is
not true in many situations since the paying willing of a cus-
tomer usually decreases nonlinearly as the quoted lead-time
increases. Moreover, customers may value their orders for
each unit of waiting time differently. Hence, we propose a
relaxed revenue function F(di , wi ) as follow.

F(di , wi ) =
{

r(di ) · wi , if 0 ≤ di < l;
0, if l ≤ di .

(2)

where wi > 0, and r(di ) is any convex, concave, or linear
function that decreases strictly in di and r(l) = 0. Thus,
f (di , w) is a reduced function of F(di , wi ) with wi = w

and r(di ) = l − di . We observe that function F(di , w) is
equivalent to r(di ). By algebraic knowledge, for any 0 ≤
di < d j < l and 0 < x < d j − di , we have F(di , w) +
F(d j , w) > F(di + x, w) + F(d j − x, w) if F(di , w) is
a convex function of di ; otherwise F(di , w) + F(d j , w) ≤
F(di + x, w) + F(d j − x, w) if F(di , w) is a concave or
linear function of di .

If orders can only be released and started for processing
at integer time points, we call it the discrete Q-SLTQ model;
otherwise it is the continuous Q-SLTQ model if any order is
released and started at arbitrary real time. According to the
features of orders and processing requirement, we consider
the following four submodels, in all of which l is assumed to
be a natural number.

• Model M1: It is a basic discrete Q-SLTQ model where
orders with unit length and uniform weight are released
at integer time points. That is, pi = 1,wi = w, and ri ∈ Z;

• Model M2: It is an extended discrete Q-SLTQ model
where orders with uniform length and nonuniform weights
are released at integer time points. That is, pi = p ≥ 1,
wi > 0, and ri ∈ Z;

• Model M3: It is a basic continuous Q-SLTQ model where
orders with unit length and uniform weight are released at
real time points. That is, pi = 1, wi = w, and ri ∈ R;

• Model M4: It is an extended continuous Q-SLTQ model
where orders with uniform length and nonuniform weights
are released at real time points. That is, pi = p ≥ 1,
wi > 0, and ri ∈ R.

In models M1 and M3 with uniform weight, we study
revenue function F(di , w), while in the other two models
M2 and M4 with nonuniform weight we investigate function
F(di , wi ). If F(di , w) is not specified, we refer it to a general
function which may be a concave, linear, or convex function
of di . In this paper, we focus on the competitive performance
of deterministic online strategies. Below we define two auxil-
iary functions that are useful in analyses of the above models.

β(m) =
∑m

i=0 F(i, w)∑l−1
i=0 F(i, w)

, (3)

γ (m) = F(m, w)

F(0, w)
, (4)

where m = 0, 1, . . . , l.
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3 Model M1 with revenue function F(di ,w)

In this section, we focus on the basic discrete Q-SLTQ model
M1 where pi = 1, wi = w and ri ∈ Z for any order Ji . By
the definition of function F(di , wi ), it decreases strictly in
di ∈ {0, 1, . . . , l}. Together with the definitions of β(m) and
γ (m), we have the following two lemmas.

Lemma 1 Function β(m) increases in m while γ (m)
decreases in m (= 0, 1, . . . , l).

Lemma 2 There exists a unique integer m∗ (0 ≤ m∗ < l)
such that β(m∗) ≤ γ (m∗) and β(m∗ + 1) > γ (m∗ + 1).

Proof By Formulas (3) and (4), β(0) ≤ 1, β(l) = γ (0) = 1
and γ (l) = 0. It is straightforward that β(0) ≤ γ (0) and
β(l) > γ (l), implying the existence of m∗. Together with
the monotonicity of functions β(m) and γ (m) by Lemma 1,
we claim the uniqueness of m∗. The lemma follows. �	

Since m∗ is an integer in the discrete Q-SLTQ problem, for
any specific function F(di , w), its value can be determined
via algebraic calculation by Formulas (3) and (4).

3.1 The competitiveness of strategy Q-FRAC

Below we investigate the competitiveness of strategy Q-
FRAC for revenue function F(di , w) in model M1. Q-
FRAC adopts FCFS (First-Come-First-Serve) scheduling
rule such that it quotes the shortest available lead-time for
each accepted order. We first describe the Q-FRAC strategy.

Strategy Q-FRAC:
On the arrival of any order Ji , accept it by quot-
ing a shortest available lead-time di provided that
F(di , w) ≥ αF(0, w), otherwise reject the order.

Note that Keskinocak et al. (2001) set α = 0.618 for
the linear function f (di , w) and proved Q-FRAC 1.618-
competitive for the case with unit length and uniform weight
of order. In this paper we set

α = max{β(m∗), γ (m∗ + 1)}, (5)

and reinvestigate the competitiveness of Q-FRAC for the
relaxed function F(di , w). To avoid notational and com-
prehension confusion, we denote by Q-FRAC0.618 the strat-
egy with α = 0.618 in Keskinocak et al. (2001), and by
Q-FRACα the strategy with α = max{β(m∗), γ (m∗ + 1)} in
the remaining of this paper.

By Formula (5), there are two cases on the value of α. If
α = β(m∗) > γ (m∗ + 1), then Q-FRACα quotes a lead-
time at most m∗ for any accepted order since F(m∗, w) =
γ (m∗)F(0, w) ≥ αF(0, w) by Lemma 2 and F(m∗ +
1, w) = γ (m∗ + 1)F(0, w) < αF(0, w); otherwise if
α = γ (m∗ +1) ≥ β(m∗), then Q-FRACα quotes a lead-time

at most m∗ +1 for any accepted order since F(m∗ +2, w) =
γ (m∗ + 2)F(0, w) < γ (m∗ + 1)F(0, w).

Theorem 1 For model M1 with revenue function F(di , w),
Q-FRACα is 1/α-competitive.

Proof Consider the case where β(m∗) > γ (m∗ + 1) and
then α = β(m∗). For the other case where α = γ (m∗ +1) ≥
β(m∗), it can be similarly discussed. Given any order input
instance �. Let σ = (J0, . . . , Jn) be the schedule produced
by Q-FRACα such that the online strategy processes the n+1
orders consecutively without any idle time segment inside.
J0 is started on its arrival with d0 = 0, and it is an idle
time segment after the completion of Jn , i.e., after time r0 +
n + 1. For notational convenience, assume w.l.o.g. that J0

is released at time r0 = 0 and thus Q-FRACα starts each Ji

at time i (0 ≤ i ≤ n). Denote by |Q(�)| and |O PT (�)|
the total revenue obtained by Q-FRACα and by an optimal
offline strategy OPT in �, respectively. There are two cases
on the value of n.

Case 1: n < m∗ We claim that Q-FRACα accepts and
completes (by FCFS rule) all the orders released within time
interval [0, n + 1), since otherwise it could accept one more
order with a quoted lead-time at most n + 1 and a revenue at
least F(n + 1, w) ≥ F(m∗, w) ≥ αF(0, w). OPT accepts
the same set of orders as Q-FRACα does and gains at most
F(0, w) from each order. The ratio |O PT (�)|/|Q(�)| ≤
1/α in this case.

Case 2: n ≥ m∗ In this case Q-FRACα obtains at least∑m∗
i=0 F(i, w) from the first m∗ +1 accepted orders in σ . For

each of the rest n − m∗ orders, if any, Q-FRACα quotes a
lead-time of at most m∗ and gains at least F(m∗, w). Hence,
|Q(�)| ≥ ∑m∗

i=0 F(i, w) + (n − m∗)F(m∗, w). Since Q-
FRACα becomes idle at time t = n + 1, we claim that no
more orders are released strictly after time n−m∗. Otherwise
Q-FRACα could accept one more order with a quoted lead-
time at most n + 1 − (n − m∗ + 1) = m∗. A contradiction.
OPT at best accepts one order with a quoted lead-time of 0
and a revenue of F(0, w) at each time i (0 ≤ i ≤ n−m∗−1),
and at last accepts l orders at time n−m∗ with a total revenue
of

∑l−1
i=0 F(i, w). Thus |O PT (�)| ≤ ∑l−1

i=0 F(i, w)+ (n −
m∗)F(0, w). Combining the definitions of γ (m) and β(m)
in Lemma 1 with β(m∗) ≤ γ (m∗) in Lemma 2, we have by
case condition α = β(m∗) that

|O PT (�)|
|Q(�)| ≤

∑l−1
i=0 F(i, w)+ (n − m∗)F(0, w)∑m∗

i=0 F(i, w)+ (n − m∗)F(m∗, w)

≤ 1

β(m∗)
= 1

α
.

Especially when n = m∗, all the orders are released
at time 0. Q-FRACα accepts exactly n + 1 = m∗ +
1 orders with |Q(�)| = ∑m∗

i=0 F(i, w) in this case,
while OPT accepts at most l orders with a total revenue
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|O PT (�)| ≤ ∑l−1
i=0 F(i, w). Again |O PT (�)|/|Q(�)| ≤∑l−1

i=0 F(i, w)/
∑m∗

i=0 F(i, w) = 1/β(m∗) = 1/α. The the-
orem is established. �	

3.2 A matching lower bound for concave or linear F(di , w)

Below we show that if F(di , w) is a convex or linear func-
tion of di , then FCFS that always quotes the shortest avail-
able lead-time for an accepted job is an optimal scheduling
rule for any given set of accepted orders. We next prove that
any online strategies cannot be better than 1/α-competitive,
implying the optimality of strategy Q-FRACα in competi-
tiveness.

Proposition 1 For model M1 with revenue function F(di , w),
FCFS is an optimal scheduling rule for any given set of
accepted orders, provided that F(di , w) is a concave or lin-
ear function of di .

Proof For any given set of accepted orders, let σ =
(J0, J1, . . . , Jn) be an FCFS processing schedule. Denote
by si the time to start Ji . si−1 < si and ri−1 ≤ ri for
1 ≤ i ≤ n in σ . Now swap the positions of any two
adjacent orders Ju and Ju+1 (0 < u < n) in σ with
ru < ru+1 ≤ su , resulting in a new processing schedule
σ ′ = (J0, . . . , Ju−1, Ju+1, Ju, Ju+2, . . . , Jn). The schedule
σ ′ breaks FCFS rule, i.e., Ju+1 arrives later but starts earlier
than Ju . To prove the proposition, it suffices to show that the
total revenue obtained in σ is not less than that in σ ′.

Denote by s′
i the start time of Ji in σ ′, and by di and d ′

i
its quoted lead-time in σ and σ ′, respectively. Since s′

u+1 =
su = su+1 − 1, we have d ′

u+1 = s′
u+1 − ru+1 = du+1 − 1 <

du+1 and d ′
u+1 = su − ru+1 < su − ru = du . Similarly,

s′
u = su+1 = su + 1, and thus d ′

u = s′
u − ru = du + 1 > du

and d ′
u = su+1 − ru > su+1 − ru+1 = du+1. Hence,

d ′
u+1 < min{du, du+1} ≤ max{du, du+1} < d ′

u . Notice
that d ′

u − d ′
u+1 = (s′

u − ru) − (s′
u+1 − ru+1) = (su+1 −

ru) − (su − ru+1) = 1 + ru+1 − ru > 1. We conclude that
F(d ′

u+1, w)+F(d ′
u, w) ≤ F(d ′

u+1+1, w)+F(d ′
u −1, w) =

F(du+1, w)+ F(du, w) by the property of concave or linear
function F(di , w). The proposition follows. �	
Theorem 2 For model M1 with revenue function F(di , w),
any online strategies that adopt FCFS scheduling rule cannot
be better than 1/α-competitive.

Proof We first consider the case where β(m∗) > γ (m∗ +
1) and then α = β(m∗). By Lemma 2, β(m∗) ≤ γ (m∗).
Assume otherwise that there exists an online strategy A that
adopts FCFS scheduling rule and is (1/α − ε)-competitive
where 0 < ε < 1 can be arbitrarily small. For any specific
l (≥1), we construct an order input instance � to make A
behave poorly and lose. The orders in � are released in steps,
and in the i th (i ≥ 0) step a set Si of l orders are released

at time i . Denote by |A(�)| and |O PT (�)| the total revenue
gained by A and by an optimal offline strategy OPT in �,
respectively. Let ni be the number of orders that have been
accepted but not satisfied by A at the beginning of the i th
step, and n0 = 0.

Step 0 S0 arrives at time 0. If A accepts at most m∗ + 1
orders in S0, � terminates at the step and no more orders
arrive later. In this case |A(�)| ≤ ∑m∗

i=0 F(i, w), while OPT
accepts all the orders in S0 with |O PT (�)| = ∑l−1

i=0 F(i, w).
|O PT (�)|/|A(�) ≥ 1/β(m∗) = 1/α, implying that A
loses. Otherwise if A accepts at least m∗ + 2 orders in S0,
OPT accepts a single order in S0 with a quoted lead-time of
0, and goes to the next step. Notice that A quotes a lead-
time of at least m∗ + 1 for each accepted order except the
first m∗ + 1 ones, gaining at most F(m∗ + 1, w) from the
order.

Step k (≥ 1) Sk arrives at time k, and nk ≥ m∗ + 1.
If either nk ≥ m∗ + 2 or A accepts at least one order
in Sk with a quoted lead-time at least m∗ + 1 and a rev-
enue at most F(m∗ + 1, w) for each, then OPT accepts
exactly one order in Sk with a quoted lead-time of 0, and
goes to the next step. Otherwise if nk = m∗ + 1 and
A rejects all the orders in Sk , then � terminates at the
step.

Now if A always has at least m∗ + 1 accepted but unsat-
isfied orders at the end of each step, then � terminates at
Step M for some large M to be determined later. OPT gains
F(0, w) in Step i (0 ≤ i < M), and gains a total rev-
enue of

∑l−1
i=0 F(i, w) from all the l orders in SM at Step

M . |O PT (�)| = M F(0, w)+ ∑l−1
i=0 F(i, w). For A, nM ≥

m∗ +1 and it accepts as most l − (m∗ +1) orders in SM . The
last l−(m∗+1) accepted orders are scheduled by A after time
M +m∗+1 with a total revenue of

∑l−1
i=m∗+1 F(i, w). A also

gains
∑m∗

i=0 F(i, w) from the first m∗ + 1 accepted orders,
and gains at most F(m∗ + 1, w) from each of the rest (M +
l)− (m∗ + 1)− (l − (m∗ + 1)) = M orders accepted before
Step M . Thus, |A(�)| ≤ ∑m∗

i=0 F(i, w)+ M F(m∗ +1, w)+∑l−1
i=m∗+1 F(i, w) = M F(m∗ + 1, w)+ ∑l−1

i=0 F(i, w). The
ratio of |O PT (�)|/|A(�)| is strictly larger than 1/α − ε

provided that M >
(1/α−1−ε)∑l−1

i=0 F(i,w)
F(0,w)−(1/α−ε)F(m∗+1,w) . A loses in this

case.
If otherwise nk = m∗ + 1 and A rejects all the orders in

Sk for some 1 ≤ k < M , then OPT accepts all the orders in
Sk and � terminates immediately. Similarly, |O PT (�)| =
k F(0, w)+∑l−1

i=0 F(i, w), while |A(�)| ≤ ∑m∗
i=0 F(i, w)+

k F(m∗ + 1, w). Thus |O PT (�)|/|A(�)| > 1/α holds
since

∑l−1
i=0 F(i, w)/

∑m∗
i=0 F(i, w) = 1/β(m∗) = 1/α and

F(0, w)/F(m∗+1, w) = 1/γ (m∗+1) > 1/β(m∗). A loses
again in this case.

For the other case where β(m∗) ≤ γ (m∗ + 1) and then
α = γ (m∗ + 1), it can be similarly discussed and the same
conclusion holds. The theorem follows. �	
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Combining Theorems 1 and 2 with Proposition 1, we have
the following corollaries.

Corollary 1 For model M1 with concave or linear revenue
function F(di , w), any online strategies cannot be better than
1/α-competitive.

Corollary 2 For model M1 with concave or linear revenue
function F(di , w), Q-FRACα has a competitive ratio match-
ing the lower bound.

3.3 Discussion on strategy Q-FRAC0.618 for function
f (di , w)

Remember that in Keskinocak et al. (2001), the Q-FRAC0.618
strategy accepts each order with a supposed revenue of at
least αlw = 0.618lw by revenue function f (di , w), and it
is 1.618-competitive. We have previously pointed out that
the competitive analysis of Q-FRAC0.618 in model M1 is not
accurate. Now we explain in details as follows.

For each accepted order Ji , its release time ri , quoted
lead-time di and the maximum available lead-time l are all
nonnegative integers. In Case 2 of the proof of Theorem 1
[on the competitiveness of Q-FRAC0.618 in Keskinocak et al.
(2001)], the total revenue obtained from the first (1−α)l +1
accepted orders for the online strategy is bounded from below
by l+(l−1)+. . .+(αl) = l(l+1)

2 −αl(αl−1)
2 . Here they implic-

itly assume that l is sufficiently large so that αl = 0.618l and
(1−α)l = 0.382l are positive integers. For small l, however,
this is not true and then the above calculation formula for the
total revenue from the first �(1 −α)l + 1� accepted orders is
incorrect.

The following example gives an intuitive illustration.
Given l = 5, w = 1 and an order input instance �

consisting of five orders released at time 0. Notice that
αl = 0.618 ∗ 5 = 3.09 is not an integer. Q-FRAC0.618

accepts an order provided that it is of a quoted lead-
time at most (1 − α)l = (1 − 0.618) ∗ 5 = 1.91
and a revenue at least αl = 3.09. Hence, it accepts
�(1 − α)l� + 1 = 2 orders in � with quoted lead-times
0 and 1, respectively, obtaining a total revenue of 5 +
(5 − 1) = 9. An optimal offline strategy OPT accepts
all the five orders with a total revenue of

∑4
di =0(5 −

di ) = 15. The ratio between what OPT and Q-FRAC0.618

gain in � is equal to 15/9 ≈ 1.667. By Corollary 2
and the definition of α, we conclude that 15/9 is the
best ratio for revenue function f (di , w) with l = 5
in model M1. Table 2 in Sect. 7 lists more optimal
results in competitiveness for specific l with linear func-
tion f (di , w) and a concave function F(di , w), illustrating
that the optimal competitive ratio 1/α depends on m∗ or
equivalently l.

3.4 Further discussion on FCFS rule for convex F(di , w)

By Proposition 1, FCFS is an optimal scheduling rule for
concave or linear revenue function F(di , w). It is not the
case, however, for convex revenue functions. This can be
illustrated by the following example with convex function
F(di , w) = w

1+di
for 0 ≤ di < l. At time t = 0 and 1 two

sets S0 and S1 of orders are released, respectively, where each
set contains l orders. Assume that an online strategy accepts
k1 ≥ 2 orders in S0 as well as k2 ≥ 1 orders in S1. If FCFS
rule is adopted in lead-time quotation, then the k1 and k2

accepted orders are quoted with lead-times 0, 1, ..., k1−1 and
k1−1, k1, ..., k1+k2−2, respectively. The total revenue of the
k1+k2 orders is equal to R = ∑k1−1

i=0
w

1+i +∑k1+k2−2
i=k1−1

w
1+i =

w
k1

+ ∑k1+k2−2
i=0

w
1+i . If otherwise FCFS rule is not adopted,

and the k1 and k2 accepted orders are quoted with lead-times
0, 2, 3, ..., k1 and 0, k1, ..., k1 +k2 −2, respectively, then the
total revenue R′ = (w+∑k1

i=2
w

1+i )+(w+∑k1+k2−2
i=k1

w
1+i ) =

2w+ w
k1+1 +∑k1+k2−2

i=2
w

1+i . R′ − R = (2w+ w
k1+1 )− (w+

w
2 + w

k1
) = w

2 − w
k1(k1+1) > 0 due to k1 ≥ 2, implying that

FCFS is not an optimal scheduling rule for convex revenue
functions.

The following theorem shows that online strategies that
adopt FCFS rule in lead-time quotation may perform poorly
for some convex revenue functions and large l.

Theorem 3 For model M1, there exist convex revenue func-
tions F(di , w) and large l such that online strategies that
adopt FCFS scheduling rule cannot have bounded competi-
tive ratios.

Proof Given convex function F(di , w) = w
1+di

for di < l
and F(di , w) = 0 for di ≥ l. The value of l is sufficiently
large so that

∑l−1
i=0

w
1+i ≈ w(ln l + C) where C ≈ 0.57722.

Assume otherwise there exists an online strategy A that
adopts FCFS scheduling rule and is ρ-competitive for some
constant ρ ≥ 1. Let � = ρ�. It suffices to construct an
order input instance � to make A behave poorly and lose.
The release of orders in � as well as the competitive analy-
sis of A is similar to that in the proof of Theorem 2. The
difference lies in that in the proof of Theorem 2, the condi-
tion to terminate � is that A has at most m∗ accepted but
not satisfied orders at the end of some step or it has come to
the M th step with sufficiently large M , while the parameter
m∗ is replaced with � − 1 here. Let |A(�)| and |O PT (�)|
be what A and an optimal offline strategy OPT gain in �,
respectively. Below we give a sketch of the proof.

First, a set of l orders are released in Step 0 at time 0.
A has two selections. If it accepts k ≤ � orders at the
step, then � terminates immediately. A gains |A(�)| =∑k−1

i=0
w

1+i ≤ ∑�−1
i=0

w
1+i . OPT accepts all the l orders and

gains |O PT (�)| = ∑l−1
i=0

w
1+i ≈ w(ln l + C). The ratio

|O PT (�)|/|A(�)| > � given that l > e�(
∑�−1

i=0
1

1+i )−C in
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this case. Otherwise if A accepts k > � orders at Step 0, it
has at least � accepted but not satisfied orders at the end of
the step. In this case OPT accepts a single order in S0 with
a quoted lead-time of 0, and another set S1 of l orders are
released at time t = 1 in the next step.

Notice that for A, each accepted order except the first �
ones is of a quoted lead-time at least � and a revenue of at
most w

1+� . Consider the following two cases.
Case 1: At the end of Step j for some j > 0, A has

� − 1 accepted but not satisfied orders. In this case, � ter-
minates at the step. |A(�)| ≤ ∑�−1

i=0
w

1+i + jw
1+� . OPT gains

F(0, w) = w in Step i (0 ≤ i < j), and accepts all the l
orders released at Step j . |O PT (�)| = jw + ∑l−1

i=0
w

1+i ≈
jw + w ln l + wC . The ratio |O PT (�)|/|A(�)| > � due

to l > e�(
∑�−1

i=0
1

1+i )−C , implying A loses in this case.
Case 2: A always has at least� accepted but not satisfied

orders at the end of each step. Consider Step M for some
large M to be determined later on. OPT accepts all the l
orders in the step and its total revenue in the M + 1 steps
is |O PT (�)| = Mw + ∑l−1

i=0
w

1+i ≈ wM + w ln l + wC .
A has at most l − 1 orders left unsatisfied at the end of
Step M . Similar to the analysis at Step M in the proof of
Theorem 2, we conclude that |A(�)| ≤ Mw

1+� +∑l−1
i=0

w
1+i ≈

Mw
1+� +w ln l +wC . Provided that M > (� 2 −1)(ln l +C),

we have |O PT (�)|/|A(�)| = wM+w ln l+wC
Mw/(1+�)+w ln l+wC > � .

A loses again in this case.
So, A cannot be ρ (≤ �)-competitive for any constant ρ.

The theorem is established. �	

4 Model M2 with revenue function F(di ,wi )

In this section, we consider the second model M2 where
orders are of uniform length p and nonuniform weights. We
investigate two cases where p > 1 and where p = 1, respec-
tively, in the model.

4.1 The case with p > 1

For the case where each order is of a uniform length p > 1,
the following theorem shows a negative result on competi-
tiveness.

Theorem 4 For model M2 with revenue function F(di , wi ),
if orders are of uniform length p > 1, any online strategies
cannot be competitive.

Proof Let p = 2 and l = 2k for some integer k ≥ 1. For
an arbitrary online strategy A, it is sufficient to construct an
order input instance � = {J0, J1, . . .} to make it perform
poorly and lose. Each order Ji (i ≥ 0) with wi = ϕwi−1 is
released at time t = i , where ϕ > 0 can be arbitrarily large
and w0 = 1. Once A rejects some Ji , no more orders are

released and� = {J0, . . . , Ji }. By Formula (2),wi = ϕwi−1

implies F(di , wi ) = ϕF(di , wi−1). Consider the following
two cases.

Case 1: A accepts J0, . . . , Jm and rejects Jm+1. In this
case � = {J0, . . . , Jm+1}. Due to p = 2, the online strategy
cannot quote a lead-time of 0 for each accepted order, and
then its total revenue is strictly less than

∑m
i=0 F(0, wi ) =

F(0, wm+1)
∑m+1

i=1 (1/ϕ)
i < 1

ϕ−1 F(0, wm+1). An optimal
offline strategy OPT at least accepts order Jm+1 with a quoted
lead-time of 0 and a revenue of F(0, wm+1), which is larger
than ϕ − 1 times of what A gains. Since ϕ can be arbitrarily
large, A loses in this case.

Case 2: A accepts any released orders. In this case � =
{J0, J1, . . . , Jl}. We prove that A has to reject the last order
Jl . When order Jl arrives at time t = l, A has accepted l
orders J0, . . . , Jl−1 but it has completed only l/p = k orders.
It is kept busy in processing the rest l − k = k unsatisfied
orders in the next kp = l consecutive units of time. Hence,
it at best quotes a lead-time of l for Jl , implying a rejection
of the order.

For any other specific p (> 1) and l, it can be similarly
analyzed and the same conclusion holds. The theorem fol-
lows. �	

4.2 The case with p = 1

Different from the case where p > 1, there exist competitive
strategies when p = 1, and we present a matching lower and
upper bound for this case. Define

ψ :=
∑l−1

i=0 F(i, w)

F(0, w)
. (6)

Note that for the linear function f (di , w), we have
∑l−1

i=0

f (i, w) = l(l+1)w
2 and f (0, w) = lw, and thus ψ := l+1

2 in
this case.

Theorem 5 For model M2 with revenue function F(di , wi ),
if orders are of unit length, any online strategies cannot be
better that ψ-competitive.

Proof Assume otherwise there exists an online strategy A
to be (ψ − ε)-competitive where ε > 0 can be arbitrarily
small. It suffices to construct an order input instance � to
make A behave poorly and lose. In � orders are released in
steps, and in the i th (i ≥ 0) step, a set Si of l orders with
uniform weight wi are released. Let ϕ = wi/wi−1 (i ≥ 1)
be a large positive constant to be determined later. Denote
by ni (≥ 0) the number of orders accepted by A from Si ,
and Ri (A) and Ri (O PT ) the total revenue obtained by A
and by an optimal offline strategy OPT from Si , respectively.
Denote by |A(�)| and |O PT (�)| the total revenue of A and
OPT in �, respectively.
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Step 0 The first set S0 of orders with uniform weightw0 >

0 are released at time t = 0. A accepts n0 orders in S0. There
are two cases on the value of n0.

Case 1: n0 ≤ 1 No more orders are released and �

terminates at this step. In this case |A(�)| = R0(A) ≤
F(0, w0). OPT accepts all the orders in S0 and |O PT (�)| =
R0(O PT ) = ∑l−1

i=0 F(i, w0). The ratio |O PT (�)|/|A(�)|
≥ ψ , and A loses in this case.

Case 2: n0 ≥ 2 In this case, OPT accepts a single order in
S0 with a quoted lead-time of 0 and R0(O PT ) = F(0, w0).
Go to the next step.

Step k (≥ 1) A set Sk of orders with wk = ϕwk−1 are
released at time k. A accepts nk orders in Sk .

Case 1: nk ≤ 1 In this case � terminates at this
step. OPT accepts all the orders in Sk with Rk(O PT ) =∑l−1

i=0 F(i, wk).
Case 2: nk ≥ 2 In this case OPT accepts a single order in

Sk with a quoted lead-time of 0, and goes to the next step.
A completes only one order in each step. If it selects Case

2, it gets at least one more accepted but not satisfied order
in the step. Based on this observation, we claim that A has
to select Case 1 before Step l. More precisely, assume that
at the beginning of Step m (1 ≤ m ≤ l − 1), A has l − 1
accepted and unsatisfied orders to be processed during time
interval [m,m + l − 1). It accepts at most one order in Sm

with a quoted lead-time of l −1, implying a selection of Case
1. � terminates at this step. OPT accepts all the l orders in
Sm , and

|O PT (�)| =
m∑

i=0

Ri (O PT ) > Rm(O PT ) =
l−1∑
i=0

F(i, wm).

For A, it gains at most F(0, wm) from the last accepted
order, and gains at most F(0, wm−1) from each of the previ-
ous m + (l − 1) accepted orders.

|A(�)| =
m−1∑
i=0

Ri (A)+ F(0, wm)

< (m + l − 1)F(0, wm−1)+ F(0, wm)

≤ (
2(l − 1)

ϕ
+ 1)F(0, wm)

where the last inequality is due to m ≤ l − 1 and ϕ =
wm/wm−1 = F(0, wm)/F(0, wm−1). Thus |O PT (�)|/
|A(�)| > ψ − ε provided that ϕ > 2(l−1)

ψ/(ψ−ε)−1 , implying
A loses in this case.

If otherwise A selects Case 1 at Step k for some 0 < k <
m, then � terminates at the step. |O PT (�)| and |A(�)| can
be similarly calculated as in Step m and the same conclusion
is deduced. The theorem follows. �	

According to the proof of the above theorem, it is of
risk for an online strategy to accept many orders at any
time. Below we propose a competitive strategy SOA (Single-
Order-Accepted) which accepts one order at any time.

Strategy SOA:
When there release orders at any integer time point,
accept a single order with the largest weight and quote
a lead-time of 0 for it. Ties are broken arbitrarily.

By the description of SOA, if it accepts an order at some inte-
ger time, then it starts the order immediately and becomes
idle again at the next integer time point. The following theo-
rem shows that SOA behaves optimally in competitiveness.

Theorem 6 For model M2 with revenue function F(di , wi ),
if orders are of unit length, SOA has an optimal competitive
ratio of ψ .

Proof Suppose that a set S of orders are released at any inte-
ger time, and order Jk ∈ S is with the largest weight, i.e.,
wk = arg maxJi ∈S wi . SOA accepts only Jk with a quoted
lead-time of 0 and a revenue of F(0, wk). An optimal offline
strategy OPT accepts at most l orders in S, each of which is
of weight at most wk . OPT gains a total revenue of at most∑l−1

i=0 F(i, wk) from S. The ratio between what OPT and

SOA gain from S is at most
∑l−1

i=0 F(i,wk )

F(0,wk )
= ψ . The theorem

is established. �	

5 Model M3 with revenue function F(di ,w)

In this section, we consider the continuous model M3 where
each order with unit length and uniform weight is released
at arbitrary real time. In this model online strategies face a
more difficult selection than in the discrete model M1. For a
special case where l = 1, for example, it is trivial to verify
that m∗ = 0 and α = β(0) = 1 in model M1, and thus
strategy Q-FRACα produces an optimal schedule. For model
M3, however, we show later on that online strategies cannot
behave optimally.

Remember that for any specific l, we calculate the unique
value of m∗ by Lemma 2 and Formulas (3) and (4) in the
discrete model M1. If α = β(m∗) > γ (m∗ + 1), Q-FRACα
quotes a lead-time of at most m̂ = m∗ for any accepted order;
otherwise if α = γ (m∗ + 1) > β(m∗), then the quoted lead-
time is at most m̂ = m∗+1. Let t̂ (0 ≤ t̂ < 1) be the solution
to the following equation.

ρt̂ := F(0, w)+ ∑l
i=1 F(i − t̂, w)∑m̂

i=0 F(i, w)
= F(0, w)

F(m̂ + 1 − t̂, w)

(7)

By algebraic calculation, for both cases where α = β(m∗)
and where α = γ (m∗ + 1), F(0,w)+∑l

i=1 F(i−0,w)∑m̂
i=0 F(i,w)

<

F(0,w)
F(m̂+1−0,w) and F(0,w)+∑l

i=1 F(i−1,w)∑m̂
i=0 F(i,w)

>
F(0,w)

F(m̂+1−1,w) . It

implies the existence of a solution to Eq. (7). Moreover, since
F(di , w) decreases monotonously in di (0 ≤ di ≤ l), and m̂
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is uniquely determined by previous analysis, we claim that
the solution to Eq. (7) is unique.

For the special case where l = 1, we have m̂ =
m∗ = 0, and the above equation is simplified to ρt̂ :=
F(0,w)+F(1−t̂,w)

F(0,w) = F(0,w)
F(1−t̂,w)

> 1 due to 1 > t̂ . We show
later on that Q-FRACα is ρt̂ -competitive, implying that it
cannot produce an optimal schedule in the continuous model
and then behaves worse than in the discrete model M1. Below
we present upper and lower bounds of competitive ratio for
general l in the continuous model M3.

5.1 An upper bound of competitive ratio

Since each order is released at arbitrary real time in model
M3, an online strategy may accept an order that is not released
at an integer time. We adopt the idea of strategy Q-FRACα
and present for model M3 an online strategy Q-FRACα′ that
adopts FCFS rule in lead-time quotation. The strategy is for-
mally described as follows. Note that t̂ (0 ≤ t̂ < 1) is deter-
mined by Eq. (7).

Strategy Q-FRACα′ :
On the release of any order Ji , quote for it a shortest
available lead-time di provided that di ≤ m̂ + 1 − t̂ ;
otherwise reject the order.

By the above description of strategy Q-FRACα′ , any accepted
order Ji brings a revenue F(di , w) ≥ F(m̂ + 1 − t̂, w) =
α′F(0, w) where α′ = 1/ρt̂ .

Theorem 7 For model M3 with revenue function F(di , w),

Q-FRACα′ is ρt̂ -competitive.

Proof The proof is similar to that of Theorem 1. Consider
the case where α = β(m∗) ≥ γ (m∗ + 1) and then m̂ = m∗.
For the other case where α = γ (m∗ + 1) > β(m∗) and then
m̂ = m∗+1, it can be similarly analyzed. For any order input
instance �, let σ = (J0, . . . , Jn) be the schedule produced
by Q-FRACα′ such that there is no idle time segment within
σ , and J0 is started on its arrival with d0 = 0. It is an idle
time segment after the processing of Jn , i.e., after time t =
r0+n+1. We assume w.l.o.g. that J0 is released at time r0 = 0
and then Q-FRACα′ starts each Ji at time i (0 ≤ i ≤ n).
Denote by |Q(�)| and |O PT (�)| the total revenue obtained
by Q-FRACα′ and by an optimal offline strategy OPT in �,
respectively. There are two cases on the value of n.

Case 1: n ≤ m̂ − 1 We claim that Q-FRACα′ accepts
and schedules all the orders released within time interval
[0, n+1), since otherwise it could accept one more order with
a quoted lead-time less than n+1 ≤ m̂ < m̂+1− t̂ and a rev-
enue at least F(n+1, w) > F(m̂+1− t̂, w). OPT accepts the
same number of orders as Q-FRACα′ does and gains at most
F(0, w) from each order. The ratio |O PT (�)|/|Q(�)| < ρt̂
in this case.

Case 2: n ≥ m̂ In this case Q-FRACα′ gains at least∑m̂
i=0 F(i, w) from the first m̂ + 1 accepted orders in σ .

For each of the rest n − m̂ orders, if any, the online strat-
egy quotes a lead-time at most m̂ + 1 − t̂ . Hence, |Q(�)| ≥∑m̂

i=0 F(i, w)+ (n − m̂)F(m̂ + 1 − t̂, w). Since Q-FRACα′
becomes idle at time t = n + 1, we claim that no more
orders are released on or after time n − (m̂ − t̂). Otherwise
Q-FRACα′ could accept one more order with a quoted lead-
time at most n+1−(n−(m̂−t̂)) = m̂+1−t̂ . A contradiction.
OPT accepts a single order with a quoted lead-time of 0 and
a revenue of F(0, w) at each time i (0 ≤ i ≤ n − m̂). It
at best accepts l more orders before time n − (m̂ − t̂) with
a total revenue less than

∑l
i=1 F(i − t̂, w). |O PT (�)| ≤∑l

i=1 F(i − t̂, w)+ (n − m̂ + 1)F(0, w). By Eq. (7),

|O PT (�)|
|Q(�)|
<

∑l
i=1 F(i − t̂, w)+F(0, w)+(n − m̂)F(0, w)∑m̂

i=0 F(i, w)+(n − m̂)F(m̂ + 1 − t̂, w)
=ρt̂ .

In both cases the ratio between what OPT and Q-FRACα′
gain is bounded from above byρt̂ . The theorem is established.

�	

5.2 A lower bound for concave or linear F(di , w)

By Theorem 7, Q-FRACα′ isρt̂ -competitive for general func-
tion F(di , w). Below we focus on concave or linear function
F(di , w), and present a lower bound of competitive ratio.
Notice that Proposition 1 applies to the continuous model
M3, that is, FCFS is an optimal scheduling rule for concave
or linear F(di , w).

Theorem 8 For model M3 with concave or linear revenue
function F(di , w), any online strategies cannot be better than
min{ρt̂ ,

1
β(m̂−1) }-competitive.

Proof Since Proposition 1 applies to model M3, it suffices
to prove the competitiveness of any online strategy A that
adopts FCFS rule in lead-time quotation. We first consider
the case where ρt̂ ≤ 1

β(m̂−1) . Assume otherwise there exists
an online strategy A to be (ρt̂ − ε)-competitive where ε > 0
can be arbitrarily small. We construct an order input instance
� to make A behave poorly and lose. The orders in � are
released in steps, and in the i th (i ≥ 0) step, at most two sets
Si,1, Si,2 of orders are released at time i and i+t̂ , respectively.
Each set consists of l unit length orders. Let ni be the number
of orders that have been accepted but not satisfied by A by
the end of the i th step.

Step 0 The first set S0,1 of orders are released at time 0. If A
accepts at most m̂ orders, then no more orders arrive later and
� terminates immediately. A gains at most

∑m̂−1
i=0 F(i, w) in

total. An optimal offline strategy OPT accepts all the orders
in S0,1 and gains

∑l−1
i=0 F(i, w). The ratio between what
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OPT and A gain is equal to
∑l−1

i=0 F(i, w)/
∑m̂−1

i=0 F(i, w) =
1/β(m̂ − 1), implying A loses in this case.

If otherwise A accepts at least m̂ + 1 orders in S0,1, then
another set S0,2 of orders are released at time t̂ . There are
two cases on the value of n0.

Case 1: n0 = m̂, implying A accepts exactly m̂ +1 orders
in S0,1 and rejects the other set S0,2. Then � terminates at
this step. A gains

∑m̂
i=0 F(i, w) in total. OPT accepts one

order in S0,1 with a quoted lead-time of 0, and accepts all the
orders in S0,2 with quoted lead-times 1 − t̂, 2 − t̂, . . . , l − t̂ ,
respectively. It gains totally F(0, w) + ∑l

i=1 F(i − t̂, w).
The ratio between what OPT and A gain is equal to ρt̂ by
Eq. (7) in this case.

Case 2: n0 ≥ m̂ + 1 In this case, OPT accepts a single
order in S0,1 with a quoted lead-time of 0, rejects set S0,2 and
goes to the next step. We claim that A quotes a lead-time of at
least m̂ + 1 for each accepted order, if any, in S0,1 except the
first m̂ + 1 ones, and quotes a lead-time of at least m̂ + 1 − t̂
for each accepted order, if any, in S0,2.

Step k (≥1) Two sets Sk,1, Sk,2 of orders are released at
time k and k + t̂ , respectively. Since nk−1 ≥ m̂ +1, A quotes
a lead-time of at least m̂ +1 for any accepted order from Sk,1

and at least m̂ +1− t̂ for any accepted order from Sk,2. There
are two cases on nk .

Case 1: nk = m̂, implying nk−1 = m̂ + 1 and A rejects
both Sk,1 and Sk,2. Then � terminates at the step. A gains at
most

∑m̂
i=0 F(i, w)+k F(m̂+1− t̂, w) in�. The behavior of

OPT is similar to that in Case 1 of Step 0, and it gains totally
(k + 1)F(0, w)+∑l

i=1 F(i − t̂, w) in �. The ratio between

what OPT and A gain is at least (k+1)F(0,w)+∑l
i=1 F(i−t̂,w)∑m̂

i=0 F(i,w)+k F(m̂+1−t̂,w)
=

ρt̂ by Eq. (7) in this case.
Case 2: nk ≥ m̂ + 1 This happens either nk−1 ≥ m̂ + 2

and A rejects both Sk,1 and Sk,2 or A accepts at least
one order in Sk,1 ∪ Sk,2. As previously mentioned, each
newly accepted order is quoted by A a lead-time at least
m̂ + 1 − t̂ . In this case OPT accepts a single order in
Sk,1 with a quoted lead-time of 0, and goes to the next
step.

The above steps are repeated provided that Case 2 occurs.
If A selects Case 1 in Step k for some k ≥ 1, we already
have that the ratio between what OPT and A gain is at least
ρt̂ and A loses. Otherwise if A always selects Case 2 in
each step, then � terminates at Step M for some large M to
be determined later. At the end of Step M , A has at most
l accepted orders left unsatisfied, that is, it accepts at most
M + 1 + l orders in �. The last l − m̂ accepted orders are of
a total revenue

∑l
i=m̂+1 F(i − t̂, w), the first m̂ + 1 orders

are of a total revenue
∑m̂

i=0 F(i, w), and each of the rest
(M + 1 + l)− (l − m̂)− (m̂ + 1) = M orders is of a revenue
at most F(m̂ + 1 − t̂, w). A gains at most

∑m̂
i=0 F(i, w)+

M F(m̂ +1− t̂, w)+∑l
i=m̂+1 F(i − t̂, w) in total. For OPT,

similar to the analysis in Case 1 of Step k, it gains a total

revenue of (M + 1)F(0, w) + ∑l
i=1 F(i − t̂, w) in �. The

ratio between what OPT and A gain in � is at least

(F(0, w)+ ∑l
i=1 F(i − t̂, w))+ M F(0, w)∑m̂

i=0 F(i, w)+ M F(m̂ + 1 − t̂, w)+ ∑l
i=m̂+1 F(i − t̂, w)

= ρt̂ − ρt̂
∑l

i=m̂+1 F(i − t̂, w)∑m̂
i=0 F(i, w)+ M F(m̂ + 1 − t̂, w)+ ∑l

i=m̂+1 F(i − t̂, w)

:= φ.

The above equation is by Eq. (7). We have φ > ρt̂ − ε,

provided that M > (
ρt̂

∑l
i=m̂+1 F(i−t̂,w)

ε
− ∑m̂

i=0 F(i, w) −∑l
i=m̂+1 F(i − t̂, w))/F(m̂ + 1 − t̂, w). A loses again.
For the other case where ρt̂ >

1
β(m̂−1) , we assume other-

wise A is ( 1
β(m̂−1) − ε)-competitive. With a similar analysis,

we again draw a contradiction to the assumption. The theo-
rem follows. �	

For the linear revenue function f (di , w), we can verify by
algebraic calculation thatρt̂ ≤ 1

β(m̂−1) holds for any integer l.
Combining Theorem 7 and Theorem 8, we have the following
corollary.

Corollary 3 For model M3 with linear revenue function
f (di , w), Q-FRACα′ has a competitive ratio matching the
lower bound.

6 Model M4 with revenue function F(di ,wi )

In this section, we consider the continuous model M4 where
any order with uniform length and nonuniform weight is
released at arbitrary real time. Remember that in the corre-
sponding discrete model M2, Theorem 6 shows the existence
of competitive strategies for the case with unit order length.
On the contrary, the following theorem gives a negative result
on competitiveness for model M4.

Theorem 9 For model M4 with revenue function F(di , wi )

and uniform order length p ≥ 1, any online strategies cannot
be competitive.

Proof We consider the case where p = 1, and construct an
order input instance � to make any online strategy A behave
poorly and lose. For the other case where p > 1, it can be
similarly analyzed with the same conclusion. � consists of
at most l + 2 orders which are released one by one. Once A
rejects any order, no more orders arrive later.

At time 0, the first order J0 with weight w0 = 1 is
released. A has to accept it, otherwise � = {J0} and an
optimal offline strategy OPT accepts J0, making A lose.
For order Ji (i ≥ 1) with weight wi = ϕwi−1, it is
released at time i/(l + 1) where ϕ > 0 can be arbitrar-
ily large. If A accepts J0, J1, . . . , Jk−1 and rejects Jk for
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some 1 ≤ k < l + 1, then � = {J0, J1, . . . , Jk}. What A
gains is strictly less than

∑k−1
i=0 F(0, wi ) <

ϕ
ϕ−1 F(0, wk−1)

due to ϕ = wi/wi−1 = F(0, wi )/F(0, wi−1). OPT at least
accepts Jk with a quoted lead-time of 0 and a revenue of
F(0, wk) = ϕF(0, wk−1). The ratio between what OPT and
A gain is larger than ϕ − 1. Since ϕ can be arbitrarily large,
A loses in this case.

If otherwise A accepts consecutively the first l + 1 orders
J0, . . . , Jl , then � = {J0, J1, . . . , Jl+1}. We claim that A
has to reject Jl+1. When Jl+1 is released at time 1, A has
completed at most one order, and the rest l unsatisfied orders
have to be processed in the following l units of time, i.e.,
during [1, l + 1). A quotes a lead-time at least l for Jl+1,
implying a rejection of the order. OPT at least accepts Jl+1

with a quoted lead-time of 0 and a revenue of F(0, wl+1).
With the same reasoning as in the previous case to reject Jk ,
what OPT gains is at least ϕ − 1 times of what A gains. A
loses again in this case. The theorem is established. �	

Mention that in the above proof, A may not adopt FCFS
scheduling rule. Moreover, Theorem 9 also applies to an
extended case with nonuniform length and weight of order.

7 Experimental results

In this section, we present some computational results on
the competitive ratio of Q-FRACα in model M1 and that
of Q-FRACα′ in model M3, respectively, to get an intu-
itive impression on their competitive performance. We give
a concave revenue function Fc(di , w) and a convex revenue
function Fv(di , w) which are formulated below, and calcu-
late the competitive ratios of Q-FRACα with different l in
model M1 for the two functions as well as the linear func-
tion f (di , w). We also calculate the competitive ratio of Q-
FRACα′ in model M3 for function f (di , w).

Fc(di , w) =
{
(l2 − d2

i )w, 0 ≤ di < l;
0, otherwise.

(8)

Fv(di , w) =
{
(e(−di / l) − e−1)w, 0 ≤ di < l;
0, otherwise.

(9)

The competitive ratio of Q-FRACα is calculated by The-
orem 1 and Formula (5), and that of Q-FRACα′ is by For-
mula (7). Table 2 summaries calculation results for various
l. The first column lists specific value of l. The next three
columns are the corresponding competitive ratios of strategy
Q-FRACα in model M1, and the numbers in the last column
are that of strategy Q-FRACα′ in model M3.

For the linear revenue function f (di , w) in model M1,
Keskinocak et al. (2001) proved that Q-FRAC0.618 is 1.618-
competitive and present a lower bound of 1.5. They implicitly
assume l is a very large number in proving the upper bound,

Table 2 Competitive ratios of Q-FRACα and Q-FRACα′

Model M1 Model M3

l f (di , w) Fc(di , w) Fv(di , w) f (di , w)

1 1.0000 1.0000 1.0000 1.6180

2 1.5000 1.3333 1.3775 1.6861

3 1.5000 1.2941 1.7818 1.6748

4 1.4286 1.3333 1.5383 1.6614

5 1.6667 1.3571 1.5215 1.6667

10 1.6176 1.3333 1.6950 1.6430

50 1.6129 1.3797 1.7031 1.6234

500 1.6181 1.3891 1.7291 1.6186

1,000 1.6181 1.3886 1.7291 1.6183

10,000 1.6180 1.3892 1.7306 1.6181

and set l = 2 in the proof of the lower bound. The numbers in
the second column of the table for function f (di , w) verify
the results in Keskinocak et al. (2001). Comparing the com-
petitive ratios of Q-FRACα for the three functions in model
M1, we observe that the ratio for function Fc(di , w) is equal
to or smaller than that of functions f (di , w) and Fv(di , w)

for any specific l. It implies that the online strategy gener-
ally behaves better in competitiveness for concave revenue
functions than for convex functions.

For the linear function f (di , w) in models M1 and M3, we
have proved the best possible upper bounds by Corollaries
2 and 3, respectively. The numbers in the second and fifth
columns of Table 2 illustrate that the optimal competitive
ratio in model M1 is smaller than or equal to that of model
M3 for any l. Especially for the case with l = 1, it is shown
in the table that Q-FRACα is 1-competitive in model M1,
while Q-FRACα′ is 1.618-competitive in model M3 by taking
m̂ = m∗ = 0 and t̂ ≈ 0.618. Moreover, the difference
between the optimal competitive ratios in models M1 and
M3 approaches 0 as l goes to infinity. That is, the competitive
performance of an online strategy is almost the same in the
two models when l is sufficiently large.

8 Conclusion

This paper makes an extended study on the online schedul-
ing problem with reliable lead-time quotation, which was
introduced by Keskinocak et al. (2001). We investigate four
models considering the requirements on release time, length,
and penalty weight of order. For the two models with uniform
penalty weight, we show that FCFS is an optimal scheduling
rule, and propose matching upper and lower bounds given
that revenue functions are concave or linear. For convex rev-
enue functions, however, FCFS rule loses its optimality. For
the other two models with nonuniform penalty weight, we
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mainly prove the nonexistence of competitive strategies, and
present an optimal result in competitiveness for a special case
with unit length of order. We leave it open whether for convex
revenue functions, there exist online deterministic strategies
with optimal performance in competitiveness.
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