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Rough set theory has been combined with intuitionistic fuzzy sets in dealing with uncertainty decision
making. This paper proposes a general decision-making framework based on the intuitionistic fuzzy
rough set model over two universes. We first present the intuitionistic fuzzy rough set model over two
universes with a constructive approach and discuss the basic properties of this model. We then give a
new approach of decision making in uncertainty environment by using the intuitionistic fuzzy rough sets
over two universes. Further, the principal steps of the decision method established in this paper are
presented in detail. Finally, an example of handling medical diagnosis problem illustrates this approach.
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1. Introduction

The concept of rough sets was originally proposed by

Pawlak (1982) as a mathematical approach to handle

imprecision, vagueness and uncertainty in data analysis.

This theory has been successfully applied in solving a variety

of problems (Han and Kamber, 2006), especially in the areas

of multi-criteria decision making and group decision making.

Fuzzy set theory, proposed by Zadeh (1965), has been

successfully applied in various fields. In this theory, the

membership degree of an element to a fuzzy sets is a real

number from 0 to 1. In reality, however, it may not be

certain whether the non-membership degree is equal to 1

minus the membership degree for an element or not.

Intuitionistic fuzzy set theory, as a generalization of fuzzy

set theory, was then proposed by Atanassov (1986, 1999) in

1983. Fuzzy set theory gives a membership degree to every

element of the universe, and the non-membership degree

equals 1 minus the membership degree. However, the

membership degree and non-membership could be inde-

pendent for an intuitionistic fuzzy sets. In this way, the

only constraint is that the sum of the membership degree

and non-membership does not exceed 1.

It has been popularly accepted that intuitionistic fuzzy

set theory generalizes both fuzzy set theory and vague set

theory (Bustince and Burillo, 1996; Coker, 1998; Cattaneo

and Ciucci, 2006). Moreover, vague sets has been proven to

be equivalent with intuitionistic fuzzy sets. Recently,

intuitionistic fuzzy set theory has been applied to many

fields such as logic programming, medical diagnosis,

decision-making problems and microelectronic fault analysis.

Although there have been many fruitful results of rough

sets and fuzzy sets both in theory and applications by

combining rough set theory and fuzzy set theory (Nanda

and Majumda, 1992; Radzikowska and Kerre, 2002; Feng

et al, 2010), studies on combining intuitionistic fuzzy set

theory and rough set theory are rare. In practice, however,

by combining intuitionistic fuzzy set theory and rough set

theory, we arrive at a new hybrid mathematical structure

that could solve data-handling problems.

There has been some recent research, such as the fuzzy

rough sets proposed by Nanda and Majumda (1992),

Chakrabarty et al (1998) and Jena and Ghosh (2002),

independently proposing the concept of intuitionistic fuzzy

rough sets in which both the lower and upper approxima-

tions are intuitionistic fuzzy sets. Samanta and Mondal

(2001) have also introduced rough intuitonistic fuzzy sets in

which the membership and non-membership functions are

no longer fuzzy sets but fuzzy rough sets according to the

definition given by Nanda and Majumdar. Nevertheless,

the intuitionistic fuzzy rough sets and rough intuition-

istic fuzzy sets mentioned above are not defined in the

approximation space. Rizvi et al (2002) have proposed the

concept of rough intuitionistic fuzzy sets by employing

Pawlak approximation space (U,R). However, the lower

and upper approximations in this definition is not

intuitionistic fuzzy sets of universe U, but the intuitionistic

fuzzy sets on the family of equivalence classes formed by

the equivalence relation R of universe U. According to the
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existing research on this topic, many authors have

investigated the combination of rough sets and intuitionis-

tic fuzzy sets and have established many valuable conclu-

sions (Gerstenkorn and Manko, 1995; Cornelis et al, 2003;

Radzikowska, 2006; Zhou and Wu, 2008; Zhou et al,

2009a, b; Wu and Zhou, 2011).

Thus far, most research on decision making under

uncertainty has been conducted on the assumption of the

same universe. In reality, however, the possible two or

more different universes and their interrelations may

invalidate the current rough set theory when practical

decision making is concerned, thus necessitating the

research on two universes or multi-universes. As is well

known, uncertainty is an inseparable aspect of medical

diagnosis in clinics (De et al, 2001; Straszecka, 2007). A

symptom is an uncertainty index of whether a disease may

occur or not. Symptoms and diseases belong to two

different universes, although they are interrelated with each

other (De et al, 2001; Straszecka, 2007). Thus, uncertainty

arises when describing the interrelations between symp-

toms and diseases in clinic. For example, in a doctor’s

specific group of the patients, each patient may show many

symptoms, just as each disease could have many basic

symptoms. This makes it very difficult for a doctor to

decide which disease the patient has.

Another example concerns the conflict analysis, the

approach of Pawlak rough set theory that has been

introduced to study the conflict analysis problem; however,

scholars have pointed out limitations when this classical

rough set theory has been applied to conflict analysis. To

overcome the limitations of the conflict analysis based on

classical Pawlak rough set model, a new rough set model

for conflict analysis based on rough set theory over two

universes has been introduced (Sun and Ma, 2011b). Then

the existing limitations of classical rough set approach can

be overcome by studying the rough set model over two

universes for the conflict analysis.

In general, rough set theory is regarded as a non-numeric

method for dealing with uncertainty decision problem. In

order to present a unified framework for uncertainty

decision problem, a general notion of interval structure has

been proposed and discussed in detail (Wong et al,

1993a, b; Yao et al, 1995; Yao, 1996), and a generalized

rough set model over two universes has been proposed

based on the so-called compatibility view. It is the earliest

theory and model of rough sets over two universes.

Subsequently, many scholars investigated the rough set

theory over two universes from different viewpoints,

resulting in valuable conclusions (Wu and Zhang, 2003;

Gong and Sun, 2008; Yan et al, 2010; Ma and Sun,

2012a, b; Sun and Ma, 2012).

With reference to the requirement of the applications in

practice, as well as the complement of the theoretical aspect

of rough sets, this paper mainly focuses on the intuitionistic

fuzzy rough set theory over two universes in an attempt to

build up a general framework of the decision methodology

based on intuitionistic fuzzy rough set theory over two

universes.

The rest of the paper is organized as follows. The next

section reviews the basic concepts of intuitionistic fuzzy

sets, rough sets and fuzzy rough sets over two universes.

Section 3 first defines the intuitionistic fuzzy rough set

model in fuzzy approximation space over two universes

and then investigates the basic properties of this model.

Next, the concept of rough intuitionistic fuzzy sets as a

special case of intuitionistic fuzzy rough sets over two

universes is proposed. Under the premise of the proposed

model, a general approach to decision making based on

intuitionistic fuzzy rough sets over two universes is

established with a medical diagnosis as the background

for the application in Section 4. In Section 5, a numerical

example of a medical diagnosis is applied to illuminate the

principal steps of the proposed decision method. We draw

conclusions and set further research directions in Section 6.

2. Preliminaries

In this section, we will introduce some basic notions related

to intuitionistic fuzzy sets, rough sets and fuzzy rough sets

over two universes.

2.1. Intuitionistic fuzzy sets

Let U be a non-empty finite set called the universe of

discourse. The class of all subsets (fuzzy subsets) of U will

be denoted by P(U) (F(U)). For any aA[0, 1], â will denote

the constant fuzzy sets âðxÞ ¼ a for all xAU.

Definition 2.1 Let U be a non-empty finite set. An

intuitionistic fuzzy set A in U is an object having the form

A¼ {/x,mA(x), vA(x)S|xAU}, where mA: U-[0, 1] and

vA(x):U-[0, 1] satisfy 0pmA(x)þ vA(x)p1 for all xAU,

mA(x) and vA(x), respectively, are called the membership

degree and non-membership degree of xAU to A.

(Atanassov, 1986, 1999).

Alternatively, for any xAU, pA(x)¼ 1�mA(x)�vA(x) stands
for hesitancy degree or uncertainty of x belongs to A in U.

Furthermore, Szmidt and Kacprzyk (2001) establish that

pA(x) the index of intuitionistic of x belongs to A in U and

satisfies 0ppA(x)p1.

Particularly, if pA(x)¼ 1�mA(x)�[1�mA(x)]¼ 0 for any

xAU, then A boils down to a Zadeh fuzzy sets (Atanassov

1999). That is, Zadeh fuzzy sets can be regarded as a

special case of intuitionistic fuzzy sets.

Remark 2.1 From the definition of pA(x), it can be easily

seen there is a positive correlation between the uncertainty

of A and pA(x).
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The family of all intuitionistic fuzzy subsets in U is

denoted by IF(U). The complement of an intuitionistic

fuzzy sets A is denoted by B{/x, vA(x),mA(x)S|xAU},

where B stands for the complement of a set.

Obviously, every fuzzy sets A¼ {/x,A(x)S|xAU}¼
{/x,mA(x)S|xAU} changes into the intuitionistic fuzzy sets

with the form {/x,mA(x), 1�mA(x)S|xAU}.

In the following, we introduce some basic operations on

IF(U) (Sun et al, 2011; Zhou et al, 2009a, b).

For any A,BAIF(U), the following properties hold:

ADB if and only if mA(x)pmB(x) and vA(x)XvB(x) for all

xAU,

A+B if and only if BDA,

A¼B if and only if A+B and BDA,

A \ B ¼ fhx;minðmAðxÞ; mBðxÞÞ;
maxðnAðxÞ; nBðxÞÞjx 2 Ug;

A [ B ¼ x;max mAðxÞ; mBðxÞð Þ;min nAðxÞ; nBðxÞð Þh if jx 2 Ug:

2.2. Fuzzy rough sets over two universes

First of all, we give the rough sets over two universes

(Wong et al, 1993a, b; Yao et al, 1995; Pei, 2005; Pei and

Xu, 2007).

Let U,V be two non-empty finite universes; a compat-

ibility relation C between U and V is defined as follows:

For any uAU,vAV, the compatibility relation between u

and v is defined by a set-valued mapping r:U-2V; that is,

r(u)¼ {vAV|uCv,8uAU } where r(u) denotes all elements

in V related with u. For any X(XDV), the lower and upper

approximations of X with the compatibility relation C are

defined as follows:

apr
C
ðXÞ ¼ u 2 UjrðuÞ � Xf g;

aprCðXÞ ¼ u 2 UjrðuÞ \ Xa |f g:

Meanwhile, the positive region, negative region and

boundary region of X are defined as follows:

posCðXÞ ¼ apr
C
ðXÞ; negCðXÞ ¼� aprCðXÞ;

bnCðXÞ ¼ aprCðXÞ � apr
C
ðXÞ:

If apr
C
ðXÞ ¼ aprCðXÞ; then X is called definable set over

two universes. Otherwise, X is called rough sets over two

universes.

In the following, we present the definition of fuzzy rough

sets over two universes (Liu, 2010).

Let U,V be two non-empty finite universes. We call

fuzzy subset RAF (U � V) a fuzzy relation on U � V.

Especially, if U¼V, we call RAF(U � U) the binary fuzzy

relation of U (Nanda and Majumda, 1992).

Definition 2.2 Suppose RAF(U � U), if R satisfies the

following conditions:

(a1) Reflexive: R(u,u)¼ 1,8uAU,

(b1) Symmetric: R(u,v)¼R(v,u),8u,vAU,

(c1) Transitive: R(u, v)p3wAU(R(u,w)4R(w, v)),8u,vAU,

then we call R a fuzzy equivalence relation on U.

(Radzikowska and Kerre, 2002).

In addition, if R satisfies reflexive and symmetric, then

we call R a fuzzy similarity relation.

Definition 2.3 Let U and V be two non-empty finite

universes and R be a fuzzy binary relation fromU to V. We

call (U,V,R) a fuzzy approximation space over two

universes. (Radzikowska and Kerre, 2002; Liu, 2010).

For any YAF(V), a fuzzy rough sets is a pair of fuzzy

sets ðRðYÞ;RðYÞÞ of U which is defined as follows:

RðYÞðxÞ ¼ ^
y2V
ðð1� Rðx; yÞÞ _ YðyÞÞ; x 2 U;

RðYÞðxÞ ¼ _
y2V
ðRðx; yÞ ^ YðyÞÞ; x 2 U:

R and R : FðVÞ ! FðUÞ , respectively, are referred to as

the lower and upper approximation operators. Meantime,

the lower and upper approximations can also be defined

based on general t-norms and fuzzy negations.

Note that if R is a crisp binary relation from U to V,

there are:

RðYÞðxÞ ¼ ^
y2rðxÞ

YðyÞÞ; RðYÞðxÞ ¼ _
y2rðxÞ

YðyÞ:

Moreover, along the line of the rough sets over two

universes, there are also several extensions of the fuzzy

rough sets over two universes (Sun and Ma, 2011a).

3. Intuitionistic fuzzy rough sets over two universes

The concept of intuitionistic fuzzy rough sets over two

universes was initially proposed by Sun et al (2011). In this

section, we will briefly present the fundamental theory of

intuitionistic fuzzy rough sets over two universes. First, we

will introduce intuitionistic fuzzy rough approximation

operators defined on fuzzy approximation space over two

universes. Next, we will give the properties of intuitionistic

fuzzy rough sets and the relationship between intuitionistic

fuzzy rough set model and other rough set model over two

universes in detail.

In the following, we give the definition of lower and

upper approximations of intuitionistic fuzzy sets in fuzzy

approximation space over two universes.

Definition 3.1 Let U and V be two non-empty finite

universes, and RAF(U � V) be binary fuzzy relation over

B Sun et al—An approach to intuitionistic fuzzy rough sets-based decision making 1081
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U and V. (U,V,R) is called fuzzy approximation space

over two universes. A¼ {/x,mA(x),nA(x)S|xAU}AIF(U) is

an intuitionistic fuzzy sets. Then the lower and upper

approximations of A with respect to (U,V,R), respectively,

are defined as follows:

RðAÞðyÞ ¼ y; mRðAÞðyÞ; nRðAðyÞ
D E

jy 2 V
n o

;

RðAÞðyÞ ¼ y; mRðAÞðyÞ; nRðAðyÞ
D E

jy 2 V
n o

;

where

mRðAÞðyÞ ¼ ^x2U mAðxÞ _ ð1� Rðx; yÞÞð Þ;
nRðAÞðyÞ ¼ _x2U nAðxÞ ^ Rðx; yÞð Þ;

mRðAÞðyÞ ¼ _x2U mAðxÞ ^ Rðx; yÞð Þ;
nRðAÞðyÞ ¼ ^x2U nAðxÞ _ ð1� Rðx; yÞÞð Þ:

RðAÞ and RðAÞ , respectively, are called the lower and

upper approximations of A with respect to (U,V,R).

Meanwhile, the pair of RðAÞ;RðAÞ
� �

is called the

intuitionistic fuzzy rough sets with respect to (U,V,R).

In fact, one can see that the lower approximation RðAÞ
and the upper approximation RðAÞ are still intuitionistic

fuzzy sets. Therefore, RðAÞ;RðAÞ : IFðUÞ ! IFðVÞ are

referred to as the lower and upper intuitionistic fuzzy

rough approximation operators, as is proven by the

following theorem.

Theorem 3.1 Let A be an intuitionistic fuzzy sets of U and

R be binary fuzzy relation on U � V. RðAÞ and RðAÞ are
the lower and upper approximations of A with respect to

(U,V,R). For any xAU, the membership degree and non-

membership degree of the approximation operators satisfy

the following relationships:

(1) mRðAÞðyÞ þ nRðAÞðyÞp1;
(2) mRðAÞðyÞ þ nRðAÞðyÞp1:

Proof (1) By Definition 3.1, for any xAU,yAV, we have

1� nRðAÞðyÞ ¼ 1�_x2U nAðxÞ ^ Rðx; yÞð Þ
¼ ^x2U 1� nAðxÞÞ _ ð1� Rðx; yÞð Þ½ �

X ^x2U mAðxÞ _ ð1� Rðx; yÞÞ ¼ mRðAÞðyÞ:
� �

since 1� nAðxÞXmAðxÞ

Therefore, it is easy to verify mRðAÞðyÞ þ nRðAÞðyÞp1 for

any yAV.

Similarly, we can prove (2).

Theorem 3.1 shows that the expression of the member-

ship degree and non-membership degree in Definition 3.1 is

reasonable; that is, RðAÞ and RðAÞ are two intuitionistic

fuzzy sets of universe V. &

Theorem 3.2 Let (U,V,R) be the fuzzy approximation

space over two universes and A,BAIF(U). Then the lower

and upper approximation operators in Definition 3.1 satisfy

the following properties:

(1) RðAÞ ¼� Rð� AÞ; RðAÞ ¼� Rð� AÞ;
(2) RðA \ BÞ ¼ RðAÞ \ RðBÞ; RðA [ BÞ ¼ RðAÞ [ RðBÞ;
(3) RðA [ BÞ � RðAÞ [ RðBÞ; RðA \ BÞ � RðAÞ \ RðBÞ;
(4) A � B) RðAÞ � RðBÞ; A � B) RðAÞ � RðBÞ;

Proof This can be directly verified by Definition 3.1. &

Remark 3.1 In general, the relationship RðAÞ � RðAÞ
may not hold in fuzzy approximation space over two

universes (U,V,R).

The following example can easily prove the above

assertion.

Example 3.1 Let (U,V,R) be fuzzy approximation space

over two universes. Where U¼ {x1,x2,x3}, V¼ {y1, y2, y3}

and RAF(U � V) is defined as follows:

R ¼ Rðx1; y1Þ ¼ 0:6;Rðx1; y2Þ ¼ 0:6;f
Rðx1; y3Þ ¼ 0:4;Rðx2; y1Þ ¼ 0:3;

Rðx2; y2Þ ¼ 0:3;Rðx2; y3Þ ¼ 0:2;

Rðx3; y1Þ ¼ 0:5;Rðx3; y2Þ ¼ 0:2;Rðx3; y3Þ ¼ 0:6g:

Suppose A ¼ hx1; 0:5; 0:1i; hx2; 0:6; 0:1i; hx3; 0:2; 0:8if g;
then we have

mRðAÞðy1Þ ¼ ^x2U mAðxÞ _ ð1� Rðx; yÞÞð Þ
¼ 0:5 _ ð1� 0:6Þð Þ ^ 0:6 _ ð1� 0:3Þð Þ
^ 0:2 _ ð1� 0:5Þð Þ ¼ 0:5;

nRðAÞðy1Þ ¼ _x2UðnAðxÞ ^ Rðx; yÞÞ
¼ ð0:1 ^ 0:6Þ _ ð0:1 ^ 0:3Þ _ ð0:8 ^ 0:5Þ ¼ 0:5;

mRðAÞðy1Þ ¼ _x2UðmAðxÞ ^ Rðx; yÞÞ
¼ ð0:5 ^ 0:6Þ _ ð0:6 ^ 0:3Þ _ ð0:2 ^ 0:5Þ ¼ 0:5;
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nRðAÞðy1Þ ¼ ^x2U nAðxÞ _ ð1� Rðx; yÞÞð Þ
¼ 0:1 _ ð1� 0:6Þð Þ ^ 0:1 _ ð1� 0:3Þð Þ
^ 0:8 _ ð1� 0:5Þð Þ ¼ 0:4:

Similarly, we have

mRðAÞðy2Þ ¼ 0:5; mRðAÞðy3Þ ¼ 0:4;

nRðAÞðy2Þ ¼ 0:2; nRðAÞðy3Þ ¼ 0:6;

mRðAÞðy2Þ ¼ 0:5; mRðAÞðy3Þ ¼ 0:4;

nRðAÞðy2Þ ¼ 0:4; nRðAÞðy3Þ ¼ 0:6:

Thus,

RðAÞ ¼ hy1; 0:5; 0; 5i; hy2; 0:5; 0; 2i; hy3; 0:4; 0; 6if g:

Likewise, we have

RðAÞ ¼ fhy1; 0:5; 0; 4i; hy2; 0:5; 0; 4i; hy3; 0:4; 0; 6ig:

It can be easily verified that nRðAÞðy2Þ ¼ 0:2 5/ nRðAÞðy2Þ ¼ 0:4:

So, the relationship RðAÞ � RðAÞ does not hold.
Broadly speaking, if RAP(U � V), the binary fuzzy

relation R defined in Section 2 boils down to the form of

R(x)¼ {yAV|xRy,xAU}. Thus, (U,V,R) is the general

binary approximation space over two universes. Therefore,

we obtain the rough intuitionistic fuzzy sets based on

general binary relation over two universes. Here, we only

present the definition of the rough intuitionistic fuzzy set

model over two universes.

Let RAP(U � V) be general binary relation between U

and V. For any intuitionistic fuzzy sets AAIF(U), the

lower and upper approximations of A with respect to

(U,V,R), respectively, are defined as follows:

apr
R
ðAÞðyÞ ¼ hy; mapr

R
ðAÞðyÞ; napr

R
ðAðyÞijy 2 V

n o
;

aprRðAÞðyÞ ¼ hy; maprRðAÞðyÞ; naprRðAðyÞijy 2 V
n o

;

where

mapr
R
ðAÞðyÞ ¼ inf AðyÞjy 2 RðxÞ; x 2 Uf g;

napr
R
ðAÞðyÞ ¼ sup AðyÞjy 2 RðxÞ;x 2 Uf g;

maprRðAÞðyÞ ¼ supfAðyÞjy 2 RðxÞ; x 2 Ug;
naprRðAÞðyÞ ¼ inffAðyÞjy 2 RðxÞ; x 2 Ug:

Especially, inf¼min and sup¼max hold when both of

U and V are finite sets.

Remark 3.2 Just as the ordinary set is a special case of

fuzzy subset, the general binary relation RAP(U � V) is a

special case of binary fuzzy relation RAF(U � V). Thus,

the rough intuitionistic fuzzy sets can also be regarded as a

special intuitionistic fuzzy rough sets over two universes.

Clearly, the rough intuitionistic fuzzy sets over two

universes is also a new generalization of the rough fuzzy

sets on Pawlak approximation space. Moreover, we can

give some properties of rough intuitionistic fuzzy sets over

two universes, similar to Theorem 3.1.

In the following, we will discuss the accuracy and

roughness of intuitionistic fuzzy rough sets in fuzzy

approximation space over two universes.

The roughness measure of an ordinary set in the universe

of discourse was developed by Pawlak (1982). Banerjeem

and Pal (1996) proposed a roughness measure of a fuzzy sets

in fuzzy approximation space by defining the level set of the

lower and upper approximations for any fuzzy sets. In the

following, we consider a roughness measure of an intuitio-

nistic fuzzy sets in fuzzy approximation space over two

universes by using the existing conclusions, which is a

natural generalization of the existing conclusions.

Let A be an intuitionistic fuzzy sets. We give the definition

of the (a,b)-level set of the lower approximation RðAÞ and
the upper approximation RðAÞ in fuzzy approximation

space over two universes (U,V,R) as follows.

Definition 3.2 Let (U,V,R) be fuzzy approximation space

over two universes andAAIF(U). Then the (a,b)-level set of
lower and upper approximations of A are defined as follows:

RðAÞba ¼ y 2 V jmRðAÞðyÞXa; nRðAÞðyÞpb
n o

;

RðAÞba ¼ y 2 V jmRðAÞðyÞXa; nRðAÞðyÞpb
n o

:

where 0pa, bp1 and aþ bp1.

Next, we introduce the concept of roughness measure

and accuracy of an intuitionistic fuzzy sets in fuzzy

approximation space over two universes.

Definition 3.3 Let (U,V,R) be fuzzy approximation space

over two universes and AAIF(U). The roughness measure

rP(a,b) and accuracy lP(a,b) for intuitionistic fuzzy sets

A with the parameters a,b in (U,V,R) are defined as

follows:

rPða; bÞ ¼ 1� jRðAÞ
b
a j

jRðAÞba j
; lPða; bÞ ¼ 1rPða; bÞ:

Especially, rP(a,b)¼ 0 when jRðAÞba j ¼ 0; where | 	 |
denotes the cardinality of the set.

We can also discuss several properties and establish

some conclusions of the roughness measure rP(a,b) and

accuracy lP(a,b) as being similar to the way of the fuzzy

B Sun et al—An approach to intuitionistic fuzzy rough sets-based decision making 1083
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rough sets in fuzzy approximation space (U,R) (Nanda

and Majumda, 1992).

Remark 3.3 The way of the definition of roughness and

accuracy for intuitionistic fuzzy rough sets also hold for

rough intuitionistic fuzzy sets in fuzzy approximation space

over two universes.

4. The decision approach based on intuitionistic fuzzy

rough sets over two universes

The original rough set approach proves to be very useful

when dealing with inconsistent problem followed by

information granulation. There are also some limitations,

however, when the characters of an object described by two

or multi-universes are to be taken into account. In other

words, it cannot handle the decision-making problems

which are described on two or more universes or the

attributes related to each other. These problems are

characteristic for two or multi-universes used in practical

decision analysis problems such as medical diagnosis,

multi-criteria and multi-decision ranking, multi-criteria

supplier selection and so on.

In order to deal with this type of problem, it is necessary

to extend the original rough set theory by much

methodological ideas. The first extension focuses mainly

on the relation-based improvement for the original rough

sets such as substitution of the indiscernibility relation by

tolerance relation, dominance relation and fuzzy compa-

tible relation. Another extension emphasizes particularly

the universe-based extended for the original rough sets

like substitution of the single universe by two or more

different universes. On the basis of these extensions, many

complicated problems in engineering, management science

and other related fields, which the original rough sets

methodological has not worked smoothly, can be easily

transacted.

In this section, a general framework is presented for the

decision making based on intuitionistic fuzzy rough sets

over two universes. First, we give a brief description of the

background by using a medical diagnosis problem in

practice.

4.1. Problem statement

Let U¼ {x1,x2, . . . ,xm} be a symptom set and V¼
{y1, y2, . . . , yn} be a disease set of clinic. RAF(U � V) is

the statistic data of the relationship between the symptom

xi(xiAU) and the disease yj(yjAV) and satisfies R(xi, yj)A
[0, 1]. A is a patient who has some symptoms of universesU

in clinic. That is, A¼ {/x,mA(x), nA(x)S|xAU} is an

intuitionistic fuzzy sets of universeU. Then the problem for

the decision maker is how to make a reasonable decision

on what kind of the disease yj(yjAV) patient A has.

In the following, we give an approach of the decision

making for this kind of problem similar to the above

background by using the theory of intuitionistic fuzzy

rough sets over two universes. The main idea is to calculate

the correlative measurement of the intuitionistic fuzzy sets

A(AAIF(U) with its lower approximation intuitionistic

fuzzy sets RðAÞ RðAÞ 2 IFðVÞð Þ and upper approximation

intuitionistic fuzzy sets RðAÞ RðAÞ 2 IFðVÞ
� �

about the

element y(yAV). Then a decision making is given according

to these two values of the correlative measurement.

4.2. Decision-making methodology

In the following, we present this decision-making approach

based on intuitionistic fuzzy rough sets over two universes

with three steps.

First, we calculate the correlative measurement for every

symptom x(xAU) of patient A with every disease y(yAV).

Actually, it is a fuzzy set R(x, y)AF(U � V) for the

relationship between every disease y(yAV) and the

symptom x(xAU). Thus, we should give the definition of

the correlative measurement between a fuzzy sets and an

intuitionistic fuzzy sets. Next, we present the definition for

the correlative measurement between a fuzzy sets and an

intuitionistic fuzzy sets as follows.

Definition 4.1 Let X¼ {x1,x2, . . . ,xn} be a finite set,

A1¼ {/xi,mA1(xi),nA1(xi)S|xiAX} and A2¼ {/xi,mA2(xi),
nA2(xi)S|xiAX} be two intuitionistic fuzzy sets. If

rðA1;A2Þ ¼
cðA1;A2Þ

ðcðA1;A1Þ 	 cðA2;A2ÞÞ
1
2

;

where cðA1;A2Þ ¼
Pn
i¼1

mA1
ðxiÞ 	 mA2

ðxiÞ þ nA1
ðxiÞ 	 nA2

ðxxi Þ
� �

:

Then r(A1,A2) is called correlative measurement of
intuitionistic fuzzy sets A1 and A2. (Gerstenkorn and
Manko, 1995).

The following theorem describes the properties of the

correlative measurement r(A1,A2).

Theorem 4.1 Let X¼ {x1,x2, . . . ,xn} be a finite set. A1 ¼
hxi; mA1

ðxiÞ; nA1
ðxiÞijxi 2 X

� �
and A2 ¼ hxi; mA2

ðxiÞ;
�

nA2
ðxiÞijxi 2 Xg are two intuitionistic fuzzy sets. Then

the correlative measurement r(A1,A2) satisfies the follow-

ing properties:

(1) 0pr(A1,A2)p1,

(2) A1¼A2)r(A1,A2)¼ 1,

(3) r(A1,A2)¼ r(A2,A1). (Gerstenkorn and Manko, 1995).

However, the relationship R(x, y)AF(U � V) of symp-

tom x(xAU) and disease y(yAV) is a fuzzy sets and the

patient AAIF(U) is an intuitionistic fuzzy sets. This means
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that we cannot calculate the correlative measurement

between R(x, y) and A according to Definition 4.1. In

order to calculate the correlative measurement between a

fuzzy sets and an intuitionistic fuzzy sets by Definition 4.1,

we should establish a method to change a fuzzy sets into an

intuitionistic fuzzy sets.

Actually, we only need to define the non-membership

degree, as the membership degree exists for any fuzzy sets.

Here ~A 2 FðUÞ denote a fuzzy sets. We present the

following definition.

Definition 4.2 Let ~A be a fuzzy sets on universe U The

non-membership degree of ~A is defined as follows:

n ~AðxÞ ¼
0; ~AðxÞ40:5;
0:5; ~AðxÞp0:5;

�

Then fhx; m ~AðxÞ; n ~AðxÞijx 2 Ug is the correspondence

intuitionistic fuzzy sets of the fuzzy sets ~A:

On the basis of Definition 4.2, we define the correlative

measurement between a fuzzy sets and an intuitionistic

fuzzy sets as follows.

Definition 4.3 Let ~A be a fuzzy sets and A be an

intuitionistic fuzzy sets on universe U. Then the correlative

measurement between ~A and A is defined as follows:

rð ~A;AÞ ¼ cð ~A;AÞ
ðcð ~A; ~AÞ 	 cðA;AÞÞ

1
2

;

where cð ~A;AÞ ¼
Pn
i¼1

m ~AðxiÞ 	 mAðxiÞ þ n ~AðxiÞ 	 nAðxxi Þ
� �

:

According to the above definitions, we present the

following three symbols. Denote

J ¼ f1; 2; . . . ; ng;

kyk ¼ max
x2U

r A;Rðx; ykÞð Þjyk 2 Vf g; k 2 J;

r1 ¼ kyk 2 Jjkyk ¼ max
x2U

rðA;Rðx; ykÞÞjyk 2 Vf g
� 	

:

Second, we calculate the lower approximation RðAÞ and
the upper approximation RðAÞ of intuitionistic fuzzy sets

AAIF(U) on the fuzzy approximation space over two

universes (U,V,R) by Definition 3.1.

It is easy to know that RðAÞ and RðAÞ are two

intuitionistic fuzzy sets of V by Theorem 3.1. Then we

obtain the intuitionistic index of RðAÞ and RðAÞ as follows:

pRðAÞðyjÞ ¼ 1� mRðAÞðyjÞ � mRðAÞðyjÞ; yj2V ;

pRðAÞðyjÞ ¼ 1� nRðAÞðyjÞ � nRðAÞðyjÞ; yj2V :

We also present the following symbols according to the

intuitionistic index. Denote

iyi ¼ min pRðAÞðyiÞ; mRðAÞðyiÞXnRðAÞðyiÞ; jyi 2 V
n o

; i 2 J

r2 ¼ iyi 2 Jjiyi ¼ minfpRðAÞðyiÞ;mRðAÞðyiÞXnRðAÞðyiÞ; jyi 2 Vg
n o

:

jyj ¼ min pRðAÞðyjÞ; mRðAÞðyjÞXnRðAÞðyjÞ; jyj 2 V
n o

; j 2 J

r3 ¼ jyj 2 Jjjyj
�

¼ minfpRðAÞðyjÞ; mRðAÞðyjÞXnRðAÞðyjÞ; jyj 2 Vg
o
:

Finally, for any yAV, i, j,kA{1, 2, . . . , n}, we establish

the decision rules as follows:

(1) If r1-r2-r3a|, then decision ykAV, where kAr1-r2
-r3;

(2) If r1-r2-r3a| and r2-r3a|, then decision ykAV,

where kAr2-r3;

(3) If both (1) and (2) are not hold, then there is not

optimal decision making, and we take ykAV (where

kAr1) as a sub-optimal decision making.

Therefore, we establish an approach to uncertainty

decision making by using the theory of intuitionistic fuzzy

rough sets over two universes. The application of this

method will be given by using a medical diagnosis decision-

making problem and also by comparing the results with the

existing researches.

5. A test example

In this section, we will use a medical diagnosis problem in

clinic to show the principal process step-by-step for the

decision approach proposed in Section 4.

Let U¼ {fever(x1),headache(x2),stomachache(x3),

cough(x4),myalgia(x5)} be five symptoms in clinic,

V¼ {cold(y1), pneumonia(y2),gastricism(y3),dysentery

(y4),typhoid(y5)} be five diseases. RAF(U � V) is the

statistic data of the relationship between the symptom

xi(xiAU) and the disease yj(yjAV) and satisfies R(xi, yi)A
[0, 1]. Table 1 presents the related data of the symptoms of

an illness for all patients.

Let P¼ {A1,A2,A3,A4} be four different patients and

the symptoms of every patient is described by an

intuitionistic fuzzy sets of universe U. Table 2 gives all

symptoms of every patient in U.

Then, we propose a decision-making process for every

patient by using the decision-making approach established

in Section 4.

In the following, we give the decision-making process by

using the three steps given in Section 4 in detail.

First, we calculate the correlative measurement of every

patient AiAIF(U)(i¼ 1, 2, 3, 4) with disease yjAV by

Definition 4.3. The results present in Table 3.
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Second, by Definition 3.1, we obtain the lower and upper

approximations of AiAIF(U) in Table 4.

Further, we can calculate the intuitionistic index for

RðAÞ and RðAÞ:
The intuitionistic index of lower approximation RðAÞ 2

IFðVÞ is presented in Table 5.

The intuitionistic index of upper approximation RðAÞ 2
IFðVÞ is presented in Table 6.

Finally, we give the results based on the above two steps.

According to the symbols defined in Section 4, it is easy

to obtain the following conclusions for Patient A1 (the

intuitionistic fuzzy sets)AIF(U):

J ¼ f1; 2; 3; 4; 5g;

r1 ¼ kyk 2 Jjkyk ¼ maxx2Ufr A;Rðx; ykÞð Þjyk 2 Vg
� �

¼ f2g;

r2 ¼
n
iyi 2 Jjiyi ¼ minfpRðAÞðyiÞ; mRðAÞðyiÞXnRðAÞðyiÞ; jyi 2 Vg

o
¼ f1; 3g;

r3 ¼
n
jyj 2 Jjjyj :¼ minfpRðAÞðyjÞ; mRðAÞðyjÞXnRðAÞðyjÞ; jyj 2 Vg

o
¼ f2; 3g:

It can be easily verified that r1-r2-r3¼ | and

r2-r3¼ {3}; then the decision is y3AV for Patient A1

according to the symptom xiAU. That is, Patient A1 has

the disease gastricism(y3).

Similarly, we can obtain the decision for Patients A2, A3

and A4 as follows:

Patient A2 has the disease dysentery(y4);

Patient A3 has the disease gastricism(y3);

Patient A4 has the disease cold(y1).

In this paper, a systematic study of intuitionistic fuzzy

rough sets over two universes is developed to solve the

problem of uncertainty decision making in the manage-

ment science field, which can provide a new study angle on

uncertainty decision making. The existing related research

is proposed by Xu (2008). Xu’s decision-making method

mainly depends on the definition of correlation degree bet-

ween different intuitionistic fuzzy sets. The basic approach

is: it first calculated the correlation degree between the two

intuitionistic fuzzy sets, and then assigned the best decision

by finding the attribute that has the biggest similarity (or

correlation degree). The defect of this method is that it

depends entirely on the correlation degree without other

constraints. It may thus derive different decision results

from different definitions of the correlation degree, which

means the decision making is subject to the way of defining

Table 1 The related data of the symptoms of an illness

R(xi, yj) Cold (y1) Pneumonia (y2) Gastricism (y3) Dysentery (y4) Typhoid (y5)

Fever(x1) 0.4 0.7 0.3 0.1 0.1
Headache(x2) 0.3 0.2 0.6 0.2 0.0
Stomachache(x3) 0.1 0.0 0.2 0.8 0.2
Cough(x4) 0.4 0.7 0.2 0.2 0.3
Myalgia(x5) 0.1 0.1 0.5 0.2 0.8

Table 2 Symptoms of every patient

hxi; mAi
ðxiÞ; nAi

ðxiÞi Fever (x1) Headache (x2) Stomachache (x3) Cough (x4) Myalgia (x5)

A1 (0.8, 0.1) (0.6, 0.1) (0.2, 0.8) (0.6, 0.1) (0.1, 0.6)
A2 (0.0, 0.8) (0.4, 0.4) (0.6, 0.1) (0.1, 0.7) (0.1 0.8)
A3 (0.8, 0.1) (0.8, 0.1) (0.0, 0.6) (0.2, 0.7) (0.0, 0.5)
A4 (0.6, 0.1) (0.5, 0.4) (0.3, 0.4) (0.7, 0.2) (0.3, 0.4)

Table 3 Correlative measurement of Patient AiAIF(U) with symptom yjAV

rðAi; ~yjÞ Cold (y1) Pneumonia (y2) Gastricism (y3) Dysentery (y4) Typhoid (y5)

A1 0.8001 0.8925 0.4463 0.4571 0.4461
A2 0.7986 0.3855 0.6092 0.9307 0.5854
A3 0.8298 0.7005 0.8205 0.4716 0.4271
A4 0.8487 0.8134 0.7688 0.6425 0.6239
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the correlating degree. Given this condition, the decision

making does not have good robustness and universality.

Similar to the discussion on numerical example of

medical diagnosis in this paper, the reference Xu (2008)

exhibited different decision-making results under different

ways of defining correlation degrees, and easily pointed out

the close relationship between the decision-making results

and the definition of correlation degree. The decision-

making method based on the theory of intuitionistic fuzzy

rough sets over two universes proposed in this paper not

only defined the correlation degree between any fuzzy sets

and intuitionistic fuzzy sets, but also introduced two

measurement indices based on lower and upper approx-

imations. The best decision was chosen based on these

three measurement indices that may give stricter con-

straints and make the results more stable. We can thus

guarantee the effectiveness and stability of the decision, as

the results may not be influenced by the manner of defining

the correlation degree.

6. Conclusions

Rough set theory over two universes is a generalization of

Pawlak rough set theory. This paper proposed a new rough

set model over two universes called the intuitionistic fuzzy

rough sets over two universes. Also, we presented the

rough intuitionistic fuzzy set model over two universes,

which is a natural generalization of the intuitionistic fuzzy

rough sets over two universes. We have developed a

general framework for dealing with uncertainty decision

making by using the theory of intuitionistic fuzzy rough

sets over two universes. The approach will be helpful for

making scientific decision in fuzzy and uncertainty commu-

nity. Further, we use a medical diagnosis decision-making

problem to demonstrate the principal steps of the decision

methodology in detail. The results have been compared with

the existing approaches, the superiority and the limitation of

our approach with the existing approaches have been

pointed out. Clearly, there is no optimal decision-making

method due to various kinds of practical problems under

the conditional of uncertainty and an imprecise environ-

ment. Thus, a suitable and adaptable approach can be the

best decision-making method in practice.

For further study, the primary theory and characteriza-

tion of intuitionistic fuzzy rough sets over two universes are

needed. Although this paper focuses on the basic theory

and decision-making principal steps with the intuitionistic

fuzzy rough sets over two universes, it is recommended that

Table 4 The lower and upper approximation of AAIF(U)

hyj ; mRðAiÞðyjÞ; nRðAiÞðyjÞi Cold (y1) Pneumonia (y2) Gastricism (y3) Dysentery (y4) Typhoid (y5)

R (A1) (0.6, 0.4) (0.6, 0.1) (0.5, 0.5) (0.2, 0.8) (0.2, 0.6)
R (A2) (0.6, 0.4) (0.3, 0.7) (0.4, 0.5) (0.6, 0.2) (0.2, 0.8)
R (A3) (0.6, 0.4) (0.3, 0.7) (0.5, 0.5) (0.2, 0.6) (0.2, 0.5)
R (A4) (0.6, 0.3) (0.6, 0.2) (0.5, 0.4) (0.3, 0.4) (0.3, 0.4)
R (Al) (0.4, 0.6) (0.7, 0.3) (0.6, 0.4) (0.2, 0.8) (0.3, 0.6)
R (A2) (0.3, 0.7) (0.2, 0.7) (0.2, 0.4) (0.6, 0.2) (0.2, 0.7)
R (A3) (0.4, 0.6) (0.7, 0.3) (0.6, 0.4) (0.2, 0.6) (0.2, 0.5)
R (A4) (0.4, 0.6) (0.7, 0.3) (0.5, 0.4) (0.3, 0.4) (0.3, 0.4)

Table 5 Intuitionistic index of RðAiÞ

pRðAiÞðyjÞ Cold (y1) Pneumonia (y2) Gastricism (y3) Dysentery (y4) Typhoid (y5)

R (A1) 0 0.3 0 0 0.2
R (A2) 0 0 0.1 0.2 0.3
R (A3) 0 0 0 0.2 0.3
R (A4) 0.1 0.2 0.1 0.3 0.3

Table 6 Intuitionistic index of RðAiÞ

pRðAiÞðyjÞ Cold (y1) Pneumonia (y2) Gastricism (y3) Dysentery (y4) Typhoid (y5)

R (A1) 0 0 0 0 0.1
R (A2) 0 0.1 0.4 0.2 0.1
R (A3) 0 0 0 0.2 0.3
R (A4) 0 0 0.1 0.3 0.3
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real-life data be used to test the approach established in this

paper.
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