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Abstract Bilevel programming problem (BLPP) is a NP-

hard problem and very difficult to be resolved by using the

classical method. This paper attempts to develop an effi-

cient method based on improved bilevel particle swarm

optimization algorithm (IBPSO) to deal with BLPP. The

improved algorithm adopts dynamic self-adapting inertia

weight and Cauchy distribution to ensure global search

ability and faster convergence speed of IBPSO. IBPSO

employs two improved PSO as a main program and a

subprogram respectively. According to the interactive

iterations of two improved PSO algorithms, IBPSO can

solve BLPP without some assumptions of BLPP, such as

the gradient information of the objective functions, the

convexity of constraint regions, and so on. Twelve bilevel

problems in the literatures are employed to illustrate the

performance of IBPSO and some comparisons are also

given. The results demonstrate that the proposed algorithm

IBPSO exhibits higher accuracy than other algorithms.

Then IBPSO is adopted to solve two supply chain models

proposed in this paper, and some features of the proposed

bilevel model are given based on the experimental data.

The results support the finding that IBPSO is effective in

optimizing BLPP.

Keywords Bilevel programming problem � Particle

swarm optimization � Dynamic � Self-adapting � Cauchy

distribution � Supply chain management

1 Introduction

Bilevel programming problem (BLPP) is motivated by the

game theory of Von Stackelberg [28]. This problem is an

important case in nonconvex optimization, and a leader–

follower game in which play is sequential and cooperation

is not permitted. In a BLPP model, both the upper level and

lower level decision-makers have their own objective

functions and constraints. The leader at the upper level of

the hierarchy aims to optimize his own objective function

but incorporating within the optimization scheme the

reaction of the follower to his course of action [3]. Bilevel

programming techniques have been remarkable success-

fully applied to many different areas [7], such as

mechanics, decentralized resource planning, electric power

markets, logistics, civil engineering, and road network

management and so on.

The bilevel problems are greatly difficult to be resolved

due to the non-convexity of the search space and non-

differential of the upper level objective function resulting

from the complex interaction of the upper and lower

problems. Bard [2] proved that the bilevel linear pro-

gramming is a NP-Hard problem and even it is a NP-Hard

problem to search for the locally optimal solution of the

bilevel linear programming [29]. In reality, most of bilevel

problems are not merely linear problems. There are lots of

much more complex bilevel programming problems, such

as non-linear bilevel decision problems, multi-leader bi-

level decision problems, multi-follower decision bi-level

problems, multi-objective bi-level decision problems and

fuzzy bilevel decision problems, and so on. Thus, it is very

important and necessary to develop effective and efficient

methods to solve these problems.

As so far, there are many different kinds of methods to

solve this problem. The main methods for solving linear
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bilevel programming problems can be divided into the

following four categories [9]: (a) methods based on vertex

enumeration, (b) methods based on Kuhn-Tucker condi-

tions, (c) fuzzy approach, and (d) methods based on meta

heuristics, such as genetic algorithm based approaches,

simulated annealing based approaches, and so on. It needs

to be pointed out that methods based on vertex enumeration

and Kuhn-Tucker conditions have some limitations on

solving bilevel programming problems, such as they rely

on differentiability of objective function or convexity of

search space, etc., whereas methods based on meta heu-

ristics are independent of these limiting conditions, and

they are suitable for solving highly complex non-linear

problems which traditional search algorithms cannot solve.

Because of their inherent merits, meta heuristics have won

widely attention by many researchers, and they are most

widely used in management applications [23, 35] and

applied for solving bilevel programming problems. Genetic

algorithms have been widely developed to solve BLPP [4,

9, 15, 30]. Lukač et al. [19], Rajesh et al. [21], Wen and

Huang [32] applied tabu search approaches for solving

BLPP. Sahin and Ciric [24] employed a simulated

annealing method and Lan et al. [13] and Shih et al. [26]

presented neural network approaches for BLPP. Gao et al.

[7], Kuo and Huang [12] and Li et al. [16] developed

particle swarm optimization algorithms to deal with BLPP.

In this paper, we propose an improved bilevel PSO

based algorithm (IBPSO) to find the solutions of BLPP.

IBPSO employs two adaptive PSO as a main program and

a subprogram respectively. According to the interactive

iterations of two improved PSO algorithms, IBPSO can

solve BLPP without some restrictive conditions of BLPP,

such as the gradient information of the objective functions,

the convexity of constraint regions, and so on. The

improved PSO adopts dynamic self-adapting inertia weight

and Cauchy distribution to ensure global search ability and

faster convergence speed of IBPSO. Then the performance

of the proposed algorithm is ascertained by comparing the

results with other algorithms using twelve problems in the

literatures. The results illustrate that the IBPSO algorithm

outperforms other algorithms in accuracy. Additionally,

this study also employs IBPSO to solve the BLPP for the

bilevel pricing and lot-sizing models of supply chain

management proposed in this paper. The main purpose is to

respectively maximize the manufacturer’s and the retailer’s

net profits by determining the manufacturer’s and retailer’s

lot size, the wholesale price and the retail price simulta-

neously. The experimental results also illustrate the feasi-

bility and effective of the proposed algorithm.

Following the introduction in Sect. 1, the rest of this

paper is organized as follows. Section 2 briefly describes

basic concept of BLPP and pricing and lot-sizing problems

of supply chain management. Section 3 establishes two

bilevel joint pricing and lot-sizing decision models

respectively guided by the manufacturer and the retailer,

and improved bilevel PSO algorithm IBPSO for solving

BLPP are developed too. Several numerical experiments

and examples are made in Sect. 4 to respectively illustrate

the performance of IBPSO and the features of the proposed

bilevel models. Finally, the conclusions are given in

Sect. 5.

2 Preliminaries

2.1 Mathematical model of BLPP

BLPP is a special case of multi-level programming prob-

lems. In the context of BLPP, the decision maker at the

upper level first specifies a strategy, and then the lower

level decision maker specifies a strategy so as to optimize

the objective with full knowledge of the action of the

decision maker at the upper level. According to the com-

mon notation in bilevel programming, general bilevel

problems can be formulated as follows:

min
x2X

f1 x; yð Þ

s:t: G x; yð Þ� 0

where, for given x; the vector y solves

min
y2Y

f2 x; yð Þ

s:t: g x; yð Þ� 0

ð1Þ

where, x 2 X � Rn1 ; y 2 Y � Rn2 . x is the vector of vari-

ables controlled by the leader (upper level variables), and

y is the vector of variables controlled by the follower

(lower level variables). f1(x,y) and f2(x,y) are the leader’s

and the follower’s objective functions respectively.

G(x,y) B 0 and g(x,y) B 0 are corresponding constraints of

the upper and lower level problems.

In formal terms, the bilevel programming problems are

mathematical programs in which the subset of variables y is

required to be an optimal solution of another mathematical

program parameterized by the remaining variables x.

The hierarchical process means that the leader sets the

value of his variables first and then the follower reacts,

bearing in mind the selection of the leader.

2.2 Pricing and lot-sizing problems of supply chain

management

Supply chain is a complex hierarchical system. It contains

many different benefit participants, such as supplier,

manufacturer, distributor, retailer and end customer which

compose a very long and hierarchical chain. Each of the

members in the chain independently controls a set of
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decision variables, disjoint from the others, and they need

to make decisions based on their own interests, while still

considering the choice of the others, as the others’ deci-

sions will have an influence on their own interests.

Therefore, it is especially suitable to adopt BLPP to deal

with supply chain management problems.

Supply chain members gain interests by selling prod-

ucts, and the market demand is sensitive to the selling price

of the product. At the same time lot sizing ordering can

effectively bring down some operation costs such as the

retailer’s ordering costs and the manufacturer’s production

cost, so that the decision of pricing and lot-sizing play

important roles in optimizing profits in a supply chain.

There are many researches on pricing and lot-sizing

problems [1, 8, 11, 14, 18, 34]. These literatures consider

pricing and lot-sizing problems by using the traditional

modeling methods, which may neglect that supply chain is

a hierarchical system, and the literatures on the pricing and

lot-sizing policies based on BLPP are seldom. Marcotte

et al. [20] considered the characterization of optimal

strategies for a service firm acting in an oligopolistic

environment, and the decision problem is formulated as a

leader–follower game played on a transportation network.

Dewez et al. [6] and Gao et al. [7] also established bilevel

models for pricing problems.

3 Modeling and algorithm design

3.1 Model formulation

In this section, we consider a two-echelon supply chain

system with one manufacturer and one retailer. The man-

ufacturer purchases raw materials from the supplier first,

then after the manufacturer’s production and processing,

the end products are sold to the retailer. By switching the

leader and follower roles, respectively, between the man-

ufacturer and the retailer, we establish two bilevel models

for joint pricing and lot-sizing decisions. The manufac-

turer’s profit function defines the best manufacturer’s

number of orders ordering from the supplier and wholesale

price determined by the manufacturer in order to maximize

the manufacturer’s net profit. The manufacturer’s net profit

is obtained by deducting the purchasing cost, production

cost, transportation cost, holding cost, and ordering cost

from the sales revenue. The retailer’s profit function

defines the best retailer’s number of orders ordering from

the manufacturer and the retail price determined by the

retailer. The goal is to maximize the retailer’s net profit,

and the net profit is obtained by deducting the purchasing

cost, holding cost, and ordering cost from the sales

revenue.

3.1.1 Assumptions and notations

Some assumptions are given to formulate the mathematical

bilevel model.

1. Both manufacturer and retailer aim to maximize their

own profit, and both of them have right to make

decisions.

2. One unit product is produced by one unit raw material.

3. The market demand is a monotone decreasing function

of the retail price.

4. Manufacturer’s and retailer’s replenishment rates are

instantaneous.

5. Each replenishment time interval is the same and no

shortage is allowed.

6. Finite planning horizon is considered.

The notations used in the paper are as follows:

The manufacturer’s decision variables:

b manufacturer’s number of orders in the planning

horizon

pm unit wholesale price of the product

The retailer’s decision variables:

a number of retailer’s lot size per manufacturer’s lot

size

Q retailer’s lot size

pr unit retail price of the product

Other related parameters are as follows:

T weekly length of the planning horizon

D weekly demand rateD prð Þ ¼ a � p�b
r

hm manufacturer’s weekly holding cost rate

hr retailer’s weekly holding cost rate

Om manufacturer’s ordering cost per order

Or retailer’s ordering cost per order

ps manufacturer’s unit purchase cost

Tc unit transportation cost

Mc unit manufacturing or procurement cost for the

manufacturer

NPm manufacturer’s net profit in the planning horizon

NPr retailer’s net profit in the planning horizon

3.1.2 Model construction

Based on the above assumptions and notations, the net

incomes of the manufacturer and the retailer in the plan-

ning horizon are respectively denoted by Im and Ir as

follows:

Im ¼ pm � ps � Tc �Mcð ÞabQ

Ir ¼ pr � pmð ÞabQ
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Since the manufacturer-retailer-combined average

inventory level is aQ/2, and the retailer’s average

inventory level is Q/2, so the manufacturer’s inventory

level is Q(a - 1)/2.

The holding costs of the manufacturer and the retailer in

the planning horizon are respectively denoted by Hm and

Hr as follows:

Hm ¼ hmT � ps �
Qða� 1Þ

2
¼ hmTpsQða� 1Þ

2

Hr ¼ hrT � pm �
Q

2
¼ hrTpmQ

2

The ordering costs of the manufacturer and the retailer

in the planning horizon are respectively denoted by Cm and

Cr as follows:

Cm ¼ bOm

Cr ¼ abOr

The net profits of the manufacturer and the retailer in the

planning horizon are respectively denoted by NPm and NPr

as follows:

NPm ¼ Im � Hm � Cm

¼ pm � ps � Tc �Mcð ÞabQ� hmTpsQða� 1Þ
2

� bOm

ð2Þ

NPr ¼ Ir � Hr � Cr

¼ prTD� pmabQ� hrTpmQ

2
� abOr

ð3Þ

The relationship between the lot size and the number of

deliveries is

Q ¼ TD

ab
: ð4Þ

We suppose that the retail price is a multiple of the

wholesale price, that is

pr ¼ kpm ð5Þ

where, k denotes the ratio of the retail price to the

wholesale price, and k C 1.

Based on Eqs. (4) and (5), the net profits of the manu-

facturer and the retailer can be written as follows:

NPm ¼ pm � ps � Tc �Mcð ÞTD� hmT2psDða� 1Þ
2ab

� bOm

ð6Þ

NPr ¼ kpmTD� pmTD� hrT
2pmD

2ab
� abOr: ð7Þ

When making the pricing and lot-sizing strategies, if we

take the vendor’s point of view to make his profit a priority

over the buyer, we can designate the vendor as the leader

and the buyer as the follower. Conversely, we can

designate the buyer as the leader and the vendor as the

follower. Both the vendor and the buyer adjust their own

controlling variables respectively, wishing to maximize

their own profits, under specific constraints.

Based on the above formulas, we establish two bilevel

joint pricing and lot sizing models respectively guided by

the manufacturer and the retailer as follows:Model 1:

max
b;pm

NPm

s:t: b 2 Nþ; ps þ Tc þMc� pm� p�

max
a;k

NPr

s:t: a 2 Nþ; 1� k� k�

ð8Þ

In this model, the manufacturer is the leader, who makes

the first decision; and the retailer is the follower, who

makes a decision after the manufacturer.Model 2:

max
a;k

NPr

s:t: a 2 Nþ; 1� k� k�

max
b;pm

NPm

s:t: b 2 Nþ; ps þ Tc þMc� pm� p�

ð9Þ

In this model, the retailer is the leader, who makes the

first decision; and the manufacturer is the follower, who

makes a decision after the retailer.

In reality, the wholesale price and retail price should not

be too high, and they should have upper limits. p* and k* in

Model 1 and Model 2 respectively representing the upper

bounds of pm and k.

Since the above two bilevel models are NP-hard prob-

lems and difficult to be resolved by using the classical

method, thus we will develop a bilevel PSO algorithm to

deal with them in next section.

3.2 Improved bilevel PSO-based algorithm

3.2.1 Basic PSO

PSO algorithm is proposed by Kennedy and Eberhart [10].

It has been proven to be efficient in solving optimization

problem and also has been successfully applied in many

different fields [17, 22, 31]. PSO takes every single indi-

vidual as a particle without quality or volume. Each par-

ticle flies in the search area with a certain velocity. During

the iteration, the particle will track two extreme values:

One is the best solution of each particle gained so far,

which represents the cognition level of each particle; the

other is the global best solution gained by the population,

which represents society cognition level. At each time step,

the PSO algorithm consists of changing the velocity that
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accelerates each particle toward its personal best and global

best locations. Acceleration is weighted by a random term

with separate random numbers being generated for accel-

eration toward personal best and global best locations,

respectively [17]. We suppose that the dimension of search

area is D, and the number of the population is

N. xi ¼ xi1; xi2; . . .; xiDð Þ and vi ¼ vi1; vi2; . . .; viDð Þ respec-

tively represent the particle’s position and velocity. pi ¼
pi1; pi2; . . .; piDð Þ denotes the best position that the particle

has visited, and pg ¼ pg1; pg2; . . .; pgD

� �
denotes the best

position that the swarm has visited. The particles are

manipulated according to the equations below:

vid t þ 1ð Þ ¼ wvid tð Þ þ c1r1 pid tð Þ � xid tð Þð Þ
þ c2r2 pgd tð Þ � xid tð Þ

� �
ð10Þ

xid t þ 1ð Þ ¼ xid tð Þ þ vid t þ 1ð Þ ð11Þ

where, 1 B d B D, 1 B i B N, c1 and c2 are non-negative

constants, which are called the cognitive and social

parameter respectively. r1 and r2 are two random numbers,

which are uniformly distributed in the range (0,1).

vid 2 �vmax; vmax½ �, vmax is the pre-set maximum speed,

when |vid| [ vmax, we set |vid| = vmax, w denotes the inertia

weight that controls the impact of the previous velocity of

the particle on its current velocity, and it plays an important

role in balancing global search ability and local search

ability of PSO.

Shi and Eberhart [25] proposed the linearly decreasing

strategy as follows:

w tð Þ ¼ wmin þ wmax � wminð Þ � tmax � t

tmax

� �
ð12Þ

where, the superscript t denotes the tth iteration, and tmax

denotes the iteration’s maximum number. wmin and wmax

respectively denote the minimum and maximum of original

inertia weight.

To ensure that the search converges, Clerc and Kennedy

[5] introduced a restriction factor into the basic PSO

algorithm. Equation (10) then becomes:

vid t þ 1ð Þ ¼ v vid tð Þ þ c1r1 pid tð Þ � xid tð Þð Þð
þ c2r2 pgd tð Þ � xid tð Þ

� ��
ð13Þ

v ¼ 2

2� u�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 � 4u

p���
���

ð14Þ

where, u = c1 ? c2, u[ 4. According to Eq. (14), v is

restricted by c1 and c2.

3.2.2 Dynamic self-adapting inertia weight

Although the linearly decreasing inertia weight can balance

the global and local search ability, it has shortcomings: the

first one is that the algorithm has weak local search ability

in the forepart of iteration, and the particles sometimes

miss the global optimization point and get in local extre-

mum even if they have been closed to the global optimi-

zation point; the second one is that the iteration’s

maximum number tmax in linearly decreasing inertia weight

is hard to forecast. The restriction factor method also aims

to reduce search step-size gradually in another sense, and

finally makes the algorithm converge toward the extre-

mum. However, this may lead to the algorithm traps in

local extremum easily.

Therefore, to overcome the shortages of basic PSO, we

employ a dynamic self-adapting inertia weight as follows:

w ið Þ ¼ k � fi tð Þ � fbest tð Þj j
1
N

PN

i¼1

fi tð Þ � fbest tð Þ
ð15Þ

where, fi(t) and fbest(t) respectively denotes fitness of ith

particle and best fitness of the whole population in iteration

t. N represents the population size. k is a constant between

0 and 1, and based on numerical experiments we set

k = 0.01 in this paper. According to Eq. (15), in each

iteration, the inertia weight is determined by the particle’s

fitness that makes the algorithm become dynamical and

self-adapting.

3.2.3 Cauchy distribution approach

In Cauchy distribution random numbers are generated

according to the tan function. This distribution is repre-

sented mathematically by

cþ d � tan pi � rand 0; 1ð Þ � 0:5ð Þð Þð Þ ð16Þ

where, c and d are distribution control parameters.

It is clearly known that the slope of the tan function

increases at a very rapid rate. Yao et al. [33] described the

faster convergence of Cauchy with respect to Gaussian

distribution. Sinha et al. [27] showed that Cauchy distri-

bution is better than Gaussian distribution in the way of

standard deviation of the distribution. Thus we will adopt

Cauchy distribution to generate the random numbers in

IBPSO in this paper.

3.2.4 Constraint handling mechanism

For BLPP (1), both the upper level and the lower level

programming problems are standard constraint optimiza-

tion problems without considering the information inter-

action between the leader and the follower. Without loss

of generality, we take the lower level programming

problem as a single independent constraint optimization

problem to describe the constraint handling technique. We

suppose that there are m inequality constraints, and we

also suppose that the decision variable of the upper level
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programming problem, x, is given. In this condition, we

can calculate all particles’ fitness according to the fol-

lowing equations:

fit x; yð Þ ¼
f x; yð Þ; if y 2 X xð Þ
F x; yð Þ; if y 2 SnX xð Þ

(

ð17Þ

F x; yð Þ ¼ f x; yð Þ þM �
Xm

i¼1

max gi x; yð Þ; 0f gð Þ2 ð18Þ

where, S denotes the search space, and X(x) is the feasible

set of the lower level programming problem. M is a pre-set

and sufficiently large positive constant called penalty

factor.

3.2.5 Steps of IBPSO for solving BLPP

The following section will present the steps of IBPSO for

solving BLPP. It contains a main programming and a sub-

programming, and both of them are based on basic PSO

algorithm. According to the interactive iterations of two

basic PSO algorithms, IBPSO can solve BLPP without any

assumed conditions of BLPP, such as the gradient infor-

mation of the objective functions, the convexity of con-

straint regions, and so on. The details will be explained as

follows.

Algorithm 1: Main program

Step 1: Parameters initialization: Initiate the population

size N1, maximum iteration Tmax1, learning factors c1 and

c2, maximum speed vmax, penalty factor M.

Step 2: Population initialization: Initiate each particle’s

position xi and velocity vxi according to upper decision

variables’ range in the upper level. Initiate each particle’s

position yi and velocity vyi according to the decision vari-

ables’ range in the lower level.

Step 3: Initiate the leader’s loop counter t1 = 0.

Step 4: If the algorithm meets the convergence criteria

or maximum iterations is attained, goto the final step, if

not, execute the following steps (Step 4.1–Step 4.5).

Step 4.1: For each given xi, adopt PSO-F to solve the

lower level programming problem to obtain the optimal

solution of the lower level problem y*. Output y* as the

response from the follower.

Step 4.2: Calculate the fitness value of each particle

according to Sect. 3.2.4.

Step 4.3: Record the ith particle’s best own position pxi

and the population’s best position pxg: if the fitness value

(pxi) is better than the best fitness value in history, set

current value as the new pxi; choose the particle with the

best fitness value of all the particles as the pxg.

Step 4.4: Update each particle’s position according to

Eqs. (10), (11), (15) and (16).

Step 4.5: t1 = t1 ? 1.

Step 5: If the algorithm meets the convergence criteria

or the maximum iterations is attained, goto Step 5; if not,

goto Step 3.

Step 6: Output the final results.

Algorithm 2: Subprogram PSO-F

Step 1: Initialize the population size N2, and the maxi-

mum iteration Tmax2.

Step 2: Initiate the follower’s loop counter t2 = 0.

Step 3: Calculate the fitness value of each particle

according to Sect. 3.2.4.

Step 4: Record the ith particle’s best own position pyi

and the population’s best position pyg.

Step 5: Update follower’s velocities and positions

according to Eqs. (10), (11), (15) and (16).

Step 6: t2 = t2 ? 1.

Step 7: If the algorithm meets the convergence criteria

or the maximum iterations is attained, goto Step 8, if not,

goto Step 5.

Step 8: Output y* as the best solution of the lower level

problem.

4 Numerical experiments and model evaluation

4.1 Numerical experiments

To illustrate IBPSO’s performance, we adopt four linear

BLPPs [12] and four nonlinear BLPPs [16] to test the

proposed algorithm IBPSO, and then we compare the

results solved by IBPSO with the results solved by algo-

rithms in the literatures.

Parameters setting: Iterations Tmax1 = Tmax2 = 100;

Population size N1 = N2 = 20; Learning factors c1 = c2 =

2.5; Maximum speed vmax = 10; Penalty factor M = 105.

For each bilevel problem, we execute IBPSO 20 times

independently. GA and PSO in Tables 1 and 2 are two

different algorithms given in Kuo and Huang [12].

HPSOBLP, TRM (trust region method) and Original in

Table 7 are three different algorithms shown in [16].

Comparisons of best and average results of the four

linear bilevel programming problems are given in Tables 1

and 2. The worst results of the four linear bilevel pro-

gramming problems solved by IBPSO and the results

solved by Lingo are given in Table 3. The best and average

results of the eight nonlinear bilevel programming prob-

lems solved by IBPSO are shown in Tables 4, 5,6, 7, 8, 9,

10, 11, and the comparisons are given in Table 12.

In a bilevel decision situation, we always take the lea-

der’s interest as a priority. From Tables 1 and 2, we derive

that for the best and average results of P1–P4 IBPSO is

better than GA and PSO. Especially for P1 and P4, IBPSO

shows a higher accuracy than GA and PSO on the best and
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average results of both f1 (upper level objective) and f2
(lower level objective). That is to say, IBPSO exhibits a

better performance than GA and PSO on the four linear

bilevel programming problems. In addition, Table 3

exhibits that the worst result solved by the proposed

algorithm IBPSO are better than the results solved by

Lingo.

From Tables 4, 5, 6, 7, 8, 9, 10, 11 12, we can see that

the best results of P5-P12 solved by IBPSO are all better

than the results solved by the other algorithms. Especially

for P6, P7, P8 and P12 IBPSO exhibits a much better

performance than TRM, Original and HPSOBLP on the

best results of both f1 and f2. Besides, the average results of

P5, P6 and P8-P12 based on IBPSO are also better than the

best results solved by TRM, Original and HPSOBLP.

Table 13 gives the average computation time of the

twelve test problems based on IBPSO. From Table 13 we

can see that the maximum averaging computation time of

P1-P12 is not more than 68 s. In a word, IBPSO shows a

nice performance on the twelve bilevel programming

problems.

4.2 Model evaluation

In this section, we will adopt IBPSO to deal with the

proposed bilevel joint pricing and lot-sizing models (8) and

Table 1 Comparisons of best results based on three different algorithms

Test

problems

GA PSO IBPSO

Best solutions Best values Best solutions Best

values

Best solutions Best

values

P1

f1 (17.4582, 10.9055) 85.0551 (17.4535, 10.9070) 85.0700 (12.5340, 10.7869) 93.5878

f2 -50.16937 -50.1745 -44.8946

P2

f1 (15.9984, 10.9968) 10.9968 (15.9999, 10.9998) 10.9998 (14.3413, 11.4654) 11.4654

f2 -10.9968 -10.9998 -11.4654

P3

f1 (3.9994, 3.9974) 15.9917 (4, 4) 16 (2.3781, 4.6188) 16.2346

f2 -3.94636 -4 -4.6188

P4

f1 (0, 0.898, 0, 0.599,

0.399)

29.1480 (0.0004, 0.8996, 0, 0.5995,

0.3993)

29.1788 (0.0018, 0.5351, 0.2717, 0.6854,

0.3848)

30.0239

f2 -3.1930 -3.1977 -2.7987

Table 2 Comparisons of average results based on three different algorithms

Test

problems

GA PSO IBPSO

Average solutions Average

values

Average solutions Average

values

Average solutions Average

values

P1

f1 (17.4329, 10.8659) 84.65781 (17.4535, 10.9070) 84.85119 (7.1329, 9.4811) 90.0268

f2 -50.03023 -50.0781 -35.5764

P2

f1 (15.9041, 10.8082) 10.8082 (15.9999, 10.9998) 10.9961 (14.7465, 11.3937) 11.3937

f2 -10.8082 -10.9961 -11.3937

P3

f1 (3.98658, 3.94636) 15.82567 (4, 4) 15.98811 (3.9365, 4.0282) 16.0210

f2 -3.946363 -3.99634 -4.0282

P4

f1 (0.15705, 0.86495, 0,

0.4719, 0.51592)

21.52948 (0.0004, 0.8996, 0,

0.5995, 0.3993)

24.81256 (0.0646, 0.2883, 0.4275,

0.7100, 0.2988)

29.5551

f2 -3.39072 -3.1977 -2.3763

Int. J. Mach. Learn. & Cyber. (2014) 5:281–292 287

123



(9). The parameters in the two models are set as follows:

T = 52; a = 106; ps = 4; Tc = 0.5; Mc = 1; hm = hr =

0.001; Om = 400; Or = 200; k* = 5; p* = 10. The

parameters’ settings of IBPSO are the same as the last

section, and the results are shown in Tables 14 and 15.

Table 3 Comparisons of worst results based on IBPSO and Lingo

Test problems IBPSO Lingo

Worst solutions Worst values Solutions Values

P1

f1 (16.8632, 11.1758) 89.2068 (17.4545, 10.90909) 85.0909

f2 -50.3905 -50.18182

P2

f1 (15.5902, 11.1361) 11.1361 (16, 11) 11

f2 -11.1361 -11

P3

f1 (3.8890, 4.0383) 16.0039 (4,4) 16

f2 -4.0383 -4

P4

f1 (0.1128, 0.3867, 0.3153, 0.6487, 0.5402) 29.2949 (0, 0.9, 0,0.6, 0.4) 29.2

f2 -2.9306 -3.2

Table 4 Best and average results of P5 based on IBPSO

x1 x2 y1 y2 f1 f2

Best

results

0.0356 1.8958 2.9346 1.5055 -15.1603 1.0868

Average

results

0.0393 1.9660 2.6549 1.2880 -14.8601 0.6117

Worst

results

0.0753 1.9362 2.6541 1.3282 -14.6664 0.4145

Table 5 Best and average results of P6 based on IBPSO

x y f1 f2

Best results 0.4960 1.7356 68.5459 -13.5561

Average results 1.1985 1.7791 69.0192 -13.3375

Worst results 0.2719 1.6308 70.1168 -11.7184

Table 6 Best and average results of P7 based on IBPSO

x y f1 f2

Best results 4.0000 0.0000 2.0000 24.0183

Average results 3.9988 0 2.0048 24.0064

Worst results 3.9902 0.0013 2.0504 23.9391

Table 7 Best and average results of P8 based on IBPSO

x1 y1 y2 f1 f2

Best results 1.0965 0.2486 0.9567 1.0665 0.6215

Average

results

0.0001 0.0882 0.6580 1.3436 -1.6295

Worst results 0.0690 0.1547 0.8110 1.4483 -1.6025

Table 8 Best and average results of P9 based on IBPSO

x1 x2 y1 y2 f1 f2

Best

results

0.0087 2.9373 2.8323 2.8840 -11.0004 -0.0280

Average

results

0 3.8253 2.9088 2.7840 -10.2931 -3.2389

Worst

results

1.3884 1.1668 2.5088 1.8447 -9.7278 -3.2373

Table 9 Best and average results of P10 based on IBPSO

x1 x2 y1 y2 f1 f2

Best

results

0.6029 0.5561 2.4622 1.5373 -8.6502 -0.9702

Average

results

0.1037 1.4760 2.6733 2.0277 -8.3124 -0.2594

Worst

results

0.9040 0 2.4023 1.3197 -7.9121 -1.2729

Table 10 Best and average results of P11 based on IBPSO

x1 x2 y1 y2 f1 f2

Best

results

3.8467 0 0.1829 1.9752 -5.0023 -1.4829

Average

results

4.0325 0.0970 0.3486 1.7430 -4.8111 -2.1667

Worst

results

3.8800 0 0.4167 1.4955 -4.5216 -2.6516
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Figures 1, 2, 3, 4 are given based on the data of Tables 13

and 14 to analyze the data directly.

From Tables 14 and 15, we can see that the higher

demand’s sensitivity to the price, the less profits owned by

the vendor and the buyer, no matter who is the leader. This

can be seen form Figs. 1 and 2 obviously. That is to say,

the demand’s sensitivity to the price and the vendor’s and

the buyer’s profits are negatively correlated, and this situ-

ation abides by the market’s rule. Besides, it can also be

seen from Tables 14 and 15 (or Figs. 3 and 4) that the

vendor gets a higher profit when he is the leader of the

supply chain, and so does the buyer. This is because that in

a bilevel decision situation, we always take the leader’s

interest as a priority. The results reveal that when applying

bilevel programming technologies on pricing and lot-sizing

problems in a supply chain, some improvements can be

achieved for a player if he is the leader. Additionally, from

the perspective of the profit of the whole supply chain, the

experimental data show that the vendor, as the leader,

outperforms the buyer as the leader. This is because the

vendor, as the leader, makes the first decision, ensures that

production matches demand more closely, reduces inven-

tory and improves business performance.

Table 11 Best and average results of P12 based on IBPSO

x1 x2 y1 y2 f1 f2

Best

results

3.2369 0 2.0129 0.2832 -4.0577 -2.3787

Average

results

2.4238 0 1.8811 0.1446 -3.8544 -1.8696

Worst

results

1.7154 0 1.7300 0.0816 -3.7224 -1.0143

Table 12 Comparisons of the best results based on three different

algorithms

Test problems Best results

TRM Original HPSOBLP IBPSO

P5

f1 -12.68 -12.68 -14.7578 -15.1603

f2 -1.02 -1.016 0.2067 1.0868

P6

f1 88.79 88.79 88.7757 68.5459

f2 -0.77 -0.77 -0.7698 -13.5561

P7

f1 2 2 2.0000 2.0000

f2 24.02 24.02 24.0190 24.0183

P8

f1 2.75 2.75 2.7039 1.0665

f2 0.57 0.57 0.5602 0.6215

P9

f1 – -8.92 -9.27689 -11.0004

f2 – -6.05 -4.75611 -0.0280

P10

f1 – -7.56 -7.95649 -8.6502

f2 – -0.58 -1.51518 -0.9702

P11

f1 – -3.15 -3.92014 -5.0023

f2 – -16.29 -1.99292 -1.4829

P12

f1 – -3.6 -3.60275 -4.0577

f2 – -2 -1.98489 -2.3787

Table 13 Average computation time based on IBPSO

Test problems Average computation time (s)

P1 10.078000

P2 31.252000

P3 62.537000

P4 67.709000

P5 30.890000

P6 42.746000

P7 42.296000

P8 35.959000

P9 39.093000

P10 40.107000

P11 38.064000

P12 35.053000

Table 14 Different results based on different demand functions of Model 1

Different values of b a b pm k pr Q NPm NPr

b = 1 9 6 10 4.9666 49.6657 19389 4693000 41,514,000

b = 2 2 10 10 1.1494 11.4935 19682 1765300 578,790

b = 3 3 8 10 1.1071 11.0710 1597 168920 35,827

b = 4 3 5 9.6292 1.1830 11.3913 206 10709 2,390
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5 Conclusion

Considering features of BLPP, this paper has proposed an

improved bilevel PSO based algorithm (IBPSO) to deal

with BLPP. IBPSO employs two adaptive PSO as a main

program and a subprogram respectively. According to the

interactive iterations of two improved PSO algorithms,

IBPSO can solve BLPP without some restrictive conditions

of BLPP, such as the gradient information of the objective

functions, the convexity of constraint regions, and so on.

The improved PSO adopts dynamic self-adapting inertia

weight and Cauchy distribution to ensure global search

ability and faster convergence speed of IBPSO. To

Table 15 Different results based on different demand functions of Model 2

Different values of b a b pm k pr Q NPm NPr

b = 1 10 4 8.7450 5 43.7252 29,731 3,829,700 41,585,240

b = 2 9 2 7.8362 5 39.1808 1,882 76,768 1,057,800

b = 3 7 2 6.1733 3.8263 23.6209 282 1,681 65,996

b = 4 6 1 6.7473 2.2504 15.1842 163 735 7,025
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illustrate the performance of IBPSO, we use twelve BLPPs

including four linear problems and eight nonlinear prob-

lems to test IBPSO. Comparing with other algorithms,

IBPSO shows a better performance on the test BLPPs.

Then IBPSO is employed to deal with the two bilevel joint

pricing and lot-sizing models proposed in this paper, and

we obtain the best manufacturer’s and retailer’s number of

orders, retailer’s lot size, wholesale price and retail price

simultaneously under given conditions. Based on the data,

several research findings which abide by the market rule

have been obtained and these findings also give IBPSO a

support that IBPSO is effective in dealing with BLPP.

However, the current algorithm is only suitable for BLPPs.

It is promising to extend the proposed method for multi-

level programming problems in the future.
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Appendix

Problem 1:

max f1 ¼ �2x1 þ 11x2 where x2 solves

max f2 ¼ �x1 � 3x2

s:t: x1 � 2x2� 4; 2x1 � x2� 24; 3x1 þ 4x2� 96; x1

þ 7x2� 126

� 4x1 þ 5x2� 65; x1 þ 4x2� 8; x1� 0; x2� 0

Problem 2:

max f1 ¼ x2 where x2 solves

max f2 ¼ �x2

s:t: � x1 � 2x2� 10; x1 � 2x2� 6; 2x1 � x2� 21

x1 þ 2x2� 38; �x1 þ 2x2� 18; x1� 0; x2� 0

Problem 3:

max f1 ¼ x1 þ 3x2 where x2 solves

max f2 ¼ �x2

s:t: � x1 þ x2� 3; x1 þ 2x2� 12

4x1 � x2� 12; x1� 0; x2� 0

Problem 4:

max f1 ¼ 8x1 þ 4x2 � 4y1 þ 40y2 þ 4y3 where y solves

max f2 ¼ �x1 � 2x2 � y1 � y2 � 2y3

s:t: y1 � y2 � y3� � 1

�2x1 þ y1 � 2y2 þ 0:5y3� � 1

�2x2 � 2y1 þ y2 þ 0:5y3� � 1

x1; x2; y1; y2; y3� 0

Problem 5:

min f1 ¼ �x2
1 � 3x2 � 4y1 þ y2

2

s:t: x2
1 þ 2x2� 4; x1� 0; x2� 0

where y solves

min f2 ¼ 2x2
1 þ y2

1 � 5y2

s:t: x2
1 � 2x1 þ x2

2 � 2y1 þ y2� � 3

x2 þ 3y1 � 4y2� � 4; y1� 0; y2� 0

Problem 6:

min f1 ¼ x2 þ y� 10ð Þ2

s:t: xþ 2y� 6� 0; �x� 0

where y solves

min f2 ¼ x3 � 2y3 þ x� 2y� x2

s:t: � xþ 2y� 3� 0; �y� 0

Problem 7:

min f1 ¼ x� 5ð Þ4þ 2yþ 1ð Þ4

s:t: xþ y� 4� 0; �x� 0

where y solves

min f2 ¼ e�xþy þ x2 þ 2xyþ y2 þ 2xþ 6y

s:t: � xþ y� 2� 0; �y� 0

Problem 8:

min f1 ¼ x1 � y2ð Þ4þ y1 � 1ð Þ2þ y1 � y2ð Þ2

s:t: � x1� 0

where y solves

min f2 ¼ 2x1 þ ey1 þ y2
1 þ 4y1 þ 2y2

2 � 6y2

s:t: 6x1 þ 2y2
1 þ ey2 � 15� 0; �y1� 0; y1 � 4� 0

5x1 þ y4
1 � y2 � 25� 0; �y2� 0; y2 � 2� 0

Problem 9–12:

min
x

f1 ¼ r x2
1 þ x2

2

� �
� 3y1 � 4y2 þ 0:5 y2

1 þ y2
2

� �

min
y

f2 ¼ 0:5 y1 y2½ �H y1 y2½ �T�b xð ÞT y1 y2½ �T

s:t: � 0:333y1 þ y2 � 2� 0; y1 � 0:333y2

� 2� 0; y1� 0; y2� 0

Problem 9:

r ¼ 0:1; H ¼ 1 �2

�2 5

� 	
; b xð Þ ¼

x1

x2

" #

Problem 10:

r ¼ 0:1; H and b xð Þ are the same as in Problem 9

Problem 11:

r ¼ 0:1; H ¼
1 3

3 10

" #

; b xð Þ ¼
�1 2

3 � 3

" #
x1

x2

" #
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Problem 12:

r ¼ 0:1; H is the same as in Problem 11; b xð Þ ¼
x1

x2

" #
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