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On relationship between probabilistic rough set and Bayesian risk
decision over two universes

Weimin Maa* and Bingzhen Suna,b*

aSchool of Economics & Management, Tongji University, Shanghai 200092, China; bSchool of
Traffic and Transportation, Lanzhou Jiaotong University, Lanzhou, Gansu 730070, China

(Received 19 May 2011; final version received 18 October 2011)

We consider a problem of Bayesian risk decision based on probabilistic rough set over
two universes. It is a new extension of classical probabilistic rough set on the same
universe. We give four rough set models on probabilistic approximation space over two
universes. Then we study the interrelationship between Bayesian risk decision and
probabilistic rough set models over two universes. The results show that there must
exist a kind of Bayesian minimum risk decision problem corresponding to one of the
probabilistic rough set models over two universes. In fact, the conclusion also includes
some generalized probabilistic rough set models on the same universe by other authors.
And at the same time, the principal and validity of the Bayesian risk decision based on
probabilistic rough set over two universes are tested by a numerical example of the
medical diagnosis systems in detail. The probabilistic rough set approach over two
universes gives an effective assistant for decision makers in the context of risk and
uncertainty.

Keywords: Bayesian risk decision; probabilistic rough set; two universes

1. Introduction

Decision under risk and uncertainty has been intensively investigated by many researchers

(for a comprehensive review see, e.g. Fishburn 1988). In this field, the traditional methods

are the expected classical probabilistic theory, which has been axiomatized by Von

Neumann and Morgenstern (1947) in case of objective probability and by Savage (1954)

in case of subjective probability. At the same time, the Bayesian risk decision method

(Duda and Hart 1973) is also a prosperous field according to classical probabilistic theory.

Meanwhile, a matured methodology of the decision used the classical Pawlak rough set

theory in the context of uncertainty in the last few years (Wong and Ziarko 1987, Tsumoto

1998, 2004). Another approach to decision under risk and uncertainty has been based on

the concept of the classical probabilistic rough set model and its generalized model such as

covering probability rough set, etc. In this field, Pawlak first gives the relationship between

rough set and Bayesian theorem and reveals a new look on Bayesian theorem from the

rough set perspective (Pawlak 2002, 2004). Yao and his collaborators first propose the

method of the Bayesian decision according to the classical probability rough set model

(Yao et al. 1990, Yao and Wong 1992, Zhang et al. 2001, Yao 2008, 2010). Subsequently,

other authors have extended the equivalent partition of a universe to covering of a universe

and established a covering probabilistic rough set model (Gong and Shi 2008, Yao et al.
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2008, Ziarko 2008). Then they researched the problem of the Bayesian decision based on

covering probabilistic rough set model as similar as classical probabilistic rough set.

However, so far most researches for the decision under risk and uncertainty have been

conducted on the assumption of the same universe (Yao et al. 1990, Yao and Wong 1992,

Yao 2001, 2008, 2010, Zhang et al. 2001, Gong and Shi 2008). But in reality, the possible

two or more different universes and their interrelations may invalidate the current rough

set theory when a practical decision is concerned, making the research on two universes or

multi-universes a necessity. For example, the approach of Pawlak rough set theory is

introduced to describe conflicts, and transform the conflict analysis problem and the

conflict-resolving problem into the information systems by Pawlak. The approach to

conflict analysis based on the classical Pawlak rough set theory on the same universe has

some limitations that were pointed out by other scholars in practical applications.

Recently, to overcome the limitations of the conflict analysis based on the classical Pawlak

rough set model, a new rough set model of conflict analysis based on the rough set theory

over two universes is introduced (Sun and Ma 2011). Typically, we explain the nature of

conflict and define the conflict situation model in a new way that encapsulates the objects

(agents) and disputes (issues) of a conflict situation as two independent universes of

discourse and the relationship between them are described by four different set-valued

mapping; in this way we build a conflict analysis model over two universes based on rough

set theory. Then, by studying the rough set model over two universes for the conflict

situation, we can point out the intrinsic causes that arouse the conflicts. Meanwhile, we can

also find a consensus for solving the conflicts. In this paper, we try to make a tentative

discussion of the Bayesian risk decision based on the probabilistic rough set model over

two universes and study the relationship between the probabilistic rough set and Bayesian

risk decision over two universes.

In view of this opinion, the main objective of this paper was to extend the Bayesian

decision method based on the classical probability rough set model which is defined on the

same universe (Yao et al. 1990, Yao and Wong 1992, Yao 2001, 2008, 2010, Zhang et al.

2001) to two universes. Here the probability rough set models are defined on two

universes. That is to say, we approach Bayesian risk decision by using the theory of

probabilistic rough set over two universes. Moreover, we study the interrelationship

between Bayesian decision and probabilistic rough set over two universes. The basic

methodology and the main outcomes are to extend the idea and the conclusions of the

decision under risk and uncertainty on the same universe.

This paper is organized as follows. Section 2 recalls basics of classical Pawlak rough

set and gives probabilistic rough set model over two universes. Section 3 introduces the

traditional Bayesian risk decision-theoretic framework and then gives the interrelationship

between Bayesian risk decision based on probabilistic rough set with the probabilistic

rough set model over two universes. Section 4 presents a numerical example of a medical

diagnosis system and verifies the validity of the decision method that is given in Section 3.

Section 5 concludes.

2. Probabilistic rough set model over two universes

Rough set theory (Pawlak 1982, 1991) was originally proposed as a formal tool for

modelling inexact data or imprecise information over information systems. This is to say,

the value of imprecision is not pre-assumed, as it is in probability theory or fuzzy set, but is

calculated on the basis of approximation in which the fundamental concept is used to

express imprecision of knowledge (Pawlak 1991). The rough set theory has been
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demonstrated to be useful in the fields of knowledge discovery, decision analysis, data

mining, pattern recognition, and so on (Zhu et al. 2001, Beynon et al. 2004, Pawlak 2007a,

2007b, 2007c). Several extensions of the classical Pawlak rough set model have been

proposed in terms of various requirements and applications in the engineering and

management decision (Zaras 2004, Szelak and Ziarko 2005, Tseng and Huang 2007).

2.1 Basic concepts

In this section, we recall some basic definitions of the Pawlak rough sets.

Let U be a non-empty finite universe and R be an equivalence relation of U £ U. Let

(U, R) be the Pawlak approximation space. For any x [ U, [x ]R is the equivalence classes

of x, which includes the element x about R. For any X # U. We call

RðXÞ ¼ {x [ Uj½x�R # X} ¼ <{½x�Rj½x�R # X};

�RðXÞ ¼ {x [ Uj½x�R > X – Y} ¼ <{½x�Rj½x�R > X – Y};

the lower and upper approximations of X about (U, R), respectively.

Furthermore, the following definitions are indispensable about Pawlak rough set.

posðXÞ ¼ RðXÞ is called the positive region of X,

negðXÞ ¼ U 2 �RðXÞ is called the negative region of X, and

bnðXÞ ¼ �RðXÞ2 RðXÞ is called the boundary region of X.

If RðXÞ ¼ �RðXÞ for any XðX # UÞ, then we call X the definable set about

approximation space (U, R). Otherwise, X is called the rough set in (U, R) (Pawlak 1982,

1991, Zhang et al. 2001)

Next, we present the classical Pawlak rough set model over two universes as follows.

Definition 2.1. (Pawlak 1982, Zhang et al. 2001) Let U, W be two non-empty finite

universes and R # U £W be the binary relation between U and W. That is, R : U ! 2W .

RðxÞ ¼ {y [ Wjðx; yÞ [ R; x [ U}. We call (U, W, R) the generalized approximation

space.

For any Y # W , we define the lower and upper approximations of Y about

approximation space (U, W, R), respectively, as follows.

apr
R
ðYÞ ¼ {x [ UjRðxÞ # Y}

and

aprRðYÞ ¼ {x [ UjRðxÞ> Y – Y}:
If apr

R
ðYÞ ¼ aprRðYÞ then we call Y definable set or crisp set about (U, W, R).

Otherwise, we call Y rough set in (U, W, R).

It can be easily seen that apr
R
ðYÞ and aprRðYÞ are approximation operators from2W to 2U.

If U ¼ W, then R(x) is the neighbourhood of x about the binary relation R. Here, the

rough set that is defined above is the rough set based on the generalized binary relation

(Zhang et al. 2001).

Let U be the non-empty finite universe. Setting function P : 2U ! ½0; 1� is called

probability measure on universe U when the following condition is satisfied (Yan 1998):

(1) PðYÞ ¼ 0,

(2) PðUÞ ¼ 1, and

(3) Pð<nAnÞ ¼
P

nPðAnÞ.

Here An # U; n ¼ 1; 2; . . . ;An is pairwise disjoint for any two indexes.
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Let U be non-empty finite universe and P be the probability measure on universe U.

For any A;B # U, and PðBÞ . 0, we call PðAjBÞ ¼ PðA> BÞ=PðBÞ the conditional

probability of set A given B.

2.2 Probability rough set model over two universes

The probabilistic approaches have been applied to the rough set theory ever since its

inception (Wong and Ziark 1987, Pawlak et al. 1988, Yao et al. 1990, Yao and Wong

1992, Duntsch and Gediga 2001). In this paper, we establish the rough set model over two

universes based on probabilistic approximation space. Apparently, it is an extension of the

existing probabilistic rough set model on the same universe.

First, we give the definition of the binary set-valued mapping between two universes.

Definition 2.2. For any two non-empty finite universes U, W. For any element xðx [ UÞ,

there exists yðy [ WÞ satisfying xRy, then y is called the image of x according to the binary

set-valued mapping R.

Denote RðxÞ ¼ {y [ WjxRy} as the element set in universeW which has the relation R

with the element x. That is, the image set of the element x by the set-valued mapping R.

Then, we call R binary set-valued mapping from universe U to W.

It is easy to know that binary equivalence relation (satisfies the reflexive, symmetric,

and transitive) and similarity relation (satisfies the reflexive and symmetric) are the special

case of the binary set-valued mapping. Furthermore, the binary set-valued mapping R will

be the binary neighbourhood relation on the universes U, W when we regard the image set

RðxÞ ¼ {y [ WjxRy} as the neighbourhood of element xðx [ UÞ.

In the following, we give the definition of the probability approximation space over

two universes (Gong and Sun 2008, Ma and Sun 2011).

Definition 2.3. Let U, W be non-empty finite universes. R # U £W be the binary set-

valued mapping from the universe U to W. The probability function P is defined on s

algebra of measurable subset of W. Then we call A ¼ ðU;W ;R;PÞ probability

approximation space over two universes.

By this definition, we give the first category probabilistic rough set model over two

universes as follows.

2.2.1 Two universes probabilistic rough set model I

Let A ¼ ðU;W ;R;PÞ be probabilistic approximation space over two universes. For any

0 # b , a # 1, X [ 2W . Then the lower and upper approximations of X about A

according to parameters a and b are, respectively, as follows.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ $ a}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ . b}:

Meanwhile, the positive region, boundary region, and negative region of X about A

according to parameters a and b are, respectively, as follows.

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ a};

bnðX;a;bÞ ¼ {x [ Ujb , PðXjRðxÞÞ , a};
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and

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ # b} ¼ U 2 apr
b
PðXÞ:

If apra
P
ðXÞ ¼ apr

b
PðXÞ, then X is called a definable set in probabilistic approximation

space over two universes. Otherwise, X is called rough set in approximation space A.

Furthermore, it is easy to test the following relations are satisfied as well.

apr
b
PðXÞ ¼ posðX;a;bÞ< bnðX;a;bÞ or bnðX;a;bÞ ¼ apr

b
PðXÞ2 posðX;a;bÞ:

Remark 2.1. If U ¼ W, then probabilistic rough set over two universes will change into

probability rough set on the same universe (Yao et al. 1990, Yao and Wong 1992, Zhang

et al. 2001, Yao 2008, 2010).

Remark 2.2. If a ¼ 1;b ¼ 0. Let PðXjRðxÞÞ ¼ PðX > RðxÞÞ=PðRðxÞÞ ¼ jX > RðxÞj=jRðxÞj.
(Here jRðxÞj stands for the cardinality of the set. In the following, the symbol j†j has the

same meaning as here.) Then, we have

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ $ 1} ¼ {x [ UjRðxÞ # X} ¼ apr

R
ðXÞ

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ . 0} ¼ {x [ UjRðxÞ> X – Y} ¼ aprRðXÞ:

It is the classical Pawlak rough set model over two universes (Pawlak 1982, 1991,

Zhang et al. 2001).

Remark 2.3. If U ¼ W, and a ¼ 1, b ¼ 0;PðXjRðxÞÞ ¼ jX > RðxÞj=jRðxÞj. Then, by the

above discussion we know that probabilistic rough set over two universes becomes

classical Pawlak rough set (Zhang et al. 2001, Ziarko 2008).

It is easy to know that lower approximation apra
P
and upper approximation apr

b
P are

defined as a pair of approximation operators from universe W to universe U.

It can be easily seen that lower and upper approximations of probabilistic rough set

over two universes are mainly characterized by two different parameters according to the

above definition. Therefore, the lower and upper approximations by different

combinations for parameters a and b are different too. That is, there are other forms of

two universes probabilistic rough set model.

In the following, we list other probabilistic rough set models over two universes,

respectively. And we only give the lower and upper approximations, the positive region,

negative region, and boundary region.

2.2.2 Two universes probabilistic rough set model II

Let A ¼ ðU;W ;R;PÞ be the probabilistic approximation space over two universes. For any

0 , b # a , 1;X [ 2W . Then, lower and upper approximations of X about A according

to parameters a and b are defined, respectively, as follows.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ . a}
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and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ $ b}:

The positive region, boundary region, and negative region of X about A according to

the parameters a and b are, respectively, as follows

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . a};

bnðX;a;bÞ ¼ {x [ Ujb , PðXjRðxÞÞ # a};

and

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ , b} ¼ U 2 apr
b
PðXÞ:

2.2.3 Two universes probabilistic rough set model III

Let A ¼ ðU;W ;R;PÞ be the probabilistic approximation space over two universes. For any

0 # b # a , 1;X [ 2W . Then, lower and upper approximations of X about A according

to parameters a and b are defined, respectively, as follows

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ . a}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ . b}:

The positive region, boundary region, and negative region of X about A according to

the parameters a and b are, respectively, as follows

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . a};

bnðX;a;bÞ ¼ {x [ Ujb # PðXjRðxÞÞ # a};

and

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ # b} ¼ U 2 apr
b
PðXÞ:

2.2.4 Two universes probabilistic rough set model IV

Let A ¼ ðU;W ;R;PÞ be the probabilistic approximation space over two universes. For any

0 , b # a # 1;X [ 2W . Then, lower and upper approximations of X about A according

to parameters a and b are defined, respectively, as follows.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ $ a}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ $ b}:

The positive region, boundary region, and negative region of X about A according to

parameters a and b are, respectively, as follows

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ a};

bnðX;a;bÞ ¼ {x [ Ujb # PðXjRðxÞÞ , a};
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and

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ , b} ¼ U 2 apr
b
PðXÞ:

As far as the basic theory of probabilistic rough set models over two universes is

concerned, they have been discussed in our previous research in detail (see Gong and Sun

2008, Ma and Sun 2011).

It is well known that probabilistic rough set models over two universes are a natural

extension of classical Pawlak probability rough set model on the same universe.

Therefore, there are also several properties and conclusions as similar as the classical

Pawlak probability rough set model on the same universe.

3. The relationship between probabilistic rough set and Bayesian risk decision over

two universes

The standard rough set model is a qualitative model that defines three regions for

approximating a subset of a universe of objects based on an equivalence relation on the

universe. A lack of consideration of the degree of overlap between an equivalence class

and the set motivates many researchers to study quantitative rough set models (Yao 2008,

Ziarko 2008). Therefore, probabilistic approaches to rough sets are one of the most

important and successful schools of quantitative rough sets. Probabilistic rough set

approximations can be formulated based on the notions of rough membership function

(Pawlak and Skowron 1994) and rough inclusion (Polkowski and Skowron 1996). Both

notions can be interpreted in terms of conditional probabilities or a posteriori probabilities.

Threshold values, known as parameters of a and b, are applied to a rough membership

function or a rough inclusion to obtain probabilistic or parameterized approximations. The

probabilistic rough set model treats the required parameters as a primitive notion. The

interpretation and the process of determining the parameters are based on rather intuitive

arguments and left to empirical studies (Yao 2008). There is a lack of theoretical and

systematic studies and justifications on the choices of the threshold parameters.

Actually, this fact is also true for the probabilistic rough set over two universes. In fact,

a solution to this problem was reported earlier in a decision-theoretic framework for

probabilistic rough set approximations (Yao and Wang 1992, Yao et al. 1997, Yao 2003),

based on the well-established Bayesian decision procedure for classification (Duda and

Hart 1973). Within the decision-theoretic framework, the required threshold values can be

easily interpreted and calculated based on more concrete notions, such as costs and risks.

In this paper, we first define the probabilistic rough set model over two universes

according to the traditional idea which treats the required parameters value of a and b as a

primitive notion. Then, we present the Bayesian risk decision over two universes based on

the classical well-established Bayesian decision procedure for the same universe.

Subsequently, we establish the relationship between probabilistic rough set model and

Bayesian risk decision over two universes. In fact, the required parameter values of a and

b can be calculated and interpreted systematically by the process of the Bayesian risk

decision over two universes. Moreover, the basis of formula for calculating the values of

a and b is also given by the process of the Bayesian risk decision over two universes.

In the following, we first present the traditional Bayesian risk decision procedure.

3.1 Bayesian risk decision-theoretic framework

In this section, we briefly review the Bayesian decision-theoretic framework (Duda and

Hart 1973, Yao 2003).
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LetV ¼ {v1; . . . ;vs} be a finite set of s states and let A ¼ {a1; . . . ; am} be a finite set
of m possible actions. Let PðvjjxÞ be the conditional probability of an object X being in

state vj given that the object is described by x. Let lðaijvjÞ denote the loss, or cost, for

taking action ai when the state is vj. For an object with description x, suppose an action ai
is taken. Since PðvjjxÞ is the probability that the true state is vj for given x, the expected

loss associated with taking action ai is given by

RðaijxÞ ¼
Xs

j¼1

lðaijvjÞPðvjjxÞ:

The quantity RðaijxÞ is called the conditional risk. Given a description x, a decision

procedure is a function tðxÞ that specifies which action to take. For every x, tðxÞ chooses

one action from a1; . . . am The overall risk R is the expected loss associated with a given

decision procedure. Since RðtðxÞjxÞ is the conditional risk associated with action tðxÞ, the

overall risk is defined by

R ¼
X

x

RðtðxÞjxÞPðxÞ;

where the summation is over the set of all possible descriptions of objects.

One can obtain an optimal decision procedure by minimizing the overall risk. If tðxÞ is

chosen so that RðtðxÞjxÞ is as small as possible for every x, the overall risk R is minimized.

The Bayesian decision procedure can therefore be formally stated as follows. For every x,

compute the conditional risk RðaijxÞ for i ¼ 1; . . . ;m defined by the above equation, and

then select the action for which the conditional risk is the minimum. If more than one

action minimizes RðaijxÞ, any tie-breaking rule can be used.

3.2 Bayesian risk decision based on probabilistic rough set over two universes

The Bayesian risk decision based on classical probabilistic rough set of the same universe

has been studied by many authors in recent years (Yao et al. 1990, Yao and Wong 1992,

Yao 2008, 2010, Zhang et al. 2001). In this section, we give an extension of Bayesian risk

decision based on classical probabilistic rough set of the same universe, namely the

Bayesian risk decision based on probabilistic rough set over two universes.

Given two non-empty finite universes U, W. Suppose that the power set 2W ¼

{X1;X2; . . . ;Xk}; Xi [ W ; i ¼ 1; 2; . . . ; k be a finite set of k states, and let A ¼

{d1; d2; . . . ; dm} be a finite set of m possible decisions (or actions). Then the conditional

probability PðXjjRðxÞÞ denotes the probability of set RðxÞ according to binary set-valued

mapping R for any object xðx [ UÞ at the state Xj.

In general, the value of conditional probability PðXjjRðxÞÞ is known or prior

supposition by the decision-makers or experts.

Let lðdijXjÞ denote risk loss when the decision-maker takes decision di while the state

characterized is Xj.

Then the expected loss, which the decision-maker takes decision di for the relation set

R(x) of object xðx [ UÞ in universe U, is calculated by the following formula:

RðdijRðxÞÞ ¼
Xk

j¼1

lðdijXjÞPðXjjRðxÞÞ:

Let tðxÞðtðxÞ [ AÞ be a decision rule, it denotes the decision for the relation set RðxÞ of

object x. Therefore, RðtðxÞjRðxÞÞ is a conditional risk when the decision-maker takes
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decision tðxÞ for the relation set R(x) of object xðx [ UÞ. Then the overall expected risk

about the decision rule tðxÞ is as follows:

R ¼
X

x[U

RðtðxÞjRðxÞÞPðRðxÞÞ:

Clearly, if the decision rule tðxÞ for the relation set R(x) of object xðx [ UÞ could make

the conditional risk RðtðxÞjRðxÞÞ take value as minimum as possible, then the overall risk

could take minimum value.

Therefore, the most important problem of Bayesian decision is to find a decision di
which makes the value of conditional risk RðdijRðxÞÞ as minimum as possible. Then, the

decision di is the optimal decision.

It can be easily seen that the Bayesian risk decision over two universes is a natural

extension of classical probabilistic rough set approach on the same universe. Especially, it

will degenerate the Bayesian risk decision based on classical probabilistic rough set when

two universes U and W are equivalent.

3.3 The interrelationship between Bayesian risk decision and probabilistic rough set
model over two universes

In probabilistic approximation space over two universes A ¼ ðU;W ;R;PÞ, all elements in

the set-valued mapping R(x) share the same description (Pawlak 1991). For a given subset

X # W , the lower and upper approximations partition the universe U into three disjoint

classes: posðX;a;bÞ, negðX;a;bÞ, and bnðX;a;bÞ. Furthermore, one decides how to

assign x [ U into the three regions based on the conditional probability PðXjRðxÞÞ. It

follows that the Bayesian decision procedure can be immediately applied to solve this

problem (Yao et al. 1990, Yao and Wong 1992, Yao 2003). That is, one kind of Bayesian

risk decision problem corresponds to a certainty probabilistic rough set model over two

universes. In this section, we study the interrelationship between the Bayesian risk

decision and probabilistic rough set over two universes.

Let U, W be two non-empty finite universes. For any X [ 2W , the set of state is given

by V ¼ {X;, X} (where, X denotes the complement of X) indicating that an element is

in X and not in X, respectively. With respect to three regions, the set of decisions is given

by A ¼ {d1; d2; d3}, where d1, d2, and d3 represent the three actions in classifying an

object, namely deciding posðX;a;bÞ, deciding negðX;a;bÞ, and deciding bnðX;a;bÞ,
respectively.

Let xðx [ UÞ. R(x) is the related set according to binary set-valued mapping R. Then,

one will make the following three possible decisions for the objection xðx [ UÞ according

to R(x).

(a) Decide d1 : x [ posðX;a;bÞ. That is, d1 : RðxÞ! posðX;a;bÞ;
(b) Decide d2 : x [ negðX;a;bÞ. That is, d2 : RðxÞ! negðX;a;bÞ;
(c) Decide d3 : x [ bnðX;a;bÞ. That is, d3 : RðxÞ! bnðX;a;bÞ.

Denote li1 ¼ lðdijXÞ; li2 ¼ lðdij , XÞði ¼ 1; 2; 3Þ.
lijði ¼ 1; 2; 3; j ¼ 1; 2Þ is called decision risk coefficient. Here lðdijXÞ denotes the risk

which the decision-maker takes decision di when an objection in fact belongs to X, and

lðdij , XÞ denotes the risk which the decision-maker takes decision di when the object

does not belong to X.

Then, we calculate the conditional risk RðdijRðxÞÞ when the decision-maker takes

decision di according to the related set R(x) of an object xðx [ UÞ by the definition of the
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complete probability as the following.

RðdijRðxÞÞ ¼ li1PðXjRðxÞÞ þ li2Pð, XjRðxÞÞ ði ¼ 1; 2; 3Þ:

Therefore, we obtain the following minimum risk decision rule in terms of the

procedure of Bayesian decision over two universes in Section 3.2.

(i) If Rðd1jRðxÞÞ # Rðd2jRðxÞÞ and Rðd1jRðxÞÞ # Rðd3jRðxÞÞ, decide d1;

(ii) If Rðd2jRðxÞÞ # Rðd1jRðxÞÞ and Rðd2jRðxÞÞ # Rðd3jRðxÞÞ, decide d2; and

(iii) If Rðd3jRðxÞÞ # Rðd1jRðxÞÞ and Rðd3jRðxÞÞ # Rðd2jRðxÞÞ, decide d3.

Moreover, the following relation holds for xðx [ UÞ; X [ 2W by the theorem of

complete probability.

PðXjRðxÞÞ þ Pð, XjRðxÞÞ ¼ 1

The relationship between the risk coefficient lijði ¼ 1; 2; 3; j ¼ 1; 2Þ is determined

according to the concrete problem in practice. In general, the value of the risk coefficient is

given in advance. Here, we consider the relationship for lijði ¼ 1; 2; 3; j ¼ 1; 2Þ as follows:

l11 # l31 , l21 and l12 . l32 $ l22:

That is, the risk of classifying an object x belonging to X into the positive region

posðX;a;bÞ is less than the loss of classifying x into the boundary region bnðX;a;bÞ, and
both of these losses are strictly less than the loss of classifying x into the negative region

neg(x, a, b). The reverse order of losses is used for classifying an object that does not

belong to X. For this type of decision risk coefficient, the minimum risk decision rules (I),

(II), and (III) can be written as:

(I)0 If PðXjRðxÞÞ $ g, and PðXjRðxÞÞ $ a, decide d1,

(II)0 If PðXjRðxÞÞ # g, and PðXjRðxÞÞ # b, decide d2, and

(III)0 If b # PðXjRðxÞÞ # aðb # aÞ; decide d3,

where

a ¼
l12 2 l32

ðl31 2 l11Þ þ ðl12 2 l32Þ
; ð1Þ

and

b ¼
l32 2 l22

ðl21 2 l31Þ þ ðl32 2 l22Þ
ð2Þ

g ¼
l12 2 l22

ðl21 2 l11Þ þ ðl12 2 l22Þ
ð3Þ

It can be easily seen that the Bayesian risk decision over two universes is exclusively

determined by the probability parameters a;b, and g, which is generated according to the

risk coefficient lijði ¼ 1; 2; 3; j ¼ 1; 2Þ.
By the assumptions, l11 # l31 , l21 and l12 . l32 $ l22, it follows that a [ ½0; 1�,

b [ ½0; 1�, and g [ ð0; 1Þ.
According to decision rule (III)0, we know that the inequation of the parameter b # a

holds. Then, there is b , a or b ¼ a. Apparently, the decision rule is different for these

two relations of the parameters a and b. In the following, we discuss the corresponding

conclusions for these two relations in details.

First, we discuss the case of the risk decision according to the inequation of b , a.
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If b , a, then by the formulas (1), (2), and (3) we know that b , g , a holds. At the

same time, according to the decision rules (I), (II), and (III) the minimum risk decision rule

is as follows:

(1) If PðXjRðxÞÞ $ a, decide d1 : RðxÞ! posðX;a;bÞ;
(2) If PðXjRðxÞÞ $ b, decide d2 : RðxÞ! negðX;a;bÞ;
(3) If b # PðXjRðxÞÞ # a, decide d3 : RðxÞ! bnðX;a;bÞ.

In the following, we discuss the interrelationships between the Bayesian risk decision

and the probabilistic rough set model over two universes according to the different values

of the parameters a and b.

(i) If PðXjRðxÞÞ ¼ a, taking decision posðX;a;bÞ and taking decision negðX;a;bÞwhen
PðXjRðxÞÞ ¼ b, then the minimum risk decision rule is as follows:

(1) If PðXjRðxÞÞ $ a, decide d1 : RðxÞ! posðX;a;bÞ;
(2) If PðXjRðxÞÞ $ b, decide d2 : RðxÞ! negðX;a;bÞ;
(3) If b , PðXjRðxÞÞ , a, decide d3 : RðxÞ! bnðX;a;bÞ.

Therefore, we obtain the positive, negative, and boundary regions of set XðX [ 2W Þ

about probabilistic parameters a and b, respectively, as follows.

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ a};

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ # b};

and

bnðX;a;bÞ ¼ {x [ Ujb , PðXjRðxÞÞ , a}:

Furthermore, we obtain the lower and upper approximations of set XðX [ 2W Þ about

probability parameters a and b, respectively, as follows.

apra
P
ðXÞ ¼ posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ a};

and

apr
b
PðXÞ ¼ posðX;a;bÞ< bnðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . b}:

This is the probabilistic rough set model over two universes (model I), which is given

in Section 2.2. So, we can discuss the Bayesian risk decision as similar as this problem by

the probabilistic rough set model I over two universes.

(ii) If PðXjRðxÞÞ . a, taking decision posðX;a;bÞ and taking decision negðX;a;bÞ
when PðXjRðxÞÞ , b, then the minimum risk decision rule is as follows:

(1) If PðXjRðxÞÞ . a, decide d1 : RðxÞ! posðX;a;bÞ;
(2) If PðXjRðxÞÞ , b, decide d2 : RðxÞ! negðX;a;bÞ;
(3) If b # PðXjRðxÞÞ # a, decide d3 : RðxÞ! bnðX;a;bÞ.

Therefore, we obtain the positive, negative, and boundary regions of set XðX [ 2W Þ

about probabilistic parameters a and b, respectively, as follows

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . a};

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ , b};

and

bnðX;a;bÞ ¼ {x [ Ujb # PðXjRðxÞÞ # a}:
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Then the lower and upper approximations of set XðX [ 2W Þ about probabilistic

parameters a and b are, respectively, as follows.

apra
P
ðXÞ ¼ posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . a};

and

apr
b
PðXÞ ¼ posðX;a;bÞ< bnðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ b}:

This is the probability rough set model over two universes (model II), which is given in

Section 2.2.

(iii) If PðXjRðxÞÞ . a, taking decision posðX;a;bÞ and taking decision negðX;a;bÞ
when PðXjRðxÞÞ # b, then the minimum risk decision rule is as follows:

(1) If PðXjRðxÞÞ . a, decide d1 : RðxÞ! posðX;a;bÞ;
(2) If PðXjRðxÞÞ # b, decide d2 : RðxÞ! negðX;a;bÞ;
(3) If b , PðXjRðxÞÞ # a, decide d3 : RðxÞ! bnðX;a;bÞ.

Therefore, we obtain the positive, negative, and boundary regions of set XðX [ 2W Þ

about probabilistic parameters a and b, respectively, as follows.

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . a};

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ # b};

and

bnðX;a;bÞ ¼ {x [ Ujb , PðXjRðxÞÞ # a}:

Then the lower and upper approximations of set XðX [ 2W Þ about probabilistic

parameters a and b are, respectively, as follows.

apra
P
ðXÞ ¼ posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . a}

and

apr
b
PðXÞ ¼ posðX;a;bÞ< bnðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . b}:

This is the probabilistic rough set model over two universes (model III), which is given

in Section 2.2.

(iv) If PðXjRðxÞÞ $ a, taking decision posðX;a;bÞ and taking decision negðX;a;bÞ
when PðXjRðxÞÞ , b, then the minimum risk decision rule is as follows:

(1) If PðXjRðxÞÞ $ a, decide d1 : RðxÞ! posðX;a;bÞ;
(2) If PðXjRðxÞÞ , b, decide d2 : RðxÞ! negðX;a;bÞ;
(3) If b # PðXjRðxÞÞ , a, decide d3 : RðxÞ! bnðX;a;bÞ.

Therefore, we obtain the positive, negative, and boundary regions of set XðX [ 2W Þ

about probabilistic parameters a and b, respectively, as follows.

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ a};

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ , b};

and

bnðX;a;bÞ ¼ {x [ Ujb # PðXjRðxÞÞ , a}:
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Then the lower and upper approximations of set XðX [ 2W Þ about probabilistic

parameters a and b are, respectively, as follows.

apra
P
ðXÞ ¼ posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ a}

and

apr
b
PðXÞ ¼ posðX;a;bÞ< bnðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ b}:

This is the probabilistic rough set model over two universes (model IV), which is given

in Section 2.2.

Therefore, we establish the corresponding relationship from the Bayesian risk decision

to various probabilistic rough set models over two universes.

Next, we discuss the relation of b ¼ a. By the formulas (1), (2), and (3) we know that

b ¼ g ¼ a holds. At the same time, according to the decision rules (I)0, (II) 0, and (III) 0 the

minimum risk decision rule is as follows.

(1) If PðXjRðxÞÞ . g, then d1 : RðxÞ! posðX;a;bÞ;
(2) If PðXjRðxÞÞ , g, then d2 : RðxÞ! negðX;a;bÞ;
(3) If PðXjRðxÞÞ ¼ g, then d3 : RðxÞ! bnðX;a;bÞ.

Therefore, we obtain the positive, negative, and boundary regions of the set XðX [ 2W Þ

about the probabilistic parameters a and b, respectively, as follows.

posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . g};

negðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ , g};

and

bnðX;a;bÞ ¼ {x [ Ujb , PðXjRðxÞÞ ¼ g}:

Meanwhile, we obtain the lower and upper approximations of the set XðX [ 2W Þ about

the probabilistic parameters a and b, respectively, as follows.

apra
P
ðXÞ ¼ posðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ . g}

and

apr
b
PðXÞ ¼ posðX;a;bÞ< bnðX;a;bÞ ¼ {x [ UjPðXjRðxÞÞ $ g}:

So, we can easily obtain the boundary region as follows.

bnðX;a;bÞ ¼ apr
b
PðXÞ2 posðX;a;bÞ ¼ {x [ Ujb , PðXjRðxÞÞ ¼ g}:

This is the absolute boundary of the probability rough set model over two universes

(model II), which is given in Section 2.2

Therefore, it can discuss the Bayesian minimum risk decision problem which owning

the above different conditions based on probabilistic rough set model over two universes

in practice.

From the above discussion, we establish the interrelationship between the Bayesian

risk decision and the probabilistic rough set over two universes. For one thing, it can

analyse the decision rule by using different probabilistic rough set models over two

universes in practice. For another, it also interprets the background of every probabilistic

rough set model over two universes naturally.
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From the above discussion, we can also obtain the following conclusion about the

interrelationship between the Bayesian risk decision and the probabilistic rough set over

two universes.

For any probabilistic rough set model over two universes, there must exist a kind of

Bayesian minimum risk decision problem which corresponds to the probabilistic rough set

over two universes.

Actually, this conclusion also holds for the classical probabilistic rough set model on

the same universe (Li and Zhang 2006)

Remark 3.1. It can be easily seen that all these conclusions will be degenerated into the

Bayesian risk decision based on classical probabilistic rough set on the same universe

(Yao et al. 1990; Yao and Wong 1992, Zhang et al. 2001, Yao 2008, 2010), when we take

the universe U equal to W and R take an equivalence relation on U.

Remark 3.2. It is also possible to obtain other models such as variable precision

probabilistic rough set model, dual probabilistic rough set model, 0.5 probabilistic rough

set model, majority probabilistic rough set model, two parameterized rough set models and

Pawlak probabilistic rough set model over two universes by discussing the decision risk

coefficient lijði ¼ 1; 2; 3; j ¼ 1; 2Þ, Meanwhile, all these models are an extension of the

existing rough set model on the same universe (Yao 2008).

4. A numerical example

In this section, a numerical example of medical diagnosis system in clinic is applied to

illuminate the basic steps and verify the conclusions of the Bayesian risk decision based on

probabilistic rough set over two universes.

4.1 Background statement

First of all, we give the background of the medical diagnosis system in clinic.

Let finite non-empty universe U be patient set and W be symptoms set. Suppose that

the power set 2W ¼ {X1;X2 . . . ;Xk} be some character states, for any Xj [ 2W it stands for

a certain disease and it may show many symptoms yðy [ WÞ.

For any XðX [ 2W Þ. Then the patient set U will be divided into two state sets

V ¼ {X;, X}. That is, for any x [ U, x has the disease X or does not have the disease X.

So, the state set is V ¼ {X;, X}. The Bayesian risk decision gives the following

conclusions:

Let xðx [ UÞ be one patient. RðxÞ be the related set according to binary set-valued

mapping R. Then, doctor will make the following three possible decisions in clinic for

patient xðx [ UÞ according to symptom RðxÞ.

(a) Decide d1 : x [ posðX;a;bÞ. That is, d1 : RðxÞ! posðX;a;bÞ;
(b) Decide d2 : x [ negðX;a;bÞ. That is, d2 : RðxÞ! negðX;a;bÞ;
(c) Decide d3 : x [ bnðX;a;bÞ. That is, d3 : RðxÞ! bnðX;a;bÞ.

Here, decision d1 denotes the patient xðx [ UÞ needs treatment immediately. Decision

d2 denotes the patient xðx [ UÞ does not need treatment. Decision d3 denotes the patient

xðx [ UÞ does not confirm and needs on second thoughts in clinic.
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Obviously, for a concrete patient xðx [ UÞ, he/she may have a disease X or may not

have disease X. Therefore, it will inevitably face the following two categories risk in

practice. We make the following presupposition.

As for a reality problem, the decision risk of treatment immediately according to

disease X will not be more than the decision risk of on second thoughts when the patient

xðx [ UÞ has disease XðX [ 2W Þ. Furthermore, the decision risk of on second thoughts

must be less than the decision risk of the patient who does not need treatment. That is, the

decision risk coefficient lijði ¼ 1; 2; 3; j ¼ 1; 2Þ satisfies the following relation.

l11 # l31 , l21

On the other hand, the decision risk of the wrong treatment according to disease X will

be more than the decision risk of a patient on second thoughts when the patient xðx [ UÞ

does not have disease XðX [ 2W Þ. Furthermore, the decision risk of a patient who does not

need treatment is not more than the decision risk of a patient on second thoughts. That is,

the decision risk coefficient lijði ¼ 1; 2; 3; j ¼ 1; 2Þ satisfies the following relation.

l12 . l32 $ l22

4.2 Numerical test

From the discussion in Section 4.1, we give the numerical example of a medical diagnosis

system as follows.

Let U ¼ {x1; x2; x3; x4; x5; x6} be finite universe of six patients.W ¼ {y1; y2; y3; y4; y5}
be the finite of five symptoms. R be binary set-valued mapping which is defined from

universe U to universeW. That is, one or more symptoms in universeW may be shown by

patient in universe U.

Let X ¼ {y1; y3; y4} [ 2W be a certain disease. That is, the disease X is exhibited by

three symptoms in clinic.

By the statistic datum, we know that the patient x [ U who has the symptoms in

universe W is distributed, respectively, as follows

Rðx1Þ ¼ {y4}; Rðx2Þ ¼ {y1; y2; y5}; Rðx3Þ ¼ {y1; y3; y4; y5}

and

Rðx4Þ ¼ {y1; y2}; Rðx5Þ ¼ {y3; y5}; Rðx6Þ ¼ {y1; y3; y5}:

Then, by formula PðXjRðxÞÞ ¼ jX > RðxÞj=jRðxÞj, we can easily calculate the

conditional probability of the above patient about disease X (where PðXjRðxÞÞ denotes

the possible suffering probability of X when one patient shows the symptoms RðxÞ):

PðXjRðx1ÞÞ ¼ 1; PðXjRðx2ÞÞ ¼
1

3
; PðXjRðx3ÞÞ ¼

3

4

and

PðXjRðx4ÞÞ ¼
1

2
; PðXjRðx5ÞÞ ¼

1

2
; PðXjRðx6ÞÞ ¼

2

3
:

Taking the value of the risk coefficient lijði ¼ 1; 2; 3; j ¼ 1; 2Þ, which is priorly given

by the expert, respectively, as follows

l11 ¼ 0:3; l21 ¼ 0:7; l31 ¼ 0:6
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and

l12 ¼ 0:8; l22 ¼ 0:1; l32 ¼ 0:2

then by the formula of the probability parameters a and b (1) and (2), we have the

following result.

a ¼
l12 2 l32

ðl31 2 l11Þ þ ðl12 2 l32Þ
¼

2

3
; b ¼

l32 2 l22

ðl21 2 l31Þ þ ðl32 2 l22Þ
¼

1

2
:

So, the parameters satisfy the relation b , a. From conclusions drawn in Section 3.3,

there will be different risk decisions when we take different probabilistic rough set models

over two universes. Thus, we discuss various risk decisions by using the probabilistic

rough set model in Section 2.2 one-by-one as follows.

4.2.1 Two universes probabilistic rough set model I

According to the discussion in Section 3.3, we can easily obtain the following result.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ $ a} ¼ {x1; x3; x6}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ . b} ¼ {x1; x3; x6}:

Then the positive region, negative region, and boundary region of X about two

universes probability approximation space are, respectively, as follows.

posðX;a;bÞ ¼ apra
P
ðXÞ ¼ {x1; x3; x6};

negðX;a;bÞ ¼ U 2 apr
b
PðXÞ ¼ {x2; x4; x5};

and

bnðX;a;bÞ ¼ apr
b
PðXÞ2 apra

P
ðXÞ ¼ Y:

Therefore, we obtain the minimum risk decision rule for this medical diagnosis system

according to the above minimum risk decision (a), (b), (c) as follows.

(a) The patients x1, x3, and x6 need treatment immediately,

(b) The patients x2, x4, and x5 need no treatment,

(c) None of the patients need on second thoughts.

4.2.2 Two universes probabilistic rough set model II

According to the discussion in Section 3.3, we can easily obtain the following result.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ . a} ¼ {x1; x3}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ $ b} ¼ {x1; x3; x4; x5; x6}:

Then the positive region, negative region, and boundary region of X about two

universes probability approximation space are, respectively, as follows.

posðX;a;bÞ ¼ apra
P
ðXÞ ¼ {x1; x3};

negðX;a;bÞ ¼ U 2 apr
b
PðXÞ ¼ {x2};
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and

bnðX;a;bÞ ¼ aprPbðXÞ2 apra
P
ðXÞ ¼ {x4; x5; x6}:

Therefore, we obtain the minimum risk decision rule for this medical diagnosis system

according to the above minimum risk decision (a), (b), (c) as follows.

(a) The patients x1 and x3 need treatment immediately,

(b) The patient x2 needs no treatment,

(c) The patients x4, x5, and x6 need on second thoughts.

4.2.3 Two universes probabilistic rough set model III

According to the discussion in Section 3.3, we can easily obtain the following result.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ . a} ¼ {x1; x3}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ . b} ¼ {x1; x3; x6}:

Then the positive region, negative region, and boundary region of X about two

universes probability approximation space are, respectively, as follows.

posðX;a;bÞ ¼ apra
P
ðXÞ ¼ {x1; x3};

negðX;a;bÞ ¼ U 2 apr
b
PðXÞ ¼ {x2; x4; x5};

and

bnðX;a;bÞ ¼ apr
b
PðXÞ2 apra

P
ðXÞ ¼ {x6}:

Therefore, we obtain the minimum risk decision rule for this medical diagnosis system

according to the above minimum risk decision (a), (b), (c) as follows.

(a) The patients x1 and x3 need treatment immediately,

(b) The patients x2, x4, and x5 need no treatment,

(c) The patient x6 need on second thoughts.

4.2.4 Two universes probabilistic rough set model IV

According to the discussion in Section 3.3, we can easily obtain the following result.

apra
P
ðXÞ ¼ {x [ UjPðXjRðxÞÞ $ a} ¼ {x1; x3; x6}

and

apr
b
PðXÞ ¼ {x [ UjPðXjRðxÞÞ $ b} ¼ {x1; x3; x4; x5; x6}:

Then the positive region, negative region, and boundary region of X about two

universes probability approximation space are, respectively, as follows.

posðX;a;bÞ ¼ apra
P
ðXÞ ¼ {x1; x2; x6};

negðX;a;bÞ ¼ U 2 apr
b
PðXÞ ¼ {x2};
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and

bnðX;a;bÞ ¼ apraPðXÞ2 apra
P
ðXÞ ¼ {x4; x5}:

Therefore, we obtain the minimum risk decision rule for this medical diagnosis system

according to the above minimum risk decision (a), (b), (c) as follows.

(a) The patients x1 x3, and x6 need treatment immediately,

(b) The patient x2 needs no treatment,

(c) The patients x4 and x5 need on second thoughts.

From the above test results, we obtain that the decision-maker would make different

decisions for the same risk decision problem by taking different probabilistic rough set

models over two universes. Then, the decision-maker would take one of the above models

for the concrete risk decision problem as suitable as possible according to reality.

Therefore, we illuminate the idea and the procedure for the probabilistic rough set

approach to Bayesian risk decision over two universes systematically. Moreover, by

applying this numerical example of medical diagnosis system, we not only show the basic

steps of the Bayesian risk decision method but also illustrate the background of the

probability rough set model over two universes. Meanwhile, the decision-maker can take

different models according to the given conditions in practice.

Remark 4.1. From the above test example, we can easily show that the binary set-mapping,

which is defined between the two different universes U andW is a covering of universeW.

Therefore, it will be the Bayesian decision method about covering probability rough set

model on the same universe when the two universes U ¼ W. This is the conclusion of

Gong and Shi (2008).

5. Conclusions

In this paper, the approach of Bayesian risk decision principal and the method based on

probability rough set model over two universes are studied systematically. It is a natural

generalization of the Bayesian risk decision on the classical probabilistic rough set theory.

Meanwhile, it also extended the existing results of various generalized Bayesian risk

decisions by other researchers. Especially, we enucleate the interrelationship between the

Bayesian risk decision and the probabilistic rough set model over two universes in detail.

Moreover, a numerical example of the medical diagnosis system is applied to illuminate

the background and to test the validity of the Bayesian risk decision based on probabilistic

rough set approach over two universes.

In fact, the present paper gives a tentative of the application for the theory of rough set

over two universes. Since two or multi-universes can describe the reality more reasonably

and effectively, we believe that the above methodology can be very useful in dealing with

many operational research problems in the context of risk and uncertainty, such as

financial decision, conflict analysis, venture investment, and multiple attribute decision

making in uncertainty. On the one hand, it can be easily seen from the numerical example

that different decision rules are obtained for a certainty problem by using different

probabilistic rough set models. So, a method of how to select a suitable rough set model or

evaluate the superiority of every rough set model for the concrete problem is needed. On

the other hand, the presented paper consists of only some examples which can be treated as
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an illustration of the introduced concepts. Actually, as real-life data are used to test the

approaches in this paper, the conclusions proposed will be better. Further research may

focus on these directions.
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