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Abstract Project scheduling problem is to determine the schedule of allocating
resources to achieve the trade-off between the project cost and the completion time.
In real projects, the trade-off between the project cost and the completion time, and
the uncertainty of the environment are both considerable aspects for managers. Due
to the complex external environment, this paper considers project scheduling problem
with coexisted uncertainty of randomness and fuzziness, in which the philosophy of
fuzzy random programming is introduced. Based on different ranking criteria of fuzzy
random variables, three types of fuzzy random models are built. Besides, a searching
approach by integrating fuzzy random simulations and genetic algorithm is designed
for searching the optimal schedules. The goal of the paper is to provide a new method
for solving project scheduling problem in hybrid uncertain environments.
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270 H. Ke et al.

1 Introduction

Project scheduling problem is to determine the schedule of allocating resources to
achieve the trade-off between the project cost and the completion time. In 1960s, Kel-
ley (1961, 1963) originally presented a network approach to a type of deterministic
project scheduling problem. Since then, many other researchers have studied project
scheduling problem with deterministic activity duration times (Demeulemeester 1995;
Vanhoucke 2008).

Although many studies on project scheduling problem assume that the external
environment of the problem is deterministic, the real projects are always in uncer-
tain environments. The activity duration times are always variational owing to many
uncertain factors, such as the change of weather, the movement of machine prices,
etc. Traditionally, the uncertainty is assumed to be randomness. Freeman (1960) first
studied project scheduling problem with probability theory. Charnes et al. (1964) intro-
duced chance constrained programming into stochastic project scheduling problem,
where the supremum of the completion time was to be minimized and meanwhile
some time chance constraint was satisfied. Golenko-Ginzburg and Gonik (1997) built
an expected value model for stochastic project scheduling problem, where the expected
completion time was to be minimized with some deterministic resource constraint. Ke
and Liu (2005) established three stochastic models to solve project scheduling problem
with stochastic activity duration times.

Though probability theory has been well applied to project scheduling problem
in stochastic environments, the uncertainty in real projects can not be explained by
randomness in all cases. For the lack of statistical data, probability theory, which can
be regarded as a tool for describing objective uncertainty, is not suitable for some
projects. Actually, fuzziness, another type of uncertainty, can be more adaptive than
randomness for some real projects. In 1979, Prade (1979) first applied fuzzy set theory
into project scheduling problem. Wang (1999, 2002) developed a fuzzy beam search
approach for solving product development project scheduling. Hapke and Slowinski
(2000) applied simulated annealing into the resource-constrained project scheduling
problem for solving some multi-objective cases. Özdamar and Alanya (2001) estab-
lished a nonlinear mixed-binary mathematical model for software development pro-
jects with fuzzy activity duration times, in which four priority based heuristics were
used on some case study. Long and Ohsato (2008) performed a fuzzy critical chain
method for fuzzy resource-constrained project scheduling problem. Ke et al. (2010)
established three types of fuzzy models for solving time-cost trade-off problem.

Sometimes randomness and fuzziness may exist in the same real project. Some
activities of the project may have been processed many times before and the uncer-
tainty of the activity duration times can be described by probability distributions, while
some other activities may seldom or never be performed before and for the short of
statistical data, the duration times can only be described by fuzzy variables. For the
complicated environment with randomness and fuzziness, fuzzy random variable can
be introduced into project scheduling problem. Fuzzy random variable was first intro-
duced by Kwakernaak (1978, 1979). In the following years, Puri and Ralescu (1986),
Kruse and Meyer (1987), and Liu and Liu (2003) developed the concept with differ-
ent requirements of measurability. In this paper, we introduce the concept of fuzzy
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Solving project scheduling problem 271

random variable initialized by Liu and Liu (2003) for modeling fuzzy random project
scheduling problem.

The remainder of the paper is organized as follows: Sect. 2 introduces some con-
cepts of fuzzy random theory and presents three ranking criteria for fuzzy random
variables. Then the fuzzy random project scheduling problem is described in detail in
Sect. 3. Section 4 builds three types of fuzzy random models: the expected cost min-
imization model, the (α, β)-cost minimization model and the chance maximization
model. In Sect. 5, three types of fuzzy random simulations are proposed in detail, and
furthermore, a hybrid intelligent algorithm integrating the proposed fuzzy random
simulations and genetic algorithm (GA) is designed for solving the above models.
Section 6 gives three numerical experiments to illustrate that the proposed algorithm
is stable for solving the models. Finally, some conclusions are drawn in Sect. 7.

2 Preliminaries

In this section, we will give some concepts of credibility theory and fuzzy random the-
ory. For recalling the concept of fuzzy random variable, we first introduce the concept
of fuzzy variable. Let Θ be a nonempty set, and P the power set of Θ .

Definition 1 (Liu and Liu 2002) The set function Cr is called a credibility measure if
it satisfies:

(i) Cr{Θ} = 1.

(ii) Cr{A} ≤ Cr{B} whenever A ⊂ B.

(iii) Cr{A} + Cr{Ac} = 1 for any A ∈ P .

(iv) Cr{∪i Ai } = supi Cr{Ai } for any {Ai } with supi Cr{Ai } < 0.5.

Definition 2 (Liu 2004) Let Θ be a nonempty set, P the power set of Θ , and Cr a
credibility measure. Then the triplet (Θ,P, Cr) is called a credibility space.

Based on the above definitions, the concept of a fuzzy variable can be given as
follows:

Definition 3 (Liu 2004) A fuzzy variable is a function from a credibility space
(Θ,P, Cr) to the set of real numbers.

Note that for the property of self-duality of credibility measure, a fuzzy event must
hold if its credibility is 1, and fail if its credibility is 0. However, the fuzzy event may
fail even though its possibility achieves 1.

Definition 4 Let Ω be a nonempty set, A a σ -algebra of Ω , and Pr a probability
measure. Then the triplet (Ω,A, Pr) is called a probability space.

With the above concepts, the concept of fuzzy random variable is defined as:
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Definition 5 (Liu and Liu 2003) A fuzzy random variable ξ is a function from a prob-
ability space (Ω,A, Pr) to the set of fuzzy variables defined on a credibility space
such that Cr{ξ(ω) ∈ B} is a measurable function of ω for any Borel set B of R.

Next, we will introduce several concepts of fuzzy random theory as ranking criteria
for modeling the fuzzy random project scheduling problem.

2.1 Expected value

Before we give the first criterion for ranking fuzzy random variables, the concept of
expected value of fuzzy variable will be given as follows:

Definition 6 (Liu and Liu 2002) Let ξ be a fuzzy variable. The expected value of ξ

is defined by

E[ξ ] =
+∞∫

0

Cr{ξ ≥ r}dr −
0∫

−∞
Cr{ξ ≤ r}dr

provided that at least one of the above two integrals is finite.

Based on the above concept, expected value of fuzzy random variable can be defined
as:

Definition 7 (Liu and Liu 2003) Let ξ be a fuzzy random variable. Then its expected
value is defined by

E[ξ ] =
+∞∫

0

Pr{ω ∈ Ω
∣∣ E[ξ(ω)] ≥ r}dr −

0∫

−∞
Pr{ω ∈ Ω

∣∣ E[ξ(ω)] ≤ r}dr

provided that at least one of the above two integrals is finite.

Let ξ and η be two fuzzy random variables. Liu and Liu (2003) suggested that
ξ > η if and only if E[ξ ] > E[η], where E is the expected value operator of fuzzy
random variable.

2.2 Chance measure

The second concept is chance measure of a fuzzy random event.

Definition 8 (Gao and Liu 2001)Let ξ = (ξ1, ξ2, . . . , ξn) be a fuzzy random vector
on the probability space (Ω,A, Pr), and f j : �n → � be continuous functions,
j = 1, 2, . . . , m. Then the primitive chance of fuzzy random event characterized by
f j (ξ) ≤ 0, j = 1, 2, . . . , m is a function from [0, 1] to [0, 1], defined as

Ch
{

f j (ξ) ≤ 0, j = 1, 2, . . . , m
}
(α)

= sup

{
β

∣∣ Pr

{
ω ∈ Ω

∣∣ Cr

{
f j (ξ(ω)) ≤ 0

j = 1, 2, . . . , m

}
≥ β

}
≥ α

}
.
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Solving project scheduling problem 273

Let ξ and η be two fuzzy random variables. Liu (2001) suggested that ξ > η if
and only if Ch{ξ ≥ r̄}(γ ) > Ch{η ≥ r̄}(γ ) for some predetermined levels r̄ and
γ ∈ (0, 1].

2.3 Pessimistic value

Definition 9 (Liu 2001) Let ξ be a fuzzy random variable, and γ, δ ∈ (0, 1]. Then

ξinf(γ, δ) = inf
{
r

∣∣ Ch{ξ ≤ r}(γ ) ≥ δ
}

is called the (γ, δ)-pessimistic value to ξ .

Let ξ and η be two fuzzy random variables. Liu (2001) suggested that ξ > η if and
only if, for some predetermined confidence levels γ, δ ∈ (0, 1], we have ξinf(γ, δ) >

ηinf(γ, δ), where ξinf(γ, δ) and ηinf(γ, δ) are the (γ, δ)-pessimistic values of ξ and η,
respectively.

With the above concepts as ranking criteria, we can model fuzzy random project
scheduling problem in different forms to meet different types of optimization require-
ments.

3 Problem description

A project can be described by an activity-on-the-arc network G = (V, A) as illustrated
in Fig. 1, where V = {1, 2, . . . , n + 1} is the set of nodes and A is the set of arcs.
Let the activity duration times of activities (i, j) be fuzzy random variables ξi j for
all activities (i, j) ∈ A, whose uncertainty attributes to the variation of the external
environment. For convenience, all the activity duration times are written as a vector
ξ = {ξi j : (i, j) ∈ A}. It is assumed that all of the costs needed for the activities are
constants and described by ci j for all (i, j) ∈ A, and are obtained via loans with some
given interest rate r . We use x = (x1, x2, . . . , xn) as the decision vector, where xi are
assumed to be nonnegative integers and represent the allocating times of all the loans
needed for activities (i, j), i = 1, 2, . . . , n, respectively. Then the problem is to find
the optimal schedule x to minimize the project cost with some time constraints.

The starting times of activities (i, j) are denoted as Ti (x, ξ), i = 1, 2, . . . , n,
respectively. For simplicity, we assume that each activity can be processed only if all
the foregoing activities are finished and should be processed without interruption, and
the starting time of the project is assumed as T1(x, ξ) ≡ x1 = 0. From the assump-
tions, we have Ti (x, ξ) ≥ xi and Ti (x, ξ) ≥ max(k,i)∈A {Tk(x, ξ)+ ξki }. Hence,
the starting times of activities (i, j), i = 2, . . . , n, can be decided by Ti (x, ξ) =
xi ∨max(k,i)∈A {Tk(x, ξ)+ ξki } , and the completion time of the total project can be
calculated by

T (x, ξ) = max
(k,n+1)∈A

{
Tk(x, ξ)+ ξk,n+1

}
. (1)
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Fig. 1 A project

Applying the compound interest formula to calculate the future value of all the
loans, the project cost can be written as

C(x, ξ) =
∑

(i, j)∈A

ci j (1+ r)�(T (x,ξ )−xi ) (2)

where �a means the minimal integer larger than or equal to a.

4 Fuzzy random models

4.1 Expected cost minimization model

Comparing expected values is the most widely used decision-making criterion in
practice. Managers usually want to find the optimal decision with minimum expected
project cost subject to some expected project completion time constraint. With this
criterion, we can build an expected cost minimization model as:

⎧⎪⎪⎨
⎪⎪⎩

min E[C(x, ξ)]
subject to:

E[T (x, ξ)] ≤ T 0

x ≥ 0, integer vector

where T 0 is the due date of the project, and T (x, ξ) and C(x, ξ) are defined by (1)
and (2), respectively.

Remark 1 If the fuzzy random vector ξ degenerates to a random vector, then the
expected value operators in the above model become

E[C(x, ξ)] =
∞∫

0

Pr{C(x, ξ) ≥ r}dr −
0∫

−∞
Pr{C(x, ξ) ≤ r}dr,
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Solving project scheduling problem 275

E[T (x, ξ)] =
∞∫

0

Pr{T (x, ξ) ≥ r}dr −
0∫

−∞
Pr{T (x, ξ) ≤ r}dr

which are just the conventional expectation concepts of the random variables C(x, ξ)

and T (x, ξ), respectively. Therefore, the fuzzy random expected cost minimization
model becomes the stochastic expected cost minimization model in Ke and Liu (2005).

Remark 2 If the fuzzy random vector ξ degenerates to a fuzzy vector, then the expected
value operators become

E[C(x, ξ)] =
∞∫

0

Cr{C(x, ξ) ≥ r}dr −
0∫

−∞
Cr{C(x, ξ) ≤ r}dr,

E[T (x, ξ)] =
∞∫

0

Cr{T (x, ξ) ≥ r}dr −
0∫

−∞
Cr{T (x, ξ) ≤ r}dr

which are the expected values of the fuzzy variables C(x, ξ) and T (x, ξ), respec-
tively. Then the fuzzy random expected cost minimization model becomes the fuzzy
expected cost minimization model in Ke and Liu (2010).

4.2 (α, β)-Cost minimization model

Although the criterion of optimizing expected value is widely employed in many
optimization problems, it does not take into account the chance of disobeying the
constraints. For instance, an optimal schedule solved under such a criterion ensures
that the expected completion time of the project is under the given time limit, however
the chance that the completion time exceeds the time limit can be quite large. There-
fore, it is necessary to introduce some other optimization criteria. Chance-constrained
programming (CCP) was initialized by Charnes and Cooper (1959) as a new model-
ing method for practical problems with uncertain factors. To solve project scheduling
problem with the requirement that chance constraints should hold with at least some
given confidence levels, Charnes et al. (1964) and Ke and Liu (2010) applied the
philosophy of CCP into stochastic and fuzzy project scheduling problems, respec-
tively. Accordingly, in fuzzy random project scheduling problem, we can establish an
(α, β)-cost minimization model as follows:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min C0

subject to:
Ch{C(x, ξ) ≤ C0}(α) ≥ β

Ch{T (x, ξ) ≤ T 0}(γ ) ≥ δ

x ≥ 0, integer vector
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where T 0 is the due date of the project, and T (x, ξ) and C(x, ξ) are defined by (1)
and (2), respectively. Here, the so-called (α, β)-cost of a project is defined as:

Definition 10 The (α, β)-cost of a project is defined as min{C0
∣∣ Ch{C(x, ξ) ≤

C0}(α) ≥ β}, where α and β are predetermined confidence levels.

Remark 3 If the fuzzy random vector ξ degenerates to a random vector, the chance
constraint Ch{T (x, ξ) ≤ T 0}(γ ) ≥ δ is equivalent to Pr{T (x, ξ) ≤ T 0} ≥ γ. Simi-
larly, the chance constraint Ch{C(x, ξ) ≤ C0}(α) ≥ β is equivalent to Pr{C(x, ξ) ≤
C0} ≥ α. Hence, the (α, β)-cost minimization model becomes the stochastic α-cost
minimization model in Ke and Liu (2005).

Remark 4 If the fuzzy random vector ξ becomes a fuzzy vector, then the chance con-
straint Ch{T (x, ξ) ≤ T 0}(γ ) ≥ δ becomes Cr

{
T (x, ξ) ≤ T 0

} ≥ δ. And similarly,
Ch{C(x, ξ) ≤ C0}(α) ≥ β becomes Cr{C(x, ξ) ≤ C0} ≥ β. Hence, the (α, β)-cost
minimization model degenerates to the fuzzy α-cost minimization model in Ke and
Liu (2010).

4.3 Chance maximization model

Due to some realistic difficulties, decision-makers may want to achieve their optimi-
zation goals with maximal chances since some goals cannot be achieved completely.
Dependent-chance programming initialized by Liu (1997) is just introduced to meet
this type of optimization requirement. With the philosophy of DCP, we can build a
chance maximization model as:

⎧⎪⎪⎨
⎪⎪⎩

max Ch
{
C(x, ξ) ≤ C0

}
(γ )

subject to:
Ch{T (x, ξ) ≤ T 0}(α) ≥ β

x ≥ 0, integer vector

where T 0 is the due date of the project, C0 is the budget, and T (x, ξ) and C(x, ξ) are
defined by (1) and (2), respectively.

Remark 5 If the fuzzy random vector ξ becomes a random vector, the chance constraint
Ch{T (x, ξ) ≤ T 0}(α) ≥ β is equivalent to Pr{T (x, ξ) ≤ T 0} ≥ α. And the maximi-
zation objective function Ch{C(x, ξ) ≤ C0}(γ ) is equivalent to Pr{C(x, ξ) ≤ C0}.
Thus, the chance maximization model becomes the probability maximization model
in Ke and Liu (2005).

Remark 6 If the fuzzy random vector ξ degenerates to a fuzzy vector, the maximization
objective function Ch{C(x, ξ) ≤ C0}(γ ) is equivalent to Cr{C(x, ξ) ≤ C0}. And the
chance constraint Ch{T (x, ξ) ≤ T 0}(α) ≥ β is equivalent to Cr{T (x, ξ) ≤ T 0} ≥ β.

Then the chance maximization model becomes the credibility maximization model in
Ke and Liu (2010).
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5 Hybrid intelligent algorithm

5.1 Fuzzy random simulations

In the above models, there exist three types of fuzzy random functions: the chance
Ch{T (x, ξ) ≤ T 0}(α), the expected cost E

[
C(x, ξ)

]
, and the (α, β)-cost min{C0

∣∣
Ch{C(x, ξ) ≤ C0}(α) ≥ β}. To estimate these functions, we introduce fuzzy random
simulations in this subsection.

First we design a fuzzy random simulation to compute the chance Ch{T (x, ξ) ≤
T 0}(α). That is, according to the definition of chance measure, we should find the
maximal β such that

Pr
{
ω ∈ Ω

∣∣ Cr
{
T (x, ξ) ≤ T 0

} ≥ β
} ≥ α.

The details of the first type of fuzzy random simulation are as follows:

Algorithm 1: (Fuzzy Random Simulation for Chance Measure)
Step 1. Generate ω1,ω2, . . . ,ωN from Ω according to the probability measure Pr,

where N is a sufficiently large integer.
Step 2. Compute the credibility βn = Cr{T (x, ξ) ≤ T 0} for n = 1, 2, . . . , N by

fuzzy simulation.
Step 3. Set N ′ as the integer part of αN .
Step 4. Return the N ′th largest element in {β1, β2, . . . , βN }.
According to the concept of expected value of fuzzy random variable, the expected
cost E

[
C(x, ξ)

]
can be simulated as follows:

Algorithm 2: (Fuzzy Random Simulation for Expected Value)
Step 1. Set E = 0.
Step 2. Generate ω from Ω according to the probability measure Pr.
Step 3. E ← E + E[C(x, ξ(ω))], where E[C(x, ξ(ω))]may be calculated by fuzzy

simulation.
Step 4. Repeat the second and third steps N times, where N is a sufficiently large

integer.
Step 5. E

[
C(x, ξ)

]← E/N .

The final function we want to calculate is the (α, β)-cost min{C0
∣∣ Ch{C(x, ξ) ≤

C0}(α) ≥ β}. According to the concept of chance measure, we should find the minimal
C0 such that

Pr
{
ω ∈ Ω

∣∣ Cr
{
C(x, ξ) ≤ C0

} ≥ β
} ≥ α.

The process can be summarized as follows:

Algorithm 3: (Fuzzy Random Simulation for (α, β)-Cost)
Step 1. Generate ω1,ω2, . . . ,ωN from Ω according to the probability measure Pr,

where N is a sufficiently large integer.
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Step 2. Find C
0
n = inf

{
C0

n |Cr{C(x, ξ(ωn)) ≤ C0
n } ≥ β

}
for n = 1, 2, . . . , N by

fuzzy simulation.
Step 3. Set N ′ as the integer part of (1− α)N .

Step 4. Return the N ′th largest element in {C0
1, C

0
2, . . . , C

0
N }.

Note that in the above three algorithms, three types of functions with fuzzy vari-
ables, e.g. Cr{T (x, ξ) ≤ T 0} in Algorithm 1, are calculated by the fuzzy simulation
techniques. Details of the fuzzy simulations can be found in Ke et al. (2010).

5.2 Hybrid intelligent algorithm

To find an optimal schedule for a project, we need to design some heuristic algorithm.
Since GA is an effective method for practical optimization problems, we embed the
fuzzy random simulations, which are used to simulate the above three types of uncer-
tain functions, into GA to design a hybrid intelligent algorithm. The procedure can be
summarized briefly as follows.

Algorithm 4: (Hybrid Intelligent Algorithm)
Step 1. We use a nonnegative vector x = (x1, x2, . . . , xn) as a chromosome to repre-

sent a schedule, where xi represent the allocating time of all the loans needed for
activities represented by (i, j) in A, i = 1, 2, . . . , n, respectively. First, we initial-
ize pop_si ze chromosomes, where the three types of fuzzy random functions can
be calculated and the feasibility can be checked by the proposed fuzzy random
simulations.

Step 2. To update the chromosomes by crossover operations, we repeat the follow-
ing process for pop_si ze times. From i = 1 to pop_si ze, we randomly gen-
erate v from [0, 1] and if v is smaller than the given crossover probability Pc,
we select the chromosome xi as a parent. Totally, we can obtain approximately
pop_si ze × Pc parents, denoted by x′1, x′2, . . . Then we perform the crossover

process. For instance, for two parent chromosomes x′1 = (x (1)
1 , x (1)

2 , . . . , x (1)
n )

and x′2 = (x (2)
1 , x (2)

2 , . . . , x (2)
n ), we randomly generate u from [0, 1] and generate

two children as follows:

x′′1 = (x(1)
1 × u + x(2)

1 × (1− u), x(1)
2 × u + x(2)

2 × (1− u), . . . , x(1)
n × u + x(2)

n × (1− u)),

x′′2 = (x(2)
1 × u + x(1)

1 × (1− u), x(2)
2 × u + x(1)

2 × (1− u), . . . , x(2)
n × u + x(1)

n × (1− u)).

If the above two children are feasible, which can be checked by the proposed fuzzy
random simulations, then we replace the two parents with them. If one of the two
children is feasible, we keep it and redo the crossover operation to get another fea-
sible one. Else, we redo the crossover operation until we get two feasible children
chromosomes.

Step 3. To update the chromosomes by mutation operations, we first obtain approx-
imately pop_si ze × Pm parent chromosomes similar to the selecting process of
crossover operation, where Pm is the given mutation probability. For any selected
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Solving project scheduling problem 279

chromosome x = (x1, x2, . . . , xn), we randomly generate w from [0, W ], where
W is a positive number given in advance, and we can obtain a new vector as

x′ = (x1 + d1 × w, x2 + d2 × w, . . . , xn + dn × w)

where di is randomly generated from [−1, 1], i = 1, 2, . . . , n, respectively. If x′
is not feasible, we randomly generate w′ from [0, w] and redo the above process
until a new feasible chromosome is obtained, which will replace the selected parent
chromosome.

Step 4. According to the objective values of the chromosomes x1, x2, . . . , x pop_si ze

calculated by the proposed fuzzy random simulation techniques, we give an order
relationship among the pop_si ze chromosomes to rearrange the chromosomes
from good to bad, denoted as x′1, x′2, . . . , x′pop_si ze. Then, the fitness of each
chromosome can be calculated by the evaluation function given as

Eval(x′i ) = a(1− a)i−1, i = 1, 2, . . . , pop_si ze

where a ∈ (0, 1) is a parameter given in advance.
Step 5. To generate a new generation of chromosomes, we select the chromosomes

by spinning the roulette wheel pop_si ze times. We calculate the cumulative prob-
ability qi for each chromosome xi , where q0 = 0 and

qi =
i∑

j=1

Eval(x j ), i = 1, 2, . . . , pop_si ze.

Next we randomly generate s in (0, qpop_si ze] and select the chromosome xi such
that qi−1 < s ≤ qi . Repeating the above steps pop_si ze times, we can obtain
pop_si ze copies of chromosome to be a new generation of chromosomes.

Step 6. Run the second to fifth steps for a given number of cycles and report the best
chromosome as the quasi-optimal solution.

6 Numerical experiments

In this section, we will show that the proposed hybrid intelligent algorithm is stable
to solve the above models by the following three numerical experiments. Consider
a project of Fig. 1. The activity duration times and the costs needed for the relevant
activities in the project are presented in Table 1, respectively, and the monthly interest
rate is set in advance as 0.6 %. Note that the duration times are assumed to be fuzzy
random variables, denoted by a form of triangular fuzzy variable (g, h, ρ), where g
and h are given crisp numbers and ρ is a uniformly distributed random variable with
distribution function shown in column “Distribution”.
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Table 1 Fuzzy random duration
times and costs of activities

Arc Duration time (membership) Distribution Cost

(1,2) (7,9,ρ) U(11,13) 1,500

(1,3) (3,5,ρ) U(7,9) 1,800

(1,4) (7,10,ρ) U(12,14) 430

(2,5) (4,6,ρ) U(8,10) 1,600

(3,6) (7,8,ρ) U(10,12) 100

(3,7) (6,9,ρ) U(11,13) 340

(3,10) (10,12,ρ) U(14,17) 1,200

(4,8) (5,6,ρ) U(8,9) 6,200

(5,9) (6,8,ρ) U(11,12) 450

(6,9) (5,7,ρ) U(9,11) 2,100

(6,13) (7,9,ρ) U(11,12) 2,800

(7,11) (7,10,ρ) U(13,14) 60

(7,14) (10,12,ρ) U(14,16) 5,200

(8,11) (5,6,ρ) U(8,9) 450

(9,12) (5,6,ρ) U(8,10) 2,000

(10,13) (7,9,ρ) U(10,11) 1,700

(10,14) (9,11,ρ) U(13,14) 300

(10,17) (12,15,ρ) U(17,19) 150

(11,15) (5,6,ρ) U(8,10) 210

(12,16) (10,11,ρ) U(13,14) 250

(13,16) (6,8,ρ) U(9,11) 200

(14,18) (7,10,ρ) U(11,14) 300

(15,18) (9,10,ρ) U(11,13) 1,100

(16,19) (9,10,ρ) U(12,13) 550

(17,19) (4,5,ρ) U(6,7) 530

(18,19) (9,11,ρ) U(13,16) 630

6.1 Expected cost minimization model

Consider a project requested to be finished in 60 months. The decision-maker tends
to minimize the expected cost of the project and finish the project with the expected
completion time of 60 months. That is,

⎧⎪⎪⎨
⎪⎪⎩

min E[C(x, ξ)]
subject to:

E[T (x, ξ)] ≤ 60
x ≥ 0, integer vector.

After a run of the hybrid intelligent algorithm, a quasi-optimal schedule of the
project is presented in Table 2.
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Table 2 Schedule of the
expected cost minimization
model

Month 1 3 5 8 10 13 14 17

Node 1 3 4 2 5 6,10 8 7

Month 18 24 25 27 29 33 36 38

Node 9,11 14 13 12 15 18 17 16

Table 3 Comparison of optimal
costs of the expected cost
minimization model

pop_si ze Pc Pm Cost Error (%)

50 0.3 0.2 41,732 0.118

50 0.3 0.1 41,786 0.247

50 0.2 0.1 41,749 0.158

40 0.3 0.2 41,755 0.173

40 0.3 0.1 41,803 0.288

40 0.2 0.1 41,683 0.000

Table 4 Schedule of the
(α, β)-Cost minimization model

Month 1 6 10 11 12 14 16 17

Node 1 3 2 4 5 8 7,11 6

Month 18 19 21 23 25 27 32 35

Node 10 9 12 13 14 15,16 17 18

We introduce a parameter as relative error, which corresponds with “Error” in
Table 3. It follows from Table 3 that the relative error does not exceed 0.288 % when
different parameters in the proposed algorithm are selected, which implies that the
hybrid intelligent algorithm is stable to solve the above expected cost minimization
model.

6.2 (α, β)-Cost minimization model

To minimize the (0.90,0.90)-cost of the project with the constraint that the chance
Ch{T (x, ξ) ≤ 54}(0.90) should be larger than or equal to 0.90, we present the fol-
lowing model:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min C0

subject to:
Ch{C(x, ξ) ≤ C0}(0.90) ≥ 0.90
Ch{T (x, ξ) ≤ 54}(0.90) ≥ 0.90
x ≥ 0, integer vector.

After a run of the hybrid intelligent algorithm, a quasi-optimal schedule of the
project is presented in Table 4.
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Table 5 Comparison of optimal
costs of the (α, β)-Cost
minimization model

pop_si ze Pc Pm Cost Error (%)

50 0.3 0.2 40,920 0.191

50 0.3 0.1 40,884 0.103

50 0.2 0.1 40,850 0.019

40 0.3 0.2 40,883 0.100

40 0.3 0.1 40,997 0.380

40 0.2 0.1 40,842 0.000

Table 6 Schedule of the chance
maximization model

Month 1 4 8 9 11 15 16 18

Node 1 3 2 4 5,8 6,7 10,11 9

Month 21 23 26 29 34 36 38

Node 14 13 12 15 17 16 18

Following from Table 5 that the maximal error is only 0.380 %, it clearly shows that
the hybrid intelligent algorithm is stable to solve the above (α, β)-cost minimization
model.

6.3 Chance maximization model

To maximize the chance Ch {C(x, ξ) ≤ 40900} (0.9) with the chance constraint that
Ch{T (x, ξ) ≤ 54}(0.9) should be larger than or equal to 0.9, we build the following
chance maximization model:

⎧⎪⎪⎨
⎪⎪⎩

max Ch {C(x, ξ) ≤ 40900} (0.9)

subject to:
Ch{T (x, ξ) ≤ 54}(0.9) ≥ 0.9
x ≥ 0, integer vector.

After a run of the hybrid intelligent algorithm for the chance maximization model,
a quasi-optimal schedule is given in Table 6.

From Table 7, we can find that the maximal error is only 1.786 %, which reveals
that the algorithm is stable for solving the model.

7 Conclusion

In this paper, we attempted to introduce fuzzy random theory into project scheduling
problem for subscribing the complicated environment with co-existed uncertainty of
randomness and fuzziness. Three types of fuzzy random models: the expected cost
minimization model, the (α, β)-cost minimization model and the chance maximization
model were built to meet optimization requirements of decision-makers with different
preferences. The problem solved in this paper can be regarded as the extension of
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Table 7 Comparison of
maximal chance of the chance
maximization model

pop_si ze Pc Pm Chance Error (%)

50 0.3 0.2 0.9135 0.512

50 0.3 0.1 0.9182 0.000

50 0.2 0.1 0.9151 0.338

40 0.3 0.2 0.9018 1.786

40 0.3 0.1 0.9096 0.937

40 0.2 0.1 0.9095 0.948

the project scheduling problem in single uncertain environment with randomness or
fuzziness, since the fuzzy random models can be degenerated to random models and
fuzzy models, respectively. A hybrid intelligent algorithm integrating fuzzy random
simulations and GA was also introduced.
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