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Abstract Recently, the theory and applications of soft set has brought the attention by
many scholars in various areas. Especially, the researches of the theory for combining the
soft set with the other mathematical theory have been developed by many authors. In this
paper, we propose a new concept of soft fuzzy rough set by combining the fuzzy soft set
with the traditional fuzzy rough set. The soft fuzzy rough lower and upper approximation
operators of any fuzzy subset in the parameter set were defined by the concept of the pseudo
fuzzy binary relation (or pseudo fuzzy soft set) established in this paper. Meanwhile, several
deformations of the soft fuzzy rough lower and upper approximations are also presented.
Furthermore, we also discuss some basic properties of the approximation operators in detail.
Subsequently, we give an approach to decision making problem based on soft fuzzy rough set
model by analyzing the limitations and advantages in the existing literatures. The decision
steps and the algorithm of the decision method were also given. The proposed approach can
obtain a object decision result with the data information owned by the decision problem only.
Finally, the validity of the decision methods is tested by an applied example.

Keywords Soft sets · Pseudo fuzzy soft sets · Soft fuzzy rough sets

1 Introduction

Many our traditional tools for formal modeling, reasoning and computing are crisp, deter-
ministic and precise in character. However, most of practical problems within fields as diverse
as economics, engineering, environment, social science, medical science involve data that
contain uncertainties. We cannot successfully use traditional mathematical tools because of
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various types of uncertainties existing in these problems. There have been a great amount of
research and applications in the literature concerning some special tools such as probability
theory (Yan 1998), fuzzy set theory (Zadeh 1965), rough set theory (Pawlak 1982, 1991;
Pawlak and Skowron 2007), vague set theory (Gorzalzany 1987), grey set theory (Deng
1986), intuitionistic fuzzy set theory (Atanassov 1986; Davvaz et al. 2006) and interval
mathematics (Gau and Buehrer 1993; Gong et al. 2008; Skowron and Stepaniuk 1996; Wu
and Zhang 2004). However, as pointed out in (Molodtsov 1999) that all of these theories
has its advantage as well as inherent limitations in dealing with uncertainties. One major
problem shared by those theories is their incompatibility with the parameterizations tools.
Consequently, in 1999, Molodtsov posited the concept of the soft set as a new mathematical
tool for dealing with uncertainties that was free from the difficulties that have troubled the
usual theoretical approaches (Molodtsov 1999). As reviewed in (Molodtsov 1999, 2004; Maji
et al. 2003), a wide range of applications of soft set have been developed in many different
fields including the smoothness of functions, game theory, operations research, Riemann
integration, Perron integration, probability theory and measurement theory. Recently, there
has been a rapid growth of interest in both theory and application of soft set. In the following,
we briefly review the mainly results of soft set in existing literatures.

Maji et al. (2002) discussed the soft binary operations in detail like AND, OR, intersection,
De Morgan’s laws and a number of results of soft set. Then they studied the application of
soft set theory in decision making problem. Furthermore, they also extended classical soft
set to fuzzy soft set (Maji et al. 2001). At the same time, Majumdar and Samanta have further
generalized the concept of fuzzy soft set as introduced by Maji et al. (2001). Based on fuzzy
soft set, Roy and Maji (2007) given a method of object recognition from an imprecise multi-
observer data and applied it to decision making problems. Meanwhile, Chen et al. (2005)
pointed out that the results of soft set reduction offered by Maji et al. are incorrect and then
they proposed a new definition of soft set parametrization reduction, and compared it with
the related concept of attributes reduction in rough set theory. By combining the interval-
valued fuzzy set and soft set models, Yang et al. (2009) first defined interval-valued fuzzy
soft set. Then an intuitionistic fuzzy extension of the interval-valued fuzzy soft set, that is, the
interval-valued intuitionistic fuzzy soft set, is proposed by combination of an interval-valued
intuitionistic fuzzy set theory and a soft set theory (Jiang et al. 2010). In addition, Xu et al.
(2010) introduced the notion of vague soft set by combing the vague set and soft set and they
studied the basic properties in depth. Feng et al. (2010a,b) discussed the decision making
based on interval-valued fuzzy soft set by introduce the reduct fuzzy soft set of interval-valued
fuzzy soft set. Moreover, there are also some results about the modified methods for the deci-
sion making based on the fuzzy soft set, intuitionistic fuzzy soft set and other generalized
new soft set (Feng et al. 2010a,b). Since soft set theory emerged as a novel approach for
modelling vagueness and uncertainty, it soon invoked an interesting question concerning a
possible connection between soft set and algebraic systems (Feng et al. 2008). As the first
results on this research direction, Aktas and Cagman (2007) initiated soft groups and showed
that fuzzy groups can be viewed as a special case of the soft group. Jun (2008) applied soft
set to the theory of BCK/BCI–algebra and introduced the concept of soft BCK/BCI–algebra.
Jun and Park (2008) reported applications of soft set in ideal theory of BCK/BCI–algebra.
Soft semirings and several related notions are defined in (Feng et al. 2008) in order to estab-
lish a connection between soft sets and semirings. Like the fuzzy soft set, vague soft set,
intuitionistic fuzzy soft set and other generalized soft sets, Feng et al. (2011) proposed the
soft rough set by combing the soft set and the Pawlak rough set. Meanwhile, Muhammad also
introduces the concept of the soft rough set (Muhammad 2011). Actually, the soft rough set
proposed by Feng’s et al. can be regarded as the rough set based on the covering of a universe
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formed by a soft set on the same universe. The Muhammad’s soft rough set can be regarded
as the rough set based on an indiscernibility relation or equivalence relation defined by the
soft set. Both of the Feng et al. and Muhammad are provide an new approach to combine the
rough set theory with the soft set theory. At the same time, there also have many results of
soft set and its extensions with the applications to diverse areas in practice.

Up to the present, there has been many practical application of soft set theory, especially
the use of soft set in decision making (Chen et al. 2007; Majumdara and Samantab 2010).
Maji et al. (2002) first applied soft set to solve the decision making problem with the help of
rough set approach. Chen et al. (2007) presented a new definition of soft set parametrization
reduction so as to improve the soft set based decision making in Maji et al. (2002). Kong
et al. (2008) introduced the definition of normal parameter reduction in soft set and fuzzy soft
set. To cope with fuzzy soft set based decision making problems, Roy and Maji (2007) pres-
ent a novel method of object recognition from an imprecise mutiobserver data. The method
involved construction of a comparison table from a fuzzy soft set in a parametric sense for
decision making. Subsequently, Kong et al. (2009) argued that the Roy-Maji’s method was
incorrect and they presented a revised algorithm. Furthermore, Feng et al. (2010a,b) gave
deeper insights into decision making based on fuzzy soft set. They discussed the validity
of the Roy-Maji’s method (Roy and Maji 2007) and pointed out its limitations. Then Feng
et al. (2010a,b) proposed an adjustable approach to fuzzy soft set based decision making by
defining the level soft set. Meanwhile, Feng et al. (2010a,b) also discussed the application
of level soft set in decision making based on interval-valued fuzzy soft set. Recently, Jiang
et al. (2010) extend the decision making approach proposed by Feng et al. to the intuitionistic
fuzzy case.

Rough set theory was originally proposed by Pawlak (1982) as a mathematical approach
to handle imprecision, vagueness and uncertainty in data analysis. The theory shows impor-
tant applications to machines learning, intelligent decision-making systems, expert systems,
cognitive science, pattern recognition, image processing, signal analysis, knowledge discov-
ery and many other fields (Pawlak and Skowron 2007). Rough set theory is based on an
assumption that every object in the universe of discourse is associated with some informa-
tion. Objects characterized by the same information are indiscernible. The indiscernibility
relation generated in this way forms the mathematical basis of the rough set theory. In gen-
eral, the indiscernibility relation is also called equivalence relation. Then any subset of a
universe can be characterized by two definable or observable subsets called lower and upper
approximations. However, the equivalence relations in Pawlak rough set is too restrictive for
many practical applications. In recent years, from both theoretical and practical needs, many
authors have generalized the notion of Pawlak rough set by using non-equivalence binary
relations. This has lead to various other generalized rough set models (Bonikowski et al.
1998; Bi et al. 2006; Chen et al. 2007; Faustino et al. 2011; Greco et al. 2002; Gong et al.
2008; Huang et al. 2011; Li et al. 2008; Liu and Sai 2009; Liu and Zhu 2008; Sun et al. 2008;
Wu et al. 2003; Yao and Lin 1996; Yao 1998a,b,c; Ziarko 1993; Zhu 2009). Moreover, many
new rough set models have also established by combing the Pawlak rough set with other
uncertainty theories such as fuzzy set theory, vague set theory, probability theory and so on.

In this paper, we offer the notion of the soft fuzzy rough set, which can be seen as a new
generalized fuzzy rough set model based on fuzzy soft set, by combining the soft set with
the fuzzy rough set. The traditional fuzzy rough set defines on the binary fuzzy relation or
fuzzy equivalence relation of the universe (Xu et al. 2010). In order to give a new approach
to decision making problems, we define a new fuzzy soft set named as pseudo fuzzy soft set
by exchanging the role of the universe U and the parameter set E . In fact, from the definition
of fuzzy soft set and pseudo fuzzy soft set, we known that there defined a fuzzy subset of a
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universe U (and pseudo fuzzy soft set, respectively) for any parameter e ∈ E (and any object
u ∈ U , respectively). So the fuzzy soft set and pseudo fuzzy soft set can be seen as a binary
fuzzy relation defined between the parameter e ∈ E and the element u ∈ U . Then we can
define the lower and upper approximations of any fuzzy set on universe U (and parameter set
E , respectively) as similar as the way of traditional fuzzy rough set. That is, the soft fuzzy
rough set. Like the traditional fuzzy rough set model, the hybrid model combining traditional
fuzzy rough set with fuzzy soft set, the soft fuzzy rough set also can be exploited to extend
many practical applications in reality. Therefore, we propose a novel approach to decision
making based on soft fuzzy rough set theory.

The remainder of this paper is organized as follows: Sect. 2 briefly introduces the basic
concept which is needed in this paper such as soft set, fuzzy soft set, Pawlak rough set and
fuzzy rough set. Section 3 establishes the soft fuzzy rough set model and also discuss the
properties of this model in detail. In Sect. 4, we develop an approach to decision making
based on the soft fuzzy rough set model. The mainly steps and the algorithm of the decision
method proposed in this paper are given. Meantime, an example in reality is applied to illus-
trate the principal and method and validity is also verified successfully. At last we conclude
our research and set further research directions in Sect. 5.

2 Preliminaries

In this section, we review some basic concepts such as soft set, fuzzy soft set and rough set
to be used in this paper.

2.1 Soft set and fuzzy soft set

Throughout in this paper U denotes a non empty finite set unless stated otherwise.
Let U be a universe of objects and E be the set of parameters in relation to objects in U .

Let P(U ) denote the power set of U (Molodtsov 1999).

Definition 2.1 (Molodtsov 1999) A pair (F, E) is called a soft set over U, where F is a
mapping given by F : E → P(U ).

By definition, a soft set (F, E) over the universe U can be regarded as a parameterized
family of subsets of the universe U, which gives an approximation (soft) description of the
objects in U . As pointed in (Maji 2004), for any parameter ε ∈ A, the subset F(ε) ⊆ U may
be considered as the set of ε−approximate elements in the soft set (F, E). It is worth noting
that F(ε) may be arbitrary: some of them may be empty and some may have nonempty inter-
section (Maji 2004). For illustration, Molodtsov consider several examples in (Molodtsov
1999). Similar examples were also discussed in (Molodtsov 2004).

Maji et al. (2001) initiated the study on hybrid structures involving both fuzzy set and soft
set. They introduced in (Maji et al. 2001) the concept of fuzzy soft set, which can be seen as
a fuzzy generalization of soft set.

Definition 2.2 (Maji et al. 2001) Let F(U ) be the set of all fuzzy subsets in a universe U .
Let E be a set of parameters. A pair (F̃, E) is called a fuzzy soft set over U, where F̃ is a
mapping given by F̃ : E → F(U ).

In the above definition, fuzzy subsets in the universe U are used as substitutes for the
crisp subsets of U . So, every soft set also could be considered as a fuzzy soft set. In general,
F̃(ε) = {(x, F̃(ε)(x))|x ∈ U }.
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Similar to the soft set, it is easy to see that every fuzzy soft set can be viewed as an(fuzzy)
information system and be presented by a data table with entries belonging to the unite
interval [0, 1].
Remark 2.1 From the definition of the fuzzy soft set, one can easy to known that the map-
ping F̃ : E → F(U ) is a binary fuzzy relation in essence between the universe U with the
parameter set E . That is, ∀h j ∈ U, ei ∈ E, F̃(ei )(h j ) ∈ F(E × U ).

2.2 Rough set and fuzzy rough set

In this section, we will review the concepts of Pawlak rough set and fuzzy rough set with
some basic results.

First of all, we give the Pawlak rough set as follows (Pawlak 1982).
Any subset of U × U is called a binary relation on U . If R is a binary relation on U, then

R is called

(1) Reflexive if (x, x) ∈ R,∀x ∈ U .
(2) Symmetric if (x, y) ∈ R ⇒ (y, x) ∈ R,∀x, y ∈ U .
(3) Transitive if (x, y) ∈ R and (y, z) ∈ R ⇒ (x, z) ∈ R,∀x, y, z ∈ U .

A binary relation R is called n equivalence relation if it is reflexive, symmetric and transitive.
Let [x]R = {y ∈ U |(x, y) ∈ R} be the equivalence class of x ∈ U . Now we define the
Pawlak approximation space as follows.

Definition 2.3 (Pawlak 1982, 1991; Pawlak and Skowron 2007) Let U be a set called uni-
verse and R be an equivalence relation on U, called indiscernibility relation. This pair (U, R)

is called an approximation space or Pawlak approximation space.

For any X ⊆ U, we call the following two subsets

R(X) = {x ∈ U |[x]R ⊆ U },
R(X) = {x ∈ U |[x]R ∩ X �= ∅},

the lower and upper approximation with respect to the approximation space (U, R). More-
over, if R(X) = R(X), then X is called a definable set with respect to (U, R). Otherwise, X
is called rough set in (U, R).

In the following, we give the fuzzy binary relation and fuzzy rough set.
The class of all fuzzy subsets of U will be denoted by F(U ). For any A ∈ F(U ), the

α−level and the strong α−level of A will be denoted by Aα and Aα+, respectively. That is,
Aα = {x ∈ U |A(x) ≥ α} and Aα+ = {x ∈ U |A(x) > α}, where α ∈ I = [0, 1] the unit
interval, A0 = U and A1+ = ∅. We denote by ∼ A the complement of A.

Definition 2.4 (Wu et al. 2003; Wu and Zhang 2004) A fuzzy subset R ∈ F(U × W ) is
referred to as a fuzzy binary relation from U to W, R(x, y) is the degree of relation between x
and y, where (x, y) ∈ U × W . If for each x ∈ U, there exists y ∈ W such that R(x, y) = 1,

then R is referred to as a fuzzy relation from U to W . If U = W, then R is referred to
as a fuzzy relation on U ; R is referred as to reflexive fuzzy relation if R(x, x) = 1 for all
x ∈ U ; R is referred to as a symmetric fuzzy relation if R(x, y) = R(y, x) for all x, y ∈ U ;
R is referred to as a transitive fuzzy relation if R(x, z) ≥ ∨y∈U (R(x, y) ∧ R(y, z)) for all
x, z ∈ U .

It is easy to see that R is a serial fuzzy relation iff Rα is a serial crisp binary relation for
all α ∈ I ; R is a reflexive fuzzy relation iff Rα is a reflexive crisp binary relation for all
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α ∈ I ; R is a symmetric fuzzy relation iff Rα is a symmetric crisp binary relation for all
α ∈ I ; R is a transitive fuzzy relation iff Rα is a transitive crisp binary relation for all α ∈ I
(Wu and Zhang 2004).

From the definition, the fuzzy rough set is defined as follows:

Definition 2.5 (Wu and Zhang 2004) Let U and W be two non-empty universes of dis-
course and R a fuzzy relation from U to W . The triple (U, W, R) is called a generalized
fuzzy approximation space. For any set A ∈ F(U ), the lower and upper approximations of
A, R(A) and R(A), with respect to the approximation space (U, W, R) are fuzzy sets of U
whose membership functions, for each x ∈ U, are defined, respectively, by

R(A) = ∨y∈W [R(x, y) ∧ A(y)], x ∈ U,

R(A) = ∧y∈W [(1 − R(x, y)) ∨ A(y)], x ∈ U.

The pair (R(A), R(A)) is referred to as a generalized fuzzy rough set, and R and R
F(W ) → F(U ) are referred to as lower and upper generalized fuzzy rough approximation
operators, respectively.

3 Soft fuzzy rough sets and its properties

In this section, we establish the concept of soft fuzzy approximation operators and soft fuzzy
rough set based on the fuzzy soft set and crisp soft set.

In the Molodtsov’s soft set, all the objects which owned some concrete characters in the
universe was described by determining the object set which corresponding to any parameter
e ∈ E of the parameter set E . Such as in the Example 3.1, the object set F(expensive) =
{h2, h4, h6} shows that the house 2, house 4 and house 6 have the character of “Expensive”.

Conversely, for a concretely house hi ∈ U, one want to known what are the features
owned by the house hi ∈ U . Under this considering, we first introduce the concept of pseudo
soft set over the universe in the following.

Definition 3.1 A pair (F−1, E) is called a pseudo soft set over universe U if and only if
F−1 is a mapping of U into the set of all subsets in the parameter set E . Where F−1 is a
mapping given by F−1: U → P(E), where P(E) denotes all subsets of parameter set E .

In other words, a pseudo soft set over U is a parameterized family of subsets of the uni-
verse U . For ε ∈ E, F (ε) may be considered as the set of ε−approximation elements of the
pseudo soft set (F−1, E). Like the soft set, the pseudo soft set is not a set. For illustration,
we present the following example cited from Maji et al. (2003).

Example 3.1 Suppose the following U = {h1, h2, h3, h4, h5, h6} is the set of houses under
consideration. E = {e1, e2, e3, e4, e5} is the set of parameters. Each parameter is a word or
a sentence, where

e1 stands for the parameter Expensive,
e2 stands for the parameter Beautiful,
e3 stands for the parameter Wooden,
e4 stands for the parameter Cheap,
e5 stands for the parameter In the green surroundings.

In this case, to define a soft set means to point out expensive house, beautiful house and
so on. The soft set (F, E) describes the “attractiveness of the house” which Mr. X(say) is
going to buy. The results of this example is presented in the form of Table 1.
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Table 1 Tabular representation
of a soft set

U/E e1 e2 e3 e4 e5

h1 0 1 0 1 1

h2 1 0 0 0 0

h3 0 1 1 1 0

h4 1 0 1 0 0

h5 0 0 1 1 0

h6 1 1 0 0 1

Similarly, to define the pseudo soft set means to point out the features such as expen-
sive,beautiful, wooden and in the green surroundings.

By the definition 3.1, we have the following results:

F−1(h1) = {e2, e4, e5}, F−1(h2) = {e1}, F−1(h3) = {e2, e3, e4},
F−1(h4) = {e1, e3}, F−1(h5) = {e3, e4}, F−1(h6) = {e1, e2, e5}.

This means the house h1 has three features: Beauti f ul, Cheap and In the green
surroundings. Similarly, we can describe the features for other houses in universe U .

From the definition 3.1 and the Example 3.1 we known that pseudo soft set present another
opinion for the universe U and parameter set E . That is, the basic characters of a given object
in universe is described by determining the parameter ei ∈ E in the parameter set E which
corresponding to any object h j ∈ U in the universe U . So, pseudo soft set provides a new
method to describe the essence character of every object in universe.

Like the traditional fuzzy soft set, we also can define the pseudo fuzzy soft set based on
the pseudo soft set.

Definition 3.2 A pair (F̃−1, E) is called a pseudo fuzzy soft set over U if and only if F̃−1 is
a mapping of U into the set of all fuzzy subsets of the set E, where F̃−1 is a mapping given
by F̃−1: U → F(E). Where F(U ) denotes all fuzzy subsets of parameter set E .

That is, F̃−1(h)(e) ∈ [0, 1],∀h ∈ U, e ∈ E .
Clearly, from the definition of pseudo fuzzy soft set we known that the pseudo fuzzy

mapping F̃−1: U → F(E) is a binary fuzzy relation defined between the universe U with
the parameter set E . That is, for any hi ∈ U, e j ∈ E, F̃−1(hi )(e j ) ∈ F(U × E).

In general, F̃−1(hi )(e j ) does not satisfy reflexive,symmetric and transitive. Therefore,
F̃−1(hi )(e j ) is a arbitrary fuzzy binary relation.

Based on the concept of the pseudo soft set, we define the soft fuzzy rough set as follows:

Definition 3.3 Let (F̃−1, E) be a pseudo fuzzy soft set over U . We call the triple (U, E, F̃−1)

the soft fuzzy approximation space. For any A ∈ F(E), the lower and upper approximations
of A, F(A) and F(A) with respect to the soft fuzzy approximation space (U, E, F̃−1) are
fuzzy sets of U whose membership functions for each x ∈ U, are defined, respectively, by

F(A)(x) = ∧y∈E [(1 − F̃−1(x)(y)) ∨ A(y)], x ∈ U,

F(A)(x) = ∨y∈E [F̃−1(x)(y) ∧ A(y)], x ∈ U.

The pair (F(A), F(A)) is referred to as a soft fuzzy rough set and F and F : F(E) → F(U )

are referred to as a lower and upper soft fuzzy rough approximation operators, respectively.
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In general, it is worth noting that F(A) ⊆ F(A) does not hold since F̃−1 is a arbitrary
fuzzy binary relation only.

Remark 3.1 If (F̃−1, E) is a pseudo soft set over U, then we call the triple (U, E, F̃−1) the
soft approximation space, and the above soft fuzzy rough approximation operators are boils
down to the following forms:

F(A)(x) = ∧y∈F̃−1(x)
A(y), x ∈ U,

F(A)(x) = ∨y∈F̃−1(x)
A(y), x ∈ U.

In this case, we call the pair (F(A), F(A)) soft rough fuzzy set. Therefore, the soft rough
fuzzy set is a special case of soft fuzzy rough set under the conditional of the pseudo mapping
F̃−1. That is to say, the soft fuzzy rough set in definition 3.1 has included the soft rough
fuzzy set. This conclusion is identical with the traditional theory of fuzzy rough set and rough
fuzzy set.

Remark 3.2 Let the triple (U, E, F̃−1) be the soft fuzzy approximation space. If A ∈ P(E),

that is, A is a crisp set of E, then the soft fuzzy rough approximation operators are boil down
to the following forms:

F(A)(x) = ∧y �∈A((1 − F̃−1(x)(y))), x ∈ U,

F(A)(x) = ∨y∈A F̃−1(x)(y), x ∈ U.

In this case, the above two operators F(A) and F(A) present the approximation of any
crisp subset set in parameter set E on the soft fuzzy approximation space (U, E, F̃−1).

Remark 3.3 If (F̃−1, E) is a pseudo soft set over U, then the triple (U, E, F̃−1) is degen-
erated to soft approximation space. If A ∈ P(E) is a crisp set of E, the soft fuzzy rough
approximation operators are boil down to the following forms:

F(A)(x) = {y ∈ E |∃x ∈ U,� y ∈ F̃−1(x) ⊆ A},
F(A)(x) = {y ∈ E |∃x ∈ U,� y ∈ F̃−1(x) ∩ A �= ∅},

In this case, we call the pair (F(A), F(A)) soft rough set. Actually, this definition is
identical with the Feng’s et al. definition (Feng et al. 2011). That is, the soft fuzzy rough set
proposed in this paper has provided a general framework for study the soft rough set theory,
and it also included the existing soft rough set model.

On the other hand, from the above discussion, we can easy to known that the soft fuzzy
rough set is a naturally generalization of the traditional fuzzy rough set based on the fuzzy
soft set or the pseudo fuzzy soft set. Moreover, the soft fuzzy rough set also present a new
insight for combining the soft set theory with the other uncertainty mathematical theory
such as interval-valued fuzzy set theory, intuitionistic fuzzy set theory and interval-valued
intuitionistic fuzzy set theory and so on.

To illustrate the above results. Let us consider the following example.

Example 3.2 Table 2 present a fuzzy soft set cited from (Roy and Maji 2007).

Given a fuzzy subset A ∈ F(E). The values of the membership function as:

A = 0.2

e1
+ 0.8

e1
+ 0.5

e3
+ 0.3

e4
+ 0.6

e5
+ 0.1

e6
+ 0.9

e7

123



Soft fuzzy rough sets and its application 75

Table 2 Tabular representation of a fuzzy soft set

U/E e1 e2 e3 e4 e5 e5 e7

h1 0.3 0.1 0.4 0.4 0.1 0.1 0.5

h2 0.3 0.3 0.5 0.1 0.3 0.1 0.5

h3 0.4 0.3 0.5 0.1 0.3 0.1 0.6

h4 0.7 0.4 0.2 0.1 0.2 0.1 0.3

h5 0.2 0.5 0.2 0.3 0.5 0.5 0.4

h6 0.3 0.5 0.2 0.2 0.2 0.3 0.3

From the definition 3.3, we have the lower and upper approximations of A, respectively, as
follows:

F(A)(h) = ∧e∈E [(1 − F̃−1(h)(e)) ∨ A(e)], h ∈ U,

F(A)(h) = ∨e∈E [F̃−1(h)(e) ∧ A(e)], h ∈ U.

Then, we obtain the fuzzy lower and upper approximations of A as follows:

F(A)(h1) = 0.6, F(A)(h1) = 0.5, F(A)(h2) = 0.5, F(A)(h2) = 0.5,

F(A)(h3) = 0.5, F(A)(h3) = 0.6, F(A)(h4) = 0.3, F(A)(h4) = 0.4,

F(A)(h5) = 70.5, F(A)(h5) = 0.5, F(A)(h6) = 0.6, F(A)(h6) = 0.5,

That is, we obtain the lower and upper approximations of fuzzy subset A in parameter set E .

F(A) = 0.6

h1
+ 0.5

h2
+ 0.5

h3
+ 0.3

h4
+ 0.5

h5
+ 0.6

h6
,

F(A) = 0.5

h1
+ 0.5

h2
+ 0.6

h3
+ 0.4

h4
+ 0.5

h5
+ 0.5

h6
,

It is easy to verify that F(A) �⊆ F(A). Moreover, we also can be easily illuminated another
three cases presented in Remarks 3.1, 3.2 and 3.3.

In the following, we discuss several properties of soft fuzzy rough approximation opera-
tors.

Proposition 3.1 Let (U, E, F̃−1) be the soft fuzzy approximation space. For any A ∈ F(E),

then we have

F(A) =∼ F(∼A), A = ∼F(∼A).

Proposition 3.1 shows that the soft fuzzy rough approximation operators F and F are dual
to each other. Moreover, the following results are clear for this operators.

Theorem 3.1 Let (U, E, F̃−1) be the soft fuzzy approximation space. For any A, B ∈ F(E),

then we have

(1) F(A ∩ B) = F(A) ∩ F(B), F(A ∪ B) = F(A) ∪ F(B),

(2) F(A ∪ B) ⊇ F(A) ∪ F(B), F(A ∩ B) ⊆ F(A) ∩ F(B),

(3) A ⊆ B → F(A) ⊆ F(B), F(A) ⊆ F(B).

Proof It can be easily verified by the definition. ��
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Actually, the above results in Theorem 3.1 are similar to the traditional fuzzy rough set
(Wu and Zhang 2004).

Proposition 3.2 Let (U, E, F̃−1) be the soft fuzzy approximation space. If for each h ∈ U,

there exists e ∈ E such that F̃−1(h)(e) = 1. That is, F̃−1 is referred to as a serial fuzzy
relation from U to parameter set E. Then the soft fuzzy rough approximation operators F
and F satisfy the following properties:

(1) F(∅) = ∅, F(E) = U,

(2) F(A) ⊆ F(A), for any A ∈ F(E).

Remark 3.4 Actually, the soft fuzzy rough approximation operators defined in this paper can
be regarded as the fuzzy rough set model over two different universes of discourse based
on the pseudo fuzzy mapping or pseudo fuzzy binary relation F̃−1 between universe U and
parameter set E . Since the universe U and the parameter set E are different completely and
have concrete meanings. That is, the universe U and the parameter set E can’t be regarded
as two same universe of discourse. So, it does not existing the Reflexive, symmetric and
transitive for the pseudo fuzzy mapping or pseudo fuzzy binary relation F̃−1 since all this
properties are defined on the same one universe.

Therefore, we can not discuss the results which similar to the traditional fuzzy rough set
by adding some restricted conditions to the pseudo fuzzy mapping or pseudo fuzzy binary
relation F̃−1 for the soft fuzzy rough approximation operators F and F .

This is a visibly difference between the soft fuzzy rough set model with the traditional
generalized fuzzy rough set model.

4 Soft fuzzy rough sets based decision making

In this section, we establish an approach to decision making problem based on the soft fuzzy
rough set model proposed in this paper.

Since soft set was introduced by Molodtsov in 1999, soft set and its various extensions
have been applied in dealing with decision making problems (Maji et al. 2002, 2003). Like
most of the decision making problems with fuzzy set theory, rough set theory and so on, the
existing results of soft set and other extended soft set such as fuzzy soft set, intuitionistic
fuzzy soft set and interval-valued fuzzy soft set based decision making involves the evalua-
tion of all the objects which are decision alternations. Some of there problems are essentially
humanistic and thus subjective in nature (e,g. human understanding and vision systems).
In general, there actually does not exist a unique or uniform criterion for the evaluation of
decision alternatives (Feng et al. 2010b).

Therefore, every existing decision approach could inevitably have their limitations and
advantages more or less. In fact, all the existing approach to decision making based on
soft set and its extensions theory have solved kinds of decision problem effectively. In Roy
and Maji (2007) the author first gives the decision method based on fuzzy soft set theory.
In Feng (2010), the authors analyzed the limitations of the decision method proposed by Roy
and Maji in detail and established a new modified decision approach based on fuzzy soft set
theory. Though the Feng’s et al. method has overcome the limitations exiting in the Roy and
Maji’s method, but there need to chose the thresholds in advance by decision makers. Then
the results will be dependent the threshold values to a certain extent.

In this paper, we propose an new approach to decision making based on soft fuzzy rough
set theory. This approach will using the data information provided by the decision making
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problem only and does not need any additional available information provided by decision
makers or other ways. So, it can avoid the effect of the subjective information for the decision
results. Therefore, the results could be more objectively and also could avoid the paradox
results for the same decision problem since the effect of the subjective factors by the different
experts.

In the following subsections, we will present the decision steps and the algorithm for the
new approach, respectively, in detail.

4.1 Steps for soft fuzzy rough sets based decision making

The existing approaches to decision making problems based on fuzzy soft set are mainly focus
on the choice value ci (Roy and Maji 2007) of the membership degree about the parameter set
for the given object in universe U and the score of an object oi according to the comparison
table. Then select the object of the universe U with maximum choice value ci or maximum
score as the optimum decision.

However, for a ceratin decision evaluation problem, one want to find out the decision
alternative in universe with the evaluation value as larger as possible on every evaluate index.

Thus, we first constructive an optimum (ideal) normal decision object A on the evaluation
universe E as follows:

A =
|E |∑

i=1

max F̃(ei )

ei
, ei ∈ E, i.e., A(ei ) = max{F̃(ei )(h j )|h j ∈ U }

where |E | denotes the cardinality of the parameter set E .
Obviously, we define a new fuzzy subset A of the parameter set E by the Maximum

operator for the fuzzy subset F̃(ei ) = { F̃(ei )(hi )
h j

|ei ∈ E, h j ∈ U }, j = 1, 2 . . . , |U | of the
universe U .

Secondly, calculating the soft fuzzy rough lower approximation F(A) and soft fuzzy
rough upper approximation F(A) of the optimum (ideal) normal decision object A by the
definition 3.3. From the definition 3.3, we known that both of the soft fuzzy rough lower
approximation F(A) and the soft fuzzy rough upper approximation F(A) are fuzzy subsets
of the universe U .

On the other hand, the rough lower approximation and upper approximation are two most
close to the approximated set of the universe. Therefore, we obtain two most close values
F(A)(hi ) and F(A)(hi ) to the decision alternative hi ∈ U of the universe U by the soft
fuzzy rough lower and upper approximations of the fuzzy subset A.

So, we redefine the choice value σi , which used by the existing decision making based
fuzzy soft set, for the decision alternative hi on the universe U as follows:

σi = F(A)(hi ) + F(A)(hi ) hi ∈ U.

Finally, taking the object hi ∈ U in universe U with the maximum choice value σi as the
optimum decision for the given decision making problem.

In general, if there exists two or more object hi ∈ U with the same maximum choice value
σi , then take one of them random as the optimum decision for the given decision making
problem.
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Table 3 The results of the decision algorithm

U/E e1 e2 e3 e4 e5 e6 e7 F(A) F(A) Choice value (σi )

h1 0.3 0.1 0.4 0.4 0.1 0.1 0.5 0.6 0.6 σ1 = 1.1

h2 0.3 0.3 0.5 0.1 0.3 0.1 0.5 0.5 0.5 σ2 = 1.0

h3 0.4 0.3 0.5 0.1 0.3 0.1 0.6 0.5 0.6 σ3 = 1.1

h4 0.7 0.4 0.2 0.1 0.2 0.1 0.3 0.6 0.7 σ4 = 1.3

h5 0.2 0.5 0.2 0.3 0.5 0.5 0.4 0.5 0.5 σ5 = 1.0

h6 0.3 0.5 0.2 0.2 0.2 0.3 0.3 0.5 0.5 σ6 = 1.0

A 0.7 0.5 0.5 0.4 0.5 0.5 0.6 − − –

“–” denotes non value exist

4.2 Algorithm for soft fuzzy rough sets based decision making

In this subsection, we present the algorithm for the approach to the decision making problem
based on soft fuzzy rough set model.

Let U be the universe of the discourse, E be the parameter set. (F, E) is the soft set,
(F̃, E) is the fuzzy soft set and (F̃−1, E) is the pseudo fuzzy soft set over universe U . Then
we present the decision algorithm for the soft fuzzy rough set as follows:

1. Input the fuzzy soft set (F̃, E) or the pseudo fuzzy soft set (F̃−1, E).

2. Compute the optimum (or ideal) normal decision object A = ∑|E |
i=1

max F̃(ei )
ei

, ei ∈ E .
3. Compute the soft fuzzy rough lower approximation F(A) and soft fuzzy rough upper

approximation F(A).
4. Compute the choice value σi = F(A)(hi ) + F(A)(hi ), hi ∈ U .
5. The decision is hk ∈ U if σk = max

i
σi , i = 1, 2, . . . , |U |.

6. If k has more than one value then any one of hk may be chose.

4.3 Application for soft fuzzy rough sets based decision making

In this subsection, we show the principal and steps of the approach to decision making pro-
posed in this paper by using an example for selection of the house cited from (Roy and Maji
2007).

The problem we consider is as follows.
Let U = {h1, h2, h3, h4, h5, h6} be a set of six houses. E = {expensive(e1), beauti f ul

(e2),wooden(e3), cheap(e4), in the surroundings(e5), modern(e6), in good repair(e7)}
be consisting of the parameters that Mr. X(say) is interested in buying a house. That means
out of available house in U, Mr. X want to buy the house which qualifies with the attributes
in E to the utmost extent.

Now all the available information on houses under consideration can be formulated as a
fuzzy soft set (F̃, E) or a pseudo fuzzy soft set (F̃−1, E) describing Attractiveness of house
that Mr.X is going to buy. Table 2 (in Example 3.2) gives the tabular representation of the
fuzzy soft set (F̃, E) or pseudo fuzzy soft set (F̃−1, E).

By using the algorithm for soft fuzzy rough set based decision making presented in this
section, we obtain the results as the Table 3.

From the above results table, it is clear that the maximum choice value is σ4 = 1.3, scored
by h4 and the decision is in favour of selecting the house h4.
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5 Conclusions

In this paper, we have developed a new concept of soft fuzzy rough set by combing the fuzzy
soft set with the fuzzy rough set. It is also can be viewed as a generalization of fuzzy soft
set based on the Pawlak rough set. The relationship between the soft fuzzy rough set with
the existing generalized soft set were established. Furthermore, several properties of the soft
fuzzy rough set were discussed in detail.

In addition, we review the existing approach to decision making based on soft set and its
extensions and analyze their limitations and advantages, then we proposed a new decision
method based on soft fuzzy rough set. Moreover, a practical application based on soft fuzzy
rough set is applied to show the validity.

Actually, there are at least two aspects in the study of rough set theory: constructive and
axiomatic approaches (Wu and Zhang 2004), so is true soft fuzzy rough set. In this paper, we
define the soft fuzzy rough approximation operators and discuss the basic properties by the
constructive method. So further work should consider the axiomatic approaches to the soft
fuzzy rough set and the modification of the proposed decision method.
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