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Abstract The aircraft departure scheduling problem (ASP) is a salient problem in the air-
ports’ runway control system, which proves to be nondeterministic polynomial hard. This
paper formulates the ASP in the form of a permutation problem and proposes a new approx-
imation algorithm based on sparse optimization to solve it. Then the numerical study is
conducted, which validates that this new approximation algorithm has much better perfor-
mance than ant colony and CPLEX. After that, we consider the ASP in real-time scenario,
where the performance of this new algorithm is also good. Finally, some conclusions are
summarized, and the future research directions are pointed out.

Keywords Aircraft scheduling problem · Sparse optimization · Ant colony · MIP

Mathematics Subject Classification 90B20 · 90B35 · 90C11

1 Introduction

With the rapidly increasing demand in air transportation, serious congestions and frequent
delays are hitting the most major airports in the world (Balakrishnan and Chandran 2010).
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How to enhance the airport capacity and reduce the delay have become severe problems
(Boehme 1994; Arkind 2004).

In the airport system, runway is identified as a primary bottleneck (Idris et al. 1998).
Even small enhancements to runway throughput will significantly reduce the traffic delay.
Unfortunately, building more runways is often not a realistic option because of the huge
investment costs and environmental constraints. Therefore, many scholars resort to a more
promising approach, which is to more optimally schedule the aircraft sequence (Brinton
1992; Ernst et al. 1999; Bennell et al. 2011). This optimization process is formulated in this
paper as the aircraft departure scheduling problem (ASP).

ASP aims to make the most use of the departure runway, that is, to take off as many
aircraft as possible within a period of time by scheduling aircraft (see in Sect. 2). A critical
constraint in ASP is the minimum separation time (MST), which avoids the negative effect
of wake vortex (WV) and insures safety. Because the WV generated by the leading aircraft
may result in the instability (to shake or to lift) of the following takeoffs if they get too close
(Balakrishnan and Chandran 2007, 2010). Table 1 illustrates a typical MST kept between
three types of aircraft. If a small aircraft is followed by a heavy aircraft, the required MST is
120 s; however, if a heavy by a small, the MST is only 60 s. The asymmetric nature of MST
leads to the necessity of aircraft scheduling. Figure 1 presents two ordering strategies for the
same three aircraft. The makespan for sequence 2 is much shorter than that for sequence 1.
That is to say, proper aircraft order saves a lot of time (near 30 %).

Unfortunately, ASP is nondeterministic polynomial (NP) hard (Beasley et al. 2000; Bianco
et al. 1997; Garey and Johnson 1979). To cope with it, two methods are attracted in the pre-
vious research, which are mixed integer programming (MIP) and ant colony (AC) algorithm
(Ernst et al. 1999; Bencheikh et al. 2009; Randall 2002; Beasley et al. 2000).

The first MIP formulations for runway scheduling, as far as we know, are introduced by
Brinton (1992) in 1992. An implicit enumeration (IE) algorithm is then designed to optimize

Table 1 MST (s) between
departures at Incheon
international airport (Lee 2008)

1 small aircraft, 2 large aircraft, 3
heavy aircraft

Following

1 2 3

Leading

1 60 60 60

2 90 90 90

3 120 120 90

Fig. 1 Two ordering methods result in different makespan for the same three aircraft
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the problem. In 1993, Abela et al. (1993) present another MIP formulations for single-runway
problem. The branch and bound (B&B) algorithm is used to solve the problem. Back in 1999,
the MIP formulations are presented not only in single but also in multiple runways (Ernst
et al. 1999). Beasley et al. (2000) design an improved B&B algorithm by employing linear
programming (LP)-based tree search approaches. Then Anagnostakis and Clarke (2003) use
a MIP in the second stage when developing a two-stage heuristic algorithm. Bennell et al.
(2011) provide an extensive literature overview for ASP.

Ant colony (AC) algorithm (Bencheikh et al. 2009; Randall 2002; Zhan et al. 2010)
is another effective method for ASP. It is developed by Dorigo (1992), and shows great
advantages in the traveling salesman problem (TSP) (Dorigo and Gambardella 1997a, b).
In 2002, Randall (2002) present its first application for runway scheduling. The objective
function is to minimize the total penalty costs as defined by Ernst et al. (1999). Then AC
is used to generate initial solutions, to incorporate local search heuristic and to tackle the
multiple runway case (Bencheikh et al. 2009, 2011). In 2010, Zhan et al. (2010) design an AC
system, based on the receding horizon control, to tackle real-time single-runway scheduling
problem. Experimental results verify that AC is robust, effective, and efficient.

In this paper, rather than using the above methods, we develop an approximation algorithm
based on the sparse optimization for ASP (see in Sect. 2.3). We compare the performance
of this new algorithm with the above two methods. Computational result validates that this
new algorithm requires less runtime and returns much better solution than ant colony (AC)
algorithm and CPLEX (with MIP). We also extend this new algorithm to tackle ASP in
real-time scenario, and it is also efficient.

This paper is organized as follows. In Sect. 2, the basic concepts toward ASP and SO are
introduced. The approximation algorithm is proposed in Sect. 3. In Sect. 4, AC and CPLEX
are used to solve the ASP, which is a valid comparison with the new algorithm. The numerical
results are given in Sect. 5, while some conclusions are summarized in Sect. 6.

2 Basic concepts

2.1 Nomenclature and notation

• Nomenclature

AC Ant colony
ASP Aircraft scheduling problem
ASP-MST Aircraft scheduling problem concerning MST, that is, in ASP the separation

between aircraft is determined by MST matrix
ASP-MST′ In ASP the separation is determined by MST′ matrix
ASP-�MST In ASP the separation is by �MST matrix
FCFS First come first served
LP Linear programming
MIP Mixed integer programming
MST Minimum separation time (matrix) MSTrs denotes the MST of an aircraft

of type r followed by another aircraft of type s. MSTrs � MSTr t + MSTts,

∀r, s, t ∈ �

MST′ A newly generated MST matrix. MST′
rs denotes the MST′ of an aircraft of type

r followed by another of type s
�MST �MST= MST−MST′. �MSTrs denotes the �MST when aircraft of type r

followed by of type s. �MSTrs ≥ 0 (∀r, s)
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SHO Strongly hypo-optimal. A sequence is SHO if only the change of the first and
the last aircraft leads to its optimality

SO Sparse optimization

• Notation
n The number of the total aircraft in FCFS sequence
p The number of aircraft types in MST
TP(i) The aircraft type of the i th aircraft in FCFS. While TP(πi ) is the aircraft type

of aircraft πi

Wπ The makespan of sequence π in ASP-MST, that is, the taking off time of the
last aircraft in sequence π in ASP-MST

W ′
π The makespan of sequence π in ASP-MST′

�Wπ The makespan of sequence π in ASP-�MST
�wr

π Additional makespan of adding aircraft of type r to a sequence
αr The ability of the leading aircraft of type r to generate WV
βs The ability of the following aircraft of type s to bear disturbance
� The aircraft type set
� The FSFC sequence. �

r is a subsequence where all aircraft of the same type r
are put together according to their order in �

π An aircraft taking off sequence. πi is the i th aircraft in sequence π ; and πend is
the last aircraft in π

� The final aircraft taking off sequence. �i is the i th aircraft in �

2.2 Aircraft scheduling problem (ASP)

ASP aims to make the most use of runway, that is, to take off as many aircraft as possible
within a period of time by scheduling aircraft. Suppose all aircraft in the holding area are
labeled according to their positions in FCFS, and they can occupy the runway at any time if
they are informed.

The objective function is to find the sequence with minimized makespan by reordering
the aircraft in the holding area.

min Wπ =
n−1∑

i=1

MSTTP(πi ),TP(πi+1) (1)

where MSTTP(πi ),TP(πi+1) is the minimum separation time (MST) between the i th and (i+1)th
aircraft in sequence π .

There are two scenarios for ASP, which are static case and real-time (dynamic) case. Static
case only reorders the aircraft in the holding area at a time point (new aircraft dynamically
entering into the holding area since then are not considered in static case). However, real-time
case considers the aircraft dynamically entering into the holding area at any time, which is
closer to the airports’ practice. This paper first presents algorithm for static case, and then it
is extended to cope with real-time (dynamic) case.

2.3 Sparse optimization

Sparse optimization (SO) is a classical optimization method originated from 1960s (Natarajan
1995). It contains a class of optimization models and algorithms for seeking sparse solutions.
Recently, due to its successful application in the compressed sensing, it has become popular
(Candes and Tao 2006; Donoho 2006; Rudelson and Vershynin 2005; Cohen et al. 2009;
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Foucart 2010; Cai et al. 2010). In this paper, SO is used to evaluate the approximating
process of the MST matrix in the approximation algorithm.

Different from other optimization methods with determined sparse data, SO is an opti-
mization with unknown sparse solutions, that is, to find a solution (a vector or a matrix) as
sparse as possible. A famous SO model is to find a matrix with nonzero elements as few as
possible, that is, to min ‖A‖m0 , where ‖A‖m0 is the m0-norm of matrix A. Following is the
introduction of the matrix norm, especially m0-norm and m1-norm.

Definition 1 For any matrix A, ‖A‖l is its l-norm if ‖A‖l is a real number corresponding to
matrix A and satisfying the following properties.

(1) Non-negativity. A = 0, if and only if ‖A‖l = 0. If A �= 0, ‖A‖l > 0;
(2) Homogeneity. ‖k A‖l = |k|‖A‖l , for all number k;
(3) Triangle inequality. For any matrixes A and B, we have

‖A + B‖l ≤ ‖A‖l + ‖B‖l;
(4) Compatibility of matrix multiplication. For any two matrixes A and B, if A · B is allowed,

we have

‖AB‖l ≤ ‖A‖l · ‖B‖l .

Two special norm are used in this paper, which are m0-norm and m1-norm. The m0-norm
denotes the number of nonzero elements in a matrix. The m1-norm is the sum of the absolute
value of all elements in a matrix. In the process of sparse optimization, m0-norm is often
replaced by m1-norm to simplify the optimization.

Definition 2 For any matrix A ∈ Cm×n , its m0-norm is defined by

‖A‖m0 =
m∑

i=1

n∑

j=1

|ai j |0.

Definition 3 For any matrix A ∈ Cm×n , its m1-norm is defined by

‖A‖m1 =
m∑

i=1

n∑

j=1

|ai j |.

3 Approximation algorithm for ASP

The core idea is to generate a MST′ to approximate the actual minimum separation time
(MST) matrix, where the optimal solution concerning MST′ is easy to find and it is just the
optimal (or close to optimal) solution concerning MST if MST′ and MST get close enough.
Sparse optimization determines the approximating process from MST′ to MST.

3.1 Generate a MST′ to approximate MST

We generate an MST′ matrix such that ASP-MST′ is easy to solve. As we know, the MST
is mainly used to avoid the WV effect to the following aircraft. It relates to the leading
and following aircraft, which have the effect of generating WV and bearing disturbance,
respectively.
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Fig. 2 Duration time α, ahead time β and minimum separation time (MST)

We decompose each element in MST′ into two parts. One is the ability of the leading
aircraft to generate the WV (denoted by αr ), and the other is the ability of the following
aircraft to bear the disturbance (denoted by βs).

MST′
rs = αr − βs .

where r, s ∈ �. Figure 2 presents clear descriptions of α and β relating to the ability of aircraft
to generate and to bear the WV. Following proves that the optimal solution for ASP-MST′ is
easy to get.

Theorem 1 The optimal solution of minimizing makespan in ASP-MST′ only depends on the
first and the last aircraft in the final sequence, if αr and βr are given constant, ∀r ∈ �.

Proof Suppose there are n aircraft in the final departure sequence (�). Then the required
MST′ between aircraft �i and �i+1 is calculated out by (αTP(�i ) −βTP(�i+1)). For example,
the MST′ between the first and the second aircraft is (αTP(�1) − βTP(�2)). So, we can get the
makespan (W�) for the whole sequence (�), which is

W� =
n−1∑

i=1

(αTP(�i ) − βTP(�i+1)),

which is equivalent to

W =
n∑

i=1

(αTP(�i ) − βTP(�i )) + (βTP(�1) − αTP(�n)). (2)

In formula (2),
∑n

i=1(αTP(�i ) − βTP(�i )) is a constant number since α and β only relate
to the aircraft types other than the aircraft order. So, the makespan (W ) is determined by
(βTP(�1) − αTP(�n)), which only relates to the first and last aircraft in �. 	


So any sequence in the framework of ASP-MST′ is at least strongly hypo-optimal (SHO).
In the following discussion, sequences in ASP-MST′ are used as standards when compare a
solution with the optimal solution.

3.2 �MST for scheduling

�MST is important for scheduling since it measures the approximation from MST to MST′,
where �MST = MST−MST′ and all elements in �MST are nonnegative. So the makespan
of any sequence π in ASP-�MST measures the gap between the makespan of π in ASP-MST
and a SHO solution. This is a useful measure in the numerical study when evaluating the
solution of sequence π . Following is the proof of this statement.

Theorem 2 The �W� measures the gap between the makespan of sequence � in ASP-MST
and a strongly hypo-optimal solution.
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Fig. 3 Makespan of sequences in ASP-MST and ASP-MST′

Proof For any sequence �, its makespan in ASP-MST, ASP-MST′ and ASP-�MST have
the following relationship

W� − W ′
� = �W� ≥ 0 (3)

because

W� − W ′
� =

n−1∑

i=1

MSTTP(�i ),TP(�i+1) −
n−1∑

i=1

MST′
TP(�i ),TP(�i+1)

=
n−1∑

i=1

(MSTTP(�i ),TP(�i+1) − MST′
TP(�i ),TP(�i+1)

)

=
n−1∑

i=1

�MSTTP(�i ),TP(�i+1) = �W� ≥ 0

So, �W� measures the makespan gap of sequence � between in ASP-MST and in ASP-
MST′ model. The latter one is a SHO solution (Theorem 1). 	


Actually in Fig. 3a, W� is denoted by node H , and W ′
� is denoted by G. Obviously,

node G is a SHO solution (Theorem 1). So, �W� measures the gap between the makespan
of sequence � in ASP-MST and a SHO solution. If �W = 0, sequence � is at least a
SHO sequence for ASP-MST. The SHO solution is very close to the optimal solution, and
(m1 − m2) is a small number in Fig. 3a. If we want go on to check optimality of �, only the
first and the last aircraft in it need to be checked again (see in Theorem 1).

3.3 Sparse optimization to determine �MST

Here, we minimize the differences between MST and MST′. We wish to have the nonzero
elements in �MST as few as possible. So we can easily find a sequence � with makespan
close to a SHO solution (to find � with �W� equal to or close to 0).

Since the m0-norm (Def. 2) denotes the number of nonzero elements in a matrix, it is
just what we want to optimize for the �MST matrix. SO1 is constructed to minimize the
m0-norm of �MST (formula 4).

123

Author's personal copy



W. Ma et al.

Formulas (5) and (6) are used to calculate out MST′ and �MST, which are explained in
Sects. 3.1 and 3.2.

In formula (7), �MSTrs, αr and βs are restricted nonnegative. �MSTrs ≥ 0 insures that
the elements in MST′ is not bigger than the corresponding elements in MST, that is, MST′

rs
approximates MSTrs from the left side. It is worthy to note that we do not restrict MST ′

rs ≥ 0,
because it do not affect the result in Theorems 1 and 2 from the perspective of mathematical
calculation. In addition, it allows more elements in �MSTrs to be 0.

(SO1) min ‖�MST‖m0 ; (4)

subject to
MSTrs − MST′

rs − �MSTrs = 0; ∀r, s ∈ � (5)

αr − βs − MST′
rs = 0; ∀r, s ∈ � (6)

�MSTrs ≥ 0, αr ≥ 0, βs ≥ 0; ∀r, s ∈ � (7)

To solve SO1 is difficult since each element in �MST has two possible cases (equal to zero
or not). So there are 2p2

possible cases for the matrix �MST ∈ C p×p , which is impossible
to enumerate if p is large. To simplify the computing process, we use the m1-norm (see in
Def. 3) to replace the m0-norm for optimization. This relaxation do not affect too much the
result we want, which is discussed in the end of this subsection.

By replacing m0-norm with m1-norm, SO1 can be relaxed to SO2 if proper weights (Wi j )
are given.

(SO2) min ‖[Wi j · �MSTi j ]p×p‖m1; subject to formula (5, 6, 7) (8)

where [Wi j · �MSTi j ]p×p is a matrix of size p × p, and (Wi j · �MSTi j ) is the element in
row i and column j in the matrix. Each element in �MST is nonnegative, and Wi j is the
given weight to denote the relative importance of elements in matrix �MST. If Wi j is larger,
�MSTi j is expected closer to 0 than other elements. SO2 is equivalent to

(LP1) min
p∑

i=1

p∑

j=1

(Wi j · �MSTi j ); subject to formula (5, 6, 7) (9)

which is easy to solve. For example, when consider the MST in Table 1, we can get the
following �MST matrix in Table 2 by solving LP1 (here we set Wi j = 1, ∀i, j).

Following presents the effectiveness of the relaxation from SO1 to SO2, which is guaran-
teed by four advantages.

(1) SO1 relaxed to SO2 is a convex relaxation. SO2 can be easily solved by linear program-
ming (LP1).

Table 2 �MST: difference
between MST and MST′ (s)

1, small aircraft; 2, large aircraft;
3, heavy aircraft

Following

1 2 3

Leading

1 0 0 0

2 0 0 0

3 30 30 0
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(2) The core idea here is to use MST′ to infinitely approximate MST, and m1-norm also
satisfies this requirement when the aircraft types are not so many.

(3) The optimization result of SO2 can be adjusted by weight Wi j , which denotes the relative
importance of element �MSTi j . If �MSTi j is expected to be closer to 0 than other
elements, Wi j can be set larger.

(4) The empirical result shows that this convex relaxation is effective generate a algorithm
to find a good solution for ASP-MST (see in Sects. 3.4 and 5).

3.4 Approximation algorithm for ASP

We use the �MST, determined by LP1, to generate a sequence approximating the optimal
solution for ASP. The core idea of this process is to minimize �W� in ASP-�MST, since
�W� measures how a solution close to a SHO solution (see in Theorem 2). The following
greedy algorithm is constructed to complete this process.

A. Approximation algorithm to minimize �W�

To begin the algorithm, all aircraft of the same type are put together according to their
order in FCFS (�) to construct subsequences. There are p subsequences (�1, �

2, . . . , �
p)

satisfying TP(�r
i ) = r, r ∈ �. �

r
i is the i th aircraft in �

r and p is the number of aircraft
types.

For example, suppose � is of types 1, 2, 3, 2, 1, 3, 2, 3, � = {1, 2, 3}. Then there are 3
subsequences. �

1 is constructed by the 1st and 5th aircraft in � according to their order,
since they have the same aircraft type 1; �

2 is by the 2nd, 4th and 7th aircraft; and �
3 is by

the 3rd, 6th, and 8th aircraft. Following is the greedy algorithm in detail to generate the final
sequence �.

Step 1. Determine the 1st aircraft of �. Transfer �
r∗
1 (where r∗ = min{s : s ∈ �, �

s �=
�}) to the first position in �, because, generally, smaller aircraft should take off earlier.
Delete �

r∗
1 from �

r∗
, and set i = 2.

Step 2. Determine the i th aircraft of �. Find the smallest �wr , and transfer the corre-
sponding aircraft �

r
1 to position i in �. Then delete �

r
1 from sequence �

r , and set i := i +1.
Where

�wr =
{

�MSTTP(�i−1),r , r = r∗

�MSTTP(�i−1),r + �MSTr,r∗ , otherwise.
(10)

and r∗ = min{s : s ∈ �, �
s �= �}.

Step 3. Terminal criteria. If all aircraft in �
r (r ∈ �) have been transferred into �, return

sequence �; otherwise, go to step 2.
Figure 4 illustrate an example considering three aircraft types. Each step one aircraft in

�
r (r ∈ �) enters into the runway to take off.
B. Complexity of the approximation algorithm

Theorem 3 The complexity of the greedy algorithm for generating the final sequence with
n aircraft and p aircraft types is O(pn).

Proof Step 2 costs O(p) to find the smallest �wr . Since there are n aircraft in all, step 2
repeats for n times. So the total complexity is O(pn).

C. Extend algorithm for real-time model
The above approximation algorithm can also be extended to the real-time ASP model,

where new aircraft are allowed to dynamically enter into the FCFS in the holding area. Only
two modifications need to be made to the algorithm when tackling the real-time model.
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Fig. 4 Approximation algorithm to schedule takeoffs (three aircraft types)

First, when a new aircraft of type r enters into the holding area (waiting to take off), it is
added into the corresponding subsequence �

r (at end position of the subsequence).
Second, when determining the i th aircraft of �, formula (10) is replaced by

�wr = �MSTTP(�i−1),r + �MSTr,r − E · WT(�r
1). (11)

where WT(�r
1) denotes the waiting time of aircraft �

r
1 (since it enters into the holding area),

and E is a given constant. −E · WT(�r
1) characterizes the possibility of an aircraft selected

to take off, that is, an aircraft is more possible to be selected to take off if it has waited for a
long time.

4 Ant colony and CPLEX for ASP

This section presents another two methods (AC and CPLEX) for ASP, which is valid com-
parison of the result by the approximation algorithm.

4.1 Ant colony algorithm for ASP

Ant colony (AC) algorithm is an intensively studied method for single-runway scheduling
(Bennell et al. 2011; Bencheikh et al. 2009; Randall 2002; Zhan et al. 2010). Here, it is used
to find a reasonable solution for ASP, which is a valid comparison with the result by the
above approximation algorithm.

A. Construction of AC for ASP
The objective is to minimize makespan in formula (1), that is, to find an aircraft sequence

π to min Wπ = xπend = ∑
(i, j)∈π MSTTP(i),TP( j).

After finishing visiting an aircraft i , all ants choose the next allowable (unvisited) aircraft
j according to the probability of Pbi j .

Pbi j =
⎧
⎨

⎩

[τi j ]a [ηi j )]b
∑

u∈allowi
[τiu ]a [ηiu ]b , if j ∈ allowi

0, otherwise
(12)

where allowi denotes a set of allowed (unvisited) aircraft. τi j is the pheromone in arc (i, j)
(between aircraft i and j). ηi j is the heuristic information carried in arc (i, j), where ηi j =

1
MSTTP(i)TP( j)

. a, b are two parameters determining the relative importance of τ versus η.
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The pheromone updating rule is carried by

τi j = (1 − γ )τ i j + �τi j (13)

where τ i j (t) is the original pheromone in arc (i, j), and (1 − γ )τ i j models the evaporation
of the original pheromone (γ is the evaporation ratio). �τi j is the lately released pheromone
by ants. �τi j = ∑

u �τ u
i j . For an ant u, �τ u

i j is defined as

�τ u
i j =

{
Q

W u , if arc (i, j) is visited by ant u

0, otherwise,
(14)

where Q is a given constant, and W u = xπu
end

is the tour length by ant u.
B. Complete AC algorithm
The complete AC algorithm is described in the following five steps.

Step 1. Randomly assign m ants to n aircraft. The initial pheromone in each arc is set the
same, that is, τ 0

i j = 1, ∀i �= j .
Step 2. m ants visit the next unvisited aircraft according to Pbi j in formula (12). If, by every

ant, all aircraft have been visited, go to Step 3.
Step 3. Calculate out the tour length W u for all ant u, and find the shortest tour minu W u .

Compare it with the historical shortest tour, and reserve the shorter one.
Step 4. Update the pheromone τi j for all arcs by formulas (13) and (14).
Step 5. Termination check. If the termination criteria, such as the maximal generations, are

met, then stop the process and return the shortest tour. Otherwise, go to Step 1.

4.2 CPLEX for ASP

In 2000, Beasley et al. (2000) has presented a MIP for the single-runway problem. Here, it
is extended to ASP as a solution comparison of the approximation algorithm. We use U to
denote a integer set U = {(i, j) : i = 1, 2, . . . , n; j = 1, 2, . . . , n; i �= j.}.

Same as formula (1), the objective function (formula 15) is to minimize the makespan. xi

denotes the taking off time of aircraft i , so W is the departure time of the last aircraft since
W ≥ xi , i = 1, 2, . . . , n (formula 18).

In formula (16), ϕi j is a 0-1 variable. Aircraft i takes off before j (ϕi j = 1); and i after
j (ϕi j = 0). ϕi j and ϕ j i must not equal 0 (or 1) at the same time. Formula 16 ensures this
requirement.

Formula (17) is the separation constraint. M is a large positive constant. There are two
cases.

a) i takes off before j (ϕ j i = 0). Then x j ≥ xi + MSTTP(i),TP( j), which ensures a time
separation MSTTP(i),TP( j) between aircraft i and j .

b) i takes off after j (ϕ j i = 1). Then x j ≥ xi + MSTTP(i),TP( j) − M , which is effectively
inactive if M is large enough.

(MIP1) min W (15)

subject to
ϕi j + ϕ j i = 1; ∀(i, j) ∈ U (16)

x j − xi ≥ MSTTP(i),TP( j) − ϕ j i · M; ∀(i, j) ∈ U (17)

W ≥ xi ; ∀i = 1, 2, . . . , n (18)
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xi ≥ 0, W ≥ 0, ϕi j = 0, 1; ∀(i, j) ∈ U (19)

We use CPLEX Optimization Studio 12.5 to solve M I P1, and the traditional B&B search
function in CPLEX is used. From the point of view of the LP relaxation, M (in formula (17)) is
wished as small as possible. Here, it is achieved by replacing it with (MSTTP(i),TP( j)+WFSFC).
To see that this replacement is valid, we recheck the possible two cases.

a) ϕ j i = 0. Then x j ≥ xi + MSTTP(i),TP( j), which ensures a separation.
b) ϕ j i = 1. Then x j − xi ≥ −WFSFC, which is always true since the minimized makespan

is not lager than the makespan of FCFS.

5 Numerical result

Here is the numerical study of the approximation algorithm for ASP. AC and CPLEX are
used as a comparison of the solution. The result for real-time ASP is also presented.

A. Randomly generate the MST table
The MST table is important when discussing the ASP-MST. Table 1 gives a MST matrix by

a classical classification of aircraft types. However, there are some other possible classification
(Bennell et al. 2011). For example, Bianco et al. (1997) illustrates a classification of 4 aircraft
types. We believe that our algorithm applies almost all possible MST matrixes. So in the
numerical study the MST matrices are randomly generated according to the following two
common properties.

Generally, a smaller aircraft followed by a larger requires a much shorter separation than
the other way around, because larger aircraft generates bigger WV and can tolerate more
turbulent air; while smaller aircraft generate smaller and tolerate less. So for any MST matrix
with p aircraft types, it often has (or very close to) the following two common properties.

1. larger aircraft taking off before the same aircraft need more (at least equal) separations,
that is, MSTr,s ≥ MSTr−1,s, r = 2, 3, . . . , p; s = 1, 2, . . . , p.

2. larger aircraft taking off after the same aircraft need less (at least equal) separations, that
is, MSTr,s ≥ MSTr,s+1, r = 1, 2, . . . , p; s = 1, 2, . . . , (p − 1).

So the matrix MST can be generated by

MSTrs =

⎧
⎪⎨

⎪⎩

krsMSTr,s+1, if r = 1; s = 1, 2, . . . , p − 1

krsMSTr−1,s, if r = 2, 3, . . . , p; s = p

krs · max{MSTr,s+1, MSTr−1,s}, otherwise.

(20)

where d1p is a given number, while krs(≥ 1) is random. In the following study, when
p ≤ 4, krs is in the interval of [1, 2] satisfying uniform distribution; when p > 4, krs is in
[1, 1 + 1

(p−3)
]. This setting insures MSTp1 not too much bigger than MST1p, which is very

close to the actual MST. For example, Table 1 is basically satisfied. Actually, if a MST does
not strictly satisfy the above settings, it can also be well coped with by the approximation
algorithm.

B. Numerical result: comparing with AC and CPLEX in static scenario
We test the cases of p = 3, p = 9, and p = 15. In each case, ten groups of aircraft

sequences are randomly generated (n = 20, 40, 60, . . . , 200). In each group, we randomly
generate 5 sequences; each sequence has almost the same number of all types of aircraft. The
MST is randomly generated for each sequence by formula (20). We set Wi j = 1 (∀i, j) in
formula (9) for simple.
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Table 3 Approximation algorithm, AC and CPLEX to minimize makespan for ASP

Aircraft
types

Number of
aircraft

AC algorithm CPLEX Approximation algorithm

Time
(s)

Runway
enhance (%)

Time (s) Runway
enhance (%)

Time (s) Runway
enhance (%)

p = 3 20 6.1 15.01 0.3 17.94 0.010 18.87

40 21.7 19.21 1.5 20.37 0.003 21.38

60 45.6 13.59 3.0 13.12 0.003 15.63

80 81.1 23.30 8.4 23.31 0.005 24.30

100 124.6 20.31 24.9 20.99 0.006 21.87

120 177.5 28.29 38.9 26.07 0.008 29.14

140 242.6 16.15 69.4 15.52 0.008 16.80

160 316.9 23.83 105.2 23.60 0.009 25.38

180 403.5 21.78 225.8 19.03 0.010 22.16

200 503.0 20.02 168.5 10.76 0.012 21.65

p = 9 20 6.2 10.76 0.3 9.41 0.010 12.94

40 21.1 10.66 1.2 8.40 0.004 11.68

60 45.4 11.95 3.8 9.97 0.005 12.95

80 78.8 14.57 8.3 12.60 0.007 15.66

100 121.5 12.73 22.7 11.17 0.007 13.59

120 174.9 12.68 41.1 10.32 0.008 13.00

140 238.6 13.18 59.8 8.03 0.010 13.88

160 313.2 13.23 82.8 6.16 0.010 14.13

180 399.9 11.94 152.2 10.45 0.012 12.73

200 497.4 11.19 193.8 6.68 0.014 11.82

p = 15 20 5.9 12.85 0.3 10.57 0.009 14.95

40 20.6 11.98 1.2 9.69 0.003 13.32

60 44.2 10.26 3.8 8.53 0.005 11.33

80 77.0 9.80 9.1 7.79 0.007 10.84

100 119.3 9.31 14.8 7.40 0.008 10.23

120 171.1 9.52 39.5 8.03 0.009 10.31

140 234.1 9.23 55.9 5.19 0.011 10.09

160 307.3 9.90 76.2 3.35 0.012 10.68

180 393.1 9.79 158.1 8.41 0.014 10.52

200 491.9 9.91 154.5 7.89 0.016 10.78

Bold characters mark the maximum runway enhancement by these methods

For AC algorithm, we set the termination criteria to be the maximal generations of 100.
The parameters in formulas (12–14) are set to be a = 1; b = 5; γ = 0.1; Q = 100. In
the CPLEX programming, the traditional B&B search is used and the maximal tree nodes
of B&B is set to be 4,000. Table 3 illustrates the average runtime and average runway
enhance of the three methods for the 5 sequences in each group. The “runway enhance” is
achieved by WFCFS−W�

WFCFS
× 100 %, which is a comparison of the makespan between the final

sequence � and the FSFC sequence since FCFS is a widely used method in current runway
system.
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The numerical result verifies that the approximate algorithm, with less runtime, enhances
the runway throughput more than AC and CPLEX (see in Table 3). In each row, the “runway
enhance” by approximation algorithm is not less than that by AC or CPLEX. However, the
run time is fairly less than by AC and CPLEX. So, the approximation algorithm has better
performance than AC and CPLEX.

By observing the three cases p = 3, p = 9, and p = 15, we find that the performance
of the approximation algorithm is slightly decreasing with the increasing aircraft types.
Actually, classifying the aircraft into too many categories is often unnecessary because it
greatly increases the workload of air traffic controllers. So, the performance of this new
algorithm is guaranteed.

By comparing AC and CPLEX, we find that CPLEX has better performance when both
the number of aircraft and of aircraft types are small. When there are a large number of
aircraft (or many aircraft types), it better to use AC for scheduling instead of CPLEX. One
reason is that the scale of the ASP becomes larger when the number of aircraft (or aircraft
types) grows.

C. Numerical result: extending to real-time ASP
In the study of real-time case, the aircraft number is set as n = 1,000. We test the cases of

p = 3, p = 9, and p = 15. In each case, 50 aircraft sequences are randomly generated; each
sequence has almost the same number of all types of aircraft. The MST is also randomly

generated for each sequence. We set in formula (9) Wi j =
{

1 if i �= j;
2 if i = j.

where elements

�MSTi i (∀i) are wished more close to 0 (actually it has the same effect of setting Wi j = 1
(∀i, j)). Parameter E in formula (11) is set to be 0.01. Table 4 illustrates the comparison of
the approximation algorithm for real-time ASP with for static ASP. The “runway enhance”
is given by WFCFS−W�

WFCFS
× 100 %. The “Delay” means the average waiting time of all aircraft

in holding area, it measure how much time wasted and fuel burned in the holding area (Atkin
et al. 2013).

The numerical result verifies that the approximate algorithm is also efficient to tackle the
real-time ASP. Its performance in real-time scenario is close to that in the static scenario (the
runway enhance is often 2 % lower than that in static scenario, and the runtime is almost the
same).

In the study of real-time ASP, we have compared the setting of different total number
of allowed aircraft in the holding area. We observe that allowing more aircraft to enter into
the holding area does not enhance the efficiency of the approximation algorithm (runway
enhance) too much. However, it linearly increases the average waiting time of the aircraft in
holding area. There is a balance between the runway enhance and the waiting time. Table 4
shows that setting the amount of allowed aircraft in holding area to be [15, 20] is often
acceptable, where the runway enhance is about 2 % lower than that in static scenario, and the
average waiting time is about 30 min. Actually, when the aircraft types are few, the runway
enhance is more sensitive to the number of allowed aircraft in holding area.

Figure 5 presents two rescheduled sequences in real-time scenario. We observe that all
aircraft are basically not far away from their position in FCFS, especially when p is not too
small. This property insures equality, which is often required between different aircraft in
different airline company (Balakrishnan and Chandran 2007). So that an aircraft does not
need to wait too much longer than the other aircraft in the holding area. This property is
guaranteed by the parameters E and WT in formula (11) (setting E = 0.01 is effective
here).
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Table 4 Comparison of Approximation algorithm in static case and in dynamic case

Aircraft types Approx. algorithm (in static case) Approx. algorithm (in dynamic case)

Time (s) Runway
enhance (%)

Aircraft in
holding area

Time (s) Delay (s) Runway
enhance (%)

p = 3 0.1 18.62 5 0.2 518.5 12.27

0.1 18.62 10 0.2 1132.0 14.63

0.1 18.62 15 0.2 1731.9 15.83

0.1 18.62 20 0.2 2326.6 16.47

0.1 18.62 25 0.2 2917.3 16.86

0.1 18.62 30 0.2 3507.2 17.06

0.1 18.62 35 0.2 4095.5 17.18

0.1 18.62 40 0.2 4680.5 17.27

p = 9 0.2 12.94 5 0.2 427.2 9.95

0.2 12.94 10 0.2 944.4 11.30

0.2 12.94 15 0.2 1460.8 11.58

0.2 12.94 20 0.2 1975.7 11.66

0.2 12.94 25 0.3 2489.3 11.66

0.2 12.94 30 0.3 3000.2 11.66

0.2 12.94 35 0.3 3507.9 11.67

0.2 12.94 40 0.3 4013.6 11.67

p = 15 0.2 10.41 5 0.2 406.8 7.87

0.2 10.41 10 0.2 904.6 8.72

0.2 10.41 15 0.3 1401.4 8.86

0.2 10.41 20 0.3 1896.9 8.87

0.2 10.41 25 0.3 2389.8 8.88

0.2 10.41 30 0.3 2880.2 8.88

0.2 10.41 35 0.3 3368.2 8.88

0.2 10.41 40 0.3 3853.3 8.89

Fig. 5 Examples of two rescheduled sequences with 1,000 aircraft (p = 3 and 15)
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6 Conclusions

To cope with aircraft scheduling problem (ASP), we propose an approximation algorithm,
which is used to find a reasonable solution for ASP. The numerical result validates that this
algorithm, with less runtime, can get a smaller makespan than AC and CPLEX, which presents
an enhancement of runway. To make farther improvement, the approximation algorithm is
also extended to tackle the real-time ASP, where its performance is not too much lower than
that in static scenario.

Actually, this paper only gives the method to approximate the MST from the left side, that
is, MST

′
rs → MST−

rs(∀r, s ∈ �). In the future study, we may also develop the algorithm to
approximate the MST from the right side, that is, MST

′
rs → MST+

rs(∀r, s ∈ �), and then
MST

′
rs − MSTrs = �MSTrs (∀r, s ∈ �).
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