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Abstract: Probabilistic approaches to rough sets are still an important issue in rough set theory. Although many studies have been
written on this topic, they focus on approximating a crisp concept in the universe of discourse, with less effort on approximating a fuzzy
concept in the universe of discourse. This article investigates the rough approximation of a fuzzy concept on a probabilistic approximation
space over two universes. We first present the definition of a lower and upper approximation of a fuzzy set with respect to a probabilistic
approximation space over two universes by defining the conditional probability of a fuzzy event. That is, we define the rough fuzzy set on a
probabilistic approximation space over two universes. We then define the fuzzy probabilistic approximation over two universes by
introducing a probability measure to the approximation space over two universes. Then, we establish the fuzzy rough set model on the
probabilistic approximation space over two universes. Meanwhile, we study some properties of both rough fuzzy sets and fuzzy rough sets
on the probabilistic approximation space over two universes. Also, we compare the proposed model with the existing models to show the
superiority of the model given in this paper. Furthermore, we apply the fuzzy rough set on the probabilistic approximation over two
universes to emergency decision-making in unconventional emergency management. We establish an approach to online emergency
decision-making by using the fuzzy rough set model on the probabilistic approximation over two universes. Finally, we apply our approach
to a numerical example of emergency decision-making in order to illustrate the validity of the proposed method.

Keywords: rough set, fuzzy rough set, probabilistic approximation space over two universes, emergency decision-making

1. Introduction

Since the rough set theory (Pawlak, 1982) was introduced by
Pawlak, many proposals have been made for generalizing
and interpreting rough set theory (Pawlak & Skowron,
2007a, 2007b). Yao (1998) summarizes various formulations
of the standard rough set theory and demonstrates how
those formulations can be adopted to develop different
generalized rough set theories. As a new mathematical tool
to deal with vagueness and uncertainty, one of the main
advantages of rough set theory is that it does not need any
preliminary or additional information about data, such as
probability distribution in statistics, basic probability
assignment in the Dempster–Shafer theory, grade of
membership or the value of possibility in fuzzy set theory
(Yao, 2003). This newmathematical approach to imprecision,
vagueness and uncertainty is founded on the assumption that
objects in the universe of discourse can be associatedwith data
or knowledge (Pawlak & Skowron, 1994; Zakowski 1983).

The Pawlak rough set uses two definable sets named lower
and upper approximations sets to deal with classification from
a database. However, both the Pawlak rough set approach
and many generalized rough set models are often too strict

when including objects into the approximation regions and
may require additional information. A lack of consideration
for the degree of overlap of the equivalence class and the set
to be approximated unnecessarily limits the applications of
rough set and has motivated many researchers to investigate
probabilistic generalization of the theory (Wong & Ziarko,
1987; Pawlak 1988; Yao, 2003, 2011; Ziarko, 2003, 2008;
Wu & Zhang, 2004; Zhou 2011; Capotorti & Barbanera,
2012; Katzberg & Ziarko (1994); Wybraniec-Skardowska
(1989); Zhong et al. (1998)). Wong and Ziarko (1987)
introduced the probabilistic approximation space to their
studies of rough set theory and then presented the concept of
a probabilistic rough set. Subsequently, Yao et al. (1990)
proposed a more general probabilistic rough set called
decision-theoretic rough set. All the generalized probabilistic
rough set can be regarded as special cases of this model
(Yao & Zhao (2008)). As far as the probabilistic approach to
rough set theory, Pawlak and Skowron (1994); Pawlak et al.
(1988) and Wong and Ziarko (1987) proposed a way to
characterize a rough set by a single membership function. By
the definition of a rough membership function, elements in
the same equivalence class have the same degree of
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membership. The rough membership may be interpreted as the
probability of any element belonging to a set, given that the
element belongs to an equivalence class. This interpretation
leads to a probabilistic rough set (Yao, 2003). Meanwhile, a
variable precision rough set approach, proposed by Ziarko
(1993), is also one kind of probabilistic rough set; he firstly used
a set of inclusion functions to define the lower and upper
approximations. Moreover, only one parameter was used in
the lower and upper approximations. Later on, he
reformulated the theory of variable precision rough set by using
probabilistic terms. In order to solve the probabilistic decision-
making problem by allowing a certain acceptable level of error
for the reality of management science, many other probabilistic
rough sets, such as 0.5-probabilistic rough set (Wong&Ziarko,
1987), decision-theoretic rough set (Yao et al., 1990),
parameterized rough set (Skowron & Stepaniuk, 1996),
Bayesian rough set (Slezak & Ziarko, 2005), game-theoretic
rough set (Herbert & Yao, 2011) and naive Bayesian rough
set (Yao & Zhou, 2010) have been proposed over the last
2decades. Probabilistic rough set extends the classical Pawlak
rough set model. The major change is the consideration of
the probability that an element is in a set as a test to determine
inclusion in approximation regions. Two probabilistic
thresholds are used to determine the division between the
boundary-positive region and boundary-negative region.

As a non-numeric method to represent and manage the
uncertainty in various information systems, rough set theory
also has been regarded as an interval structure method to
manage uncertainty (Sun et al., 2012). In order to establish
a unified framework for treating uncertain information, a
general notion of interval structure has already been
proposed and discussed in detail (Wong et al., 1993; Yao
et al., 1995; Pei & Xu, 2004), and then a generalized rough
set model on two universes was proposed based on the so-
called compatibility view. Actually, rough set on two
universes has an important background in management
science for decision-making under uncertainty. For
example, uncertainty is an inseparable aspect of medical
diagnosis in clinics (De et al., 2001; Straszecka, 2007). A
symptom is an uncertainty index of whether or not a disease
is occurring. Symptoms and diseases belong to two different
universes, although they are interrelated with each other (De
et al., 2001; Straszecka, 2007). Thus, uncertainty arises when
describing the interrelations between symptoms and
diseases. For example, in a doctor’s specific group of
patients, each patient may show many symptoms, just as
each disease could have many basic symptoms. This makes
it very difficult for a doctor to decide which disease the
patient has (Sun et al., 2013). Thus, the two or more
different possible universes and their interrelations may
invalidate current rough set theory when practical
decision-making is concerned. This limitation necessitates
research on two universes or multi-universes.

Thus far, much research on rough set over two universes
has been conducted in recent years. We briefly review the
studies as follows. The rough set model over two universes
was proposed firstly by Yao et al. (1995) under the concept

of Shafer’s compatibility relation (1987), which depends very
much on the available knowledge and the domain of
application. For example, in a medical diagnosis system, U
can be a set of symptoms and V a set of diseases. A symptom
u2U is said to be compatible with a disease v2V if any
patient with symptom u may have disease v. Subsequently,
based on this original concept of rough set over two universes
(Yao et al., 1995), many generalizations of rough set over two
universes are presented. Zhang and Wu (2000) defined a
random approximation space by defining a random mapping
on two different universes, and a random set-based rough set
model was established, in which the lower and upper
approximation were generalized to two universes. Li and
Zhang (2008) discussed both the rough approximation of a
crisp concept and a fuzzy concept over two universes. Zhang
et al. (2009) proposed a general model of the interval-valued
fuzzy rough set on two universes by integrating rough set
theory with interval-valued fuzzy set theory, according to
the constructive and axiomatic approaches (Sun et al.,
2008). Pei and Xu (2004) revealed some new properties for
the original rough set models over two universes presented
by Yao et al. (1995). Liu (2010) defined a solitary set for any
binary relation between two different universes and studies
some interesting properties for rough set over two universes.
Moreover, he presents an approach to multiple-criteria
decision-making in a fuzzy environment based on a rough
set over two universes. Yan et al. (2010) discussed the
properties of rough set over dual-universe by using a character
function and relationmatrix. Also, an algorithm for obtaining
the lower and upper approximations of any object set over a
dual universe was established. Liu et al. (2012) studied the
graded rough set model over two universes. Based on the prior
research, Sun and Ma (2011) presented a rough fuzzy set
model by a fuzzy compatibility relation between two different
universes. Also, we applied the proposed model to clinical
diagnosis decision-making. Meanwhile, Sun et al. (2013)
presented an approach to emergency material demand
prediction by using a fuzzy rough set over two universes.
Furthermore, Sun et al. (2013) studied the rough
approximation of an intuitionistic fuzzy set on an
approximation space over two universes and suggested an
approach to decision-making based on the proposed model.
Recently, Sun and Ma (2014) present the multi-granulation
rough set theory under the framework of two universes. Based
on the concept of a fuzzy compatibility relation over two
universes (Sun & Ma, 2011), Yang et al. (2012) defined a
bipolar fuzzy rough set model on two different universes by
extending the fuzzy rough set model given by Sun and Ma
(2011). Gong and Sun (2008) defined a probabilistic rough
set over two universes by introducing a probability measure
to the approximation space over two universes. Subsequently,
Ma and Sun (2012a) investigated the properties of
probabilistic rough set over two universes and proposed a
new uncertaintymeasure by defining the generalized Shannon
entropy. Moreover, they discussed the relationship between
probabilistic rough set and Bayesian risk decision-making
over two universes (2012b). Under the framework of
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probabilistic rough set over two universes, Sun et al. (2012)
proposed a probabilistic fuzzy rough set over two universes
by using the fuzzy compatibility relation given by Sun and
Ma (2011). Yang et al. (2013) also defined a fuzzy
probabilistic rough set on two universes by using the λ�
relation. In fact, the method of defining the λ� relation is
the same as the definition of a fuzzy compatibility relation
over two universes. So, from the point view of the binary
relation defined over two universes, the fuzzy probabilistic
rough set on two universes (Yang et al., 2013) is similar to
the probabilistic fuzzy rough set over two universes (Sun
et al., 2012).

Although there has been much literature about rough set
over two universes and several important conclusions and
applications have been established in the past few years,
the existing research is focused on approximating a crisp
concept in the universe of discourse. In many applications,
however, especially management decision-making, an object
cannot be described exactly by using a crisp concept, but
there may be a fuzzy concept in the universe of discourse.
Then, the existing rough set models over two universes are
incapable of dealing with the decision-making problem with
fuzzy objects (or fuzzy decision objects). Also, it is worth
pointing out that the existing probabilistic rough set models
(Gong & Sun, 2008; Ma & Sun, 2012a, 2012b; 2013; Yang
et al., 2013) are established based on a crisp binary relation
between two different universes. But, in practical
applications, the information we face may be inaccurate
and incomplete, that is, there may be a fuzzy binary relation
over two different universes of discourse. Therefore, it is
valuable to pursue research on rough approximation of a
fuzzy concept based on a fuzzy binary relation with respect
to an approximation space over two universes.

In this paper, we consider the rough approximation of a
fuzzy concept with respect to a probabilistic approximation
space over two universes. Without loss of generality, we first
discuss the rough approximation of a fuzzy set with respect
to a probabilistic approximation space based on the fuzzy
compatibility relation between two different universes (Sun
& Ma, 2011). We then present the definition of the
conditional probability between any two fuzzy sets in the
universe of discourse. Then, we define the lower and upper
approximations of a fuzzy set with respect to a probabilistic
approximation space over two universes based on a binary
fuzzy relation between two different universes (Wu & Zhang,
2004). That is, the fuzzy rough set on a probabilistic
approximation space over two universes is based on a binary
fuzzy relation. Several interesting properties for these
two models will be investigated in detail. Also, the
interrelationship of the fuzzy rough set model on probabilistic
approximation space over two universes with the existing
rough set models will be investigated. Furthermore, we will
present an approach to emergency decision-making in
unconventional emergency management by using the new
rough set model given in this paper. Thus, we provide
interpretation and practical application of the fuzzy rough
set on probabilistic approximation space over two universes.

The rest of this paper is organized as follows. Section 2
provides the basic concept of rough set theory and briefly
reviews probabilistic rough set. In Section 3, we propose
the rough fuzzy set model and fuzzy rough set model on
probabilistic approximation space over two universes. In
Section 4, we present an application of the probabilistic fuzzy
rough set over two universes to emergency decision-making in
unconventional emergency management. An approach to
emergency decision-making based on probabilistic fuzzy
rough set over two universes is given, and an example is
presented to illustrate the concept and show approaches for
handling online decision-making for unconventional
emergency management. We conclude our research and
suggest further research directions in Section 5.

2. Preliminaries

In this section, we review the concept of fuzzy set theory and
rough set theory as well as their extension forms.

2.1. Fuzzy set

Let U be a non-empty finite universe. For any A�U, we
introduce a characteristic function A(x) as follows:

A xð Þ ¼ 1A xð Þ ¼ 1; x 2 A;

0; x =2 A

�

The characteristic function A(x) is a mapping from U to
{0, 1}. Then any characteristic function on universe U
determines a classical subset of U. That is,

A ¼ x 2 U A xð Þ ¼ 1gjf

In the following, we present the concept of fuzzy set by
using the definition of a classical crisp set.

Definition 2.1 (Zadeh, 1965) Let U be a non-empty finite
universe. A fuzzy set of universeU is defined by the mapping
A(•) :U→ [0, 1], where A(x) denotes the membership of the
element x(x2U) with the fuzzy set A.

It can be easily seen that the classical crisp set is a special
case of fuzzy set. Let F(U) stand for all fuzzy subsets of
universe U.

2.2. Pawlak rough set

Let U be a non-empty finite universe and ℜ be an
equivalence relation of U×U. The equivalence relation
ℜ induces a partition of U, denoted by [x]ℜ or [x], and
U/ℜ={[x]|x2U} stands for the equivalence classes of
x. Then (U,ℜ) is the Pawlak approximation space.

For any X�U, its lower and upper approximations are
defined as follows (Pawlak, 1982):
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ℜ
¯

Xð Þ ¼ x 2 Uj x½ � � Xf g ¼ [ x½ �j x½ � � Xf g;
ℜ Xð Þ ¼ x 2 Uj x½ � \ X 6¼ ∅f g ¼ [ x½ �j x½ � \ X 6¼ ∅f g:

The lower approximation
¯
ℜX is the union of all

elementary sets which are subsets of X, and the upper
approximation ℜX is the union of all elementary sets which
have a non-empty intersection with X. The positive, negative
and boundary regions of X can be defined as follows (Wong
& Ziarko, 1987; Slezak & Ziarko, 2005; Sun & Gong, 2005):

Pos Xð Þ ¼ ℜ
¯

Xð Þ; Neg Xð Þ ¼ U �ℜ Xð Þ;
Bn Xð Þ ¼ ℜ Xð Þ �

¯
ℜ Xð Þ:

The positive region Pos(X) consists of all objects that are
definitely contained in the set X. The negative region Neg(X)
consists of all objects that are definitely not contained in the
set X. The boundary region Bn(X) consists of all objects that
may be contained in X. Because approximations are from
equivalence classes, inclusion into the boundary region
reflects uncertainty about the classification of the object.

2.3. Rough set model over two universes

Next, we shall review some basic concepts and properties of
the rough set model on two universes. A detailed description
of the model can be found in Pei and Xu (2004).

Definition 2.2 (Yao et al., 1995; Yao, 1998a, 1998b; Pei &
Xu, 2004) Let U and V be two universes, and R be a
binary relation from U to V. R is called a compatibility,
if, for any u2U and v2V, there exists t2V; s2U, such
that (u, t), (s, v)2R.

Definition 2.3 (Yao et al., 1990; Yao, 1992; Yao et al.,
1995; Ma & Sun, 2012a) Let U and V be two universes
and R be a compatibility relation fromU to V. The mapping
F :U→ 2V, u↦ {v2V|(u, v)2R} is called the mapping
induced by R.

Obviously, the aforementioned binary relation R can
uniquely determine the mapping F and vice versa. Then
the rough set over two universes is defined as follows:

Let U and V be two universes, and R be a compatibility
relation from U to V. The ordered triple (U,V,R) is called
an approximation space. The lower and upper
approximations ofY�V are, respectively, defined as follows
(Yao et al., 1995; Yao, 1998a, 1998b; Pei & Xu, 2004):

apr
¯

Yð Þ ¼ x 2 UjF xð Þ � Yf g;
apr Yð Þ ¼ x 2 UjF xð Þ \ Y 6¼ ∅f g:

In particular, Y is called definable with (U,V,R) if
apr
¯

Yð Þ ¼ apr Yð Þ . Otherwise, Y is an indefinable set.

Meanwhile, the model present by Definition 2.4 is called a
rough set over two universes.

2.4. Probabilistic rough set

The traditional rough set model is often too strict when
including objects into the approximation region and may
require additional information (Wong & Ziarko, 1987) or
several approximations. A probabilistic model for rough
set can modify a rough set region in a universe. The main
approach makes use of a given probabilistic measure as a
parameter to produce the region.

Let (U,ℜ) be the Pawlak approximation space and P be a
probability measure defined on the σ algebra of the subset
family of universe U. Then, (U,ℜ,P) is called probabilistic
approximation space.

For any 0� β<α� 1, X�U. The lower and upper
approximations of the target set X are defined as follows
(Wong & Ziarko, 1987):

P
¯α Xð Þ ¼ x 2 UjP Xj x½ �ð Þ≥αf g;
Pβ Xð Þ ¼ x 2 UjP Xj x½ �ð Þ > βf g:

Similarly, the positive region, boundary region and
negative region of the target set X are defined as follows:

Pos X; α; βð Þ ¼ P
¯α Xð Þ ¼ x 2 UjP Xj x½ �ð Þ≥αf g;

Bn Xð Þ ¼ Pβ Xð Þ � P
¯α Xð Þ

¼ x 2 Ujβ < P Xj x½ �ð Þ < αf g;
Neg X; α; βð Þ ¼ U � Pβ Xð Þ

¼ x 2 UjP Xj x½ �ð Þ � βf g:
That is, an object x is included in a setX if the probability of

it belonging to X, given its description, is greater than or equal
to the threshold value α specified by the decision-maker. The
positive region of a set X consists of all objects that meet this
criterion. Likewise, the negative region is controlled by the
threshold value β. An object x is included in a set X if the
probability of it belonging toX, given its description, is less than
or equal to the threshold value specified by the decision-maker.

The quality of classification is decision-maker driven because
the α and β parameters are given by the decision-maker. An
expert provides the value of these parameters based on their
knowledge or intuition (Pawlak et al., 1988; Yao, 2010). If the
parameter α is set too low, this decreases the certainty that any
object is correctly classified. Likewise, if the parameter β is set
too high, the analysis suffers from the same outcome. The
special case α=1 and β=0 results in this approach performing
exactly like the Pawlak rough set model (Pawlak, 1982).

3. Rough approximation of a fuzzy concept on probabilistic
approximation space over two universes

In this section, we will establish the probabilistic fuzzy rough
set theory over two universes in detail. We first present the
probabilistic rough fuzzy set model by approximating a
fuzzy concept on probabilistic approximation space over
two universes. Then, we present the probabilistic fuzzy rough
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set model by approximating a fuzzy concept on a fuzzy
probabilistic approximation space over two universes.
Meanwhile, several important properties of these two
models are investigated. Finally, we discuss the relationship
between the probabilistic rough fuzzy set and the
probabilistic fuzzy rough set over two universes.

3.1. Rough fuzzy set on a probabilistic approximation space
over two universes

As is well known, the key concept in probabilistic rough set
theory is the conditional probability between the target set
and the equivalence classes. So, we first define the conditional
probability of any fuzzy event in probabilistic space.

Definition 3.1 (Greco et al., 2007) LetU={x1,x2,…,xn,…}.
Denote P(xn)(n=1,2,…) be the probability of xn and satisfy

P(xn)≥ 0,
X1
n¼1

P xnð Þ ¼ 1 . For any Ã2F(U) (where F(U)

denotes all the fuzzy subsets of U), the probability of the
fuzzy event Ã is defined as follows:

P eA� �
¼

X1
n¼1

eA xnð ÞP xnð Þ:

where Ã(xn) stands for the membership function of the fuzzy
set Ã.

In general, the membership function of the fuzzy set Ã can
be obtained by using the existing definition for the given
concept (or fuzzy event) or established by the experts.

If the probabilistic space is continuous, then the
probability of fuzzy event Ã is defined as follows:

P eA� �
¼

Z
U

eA xð ÞdP ¼ E eA xð Þ
� �

:

Here, dP is the Lebsegue-Stieltjes integral (Zadeh, 1965).
By this definition and the concept of conditional

probability in classical measure theory, we define the
conditional probability of a fuzzy event, given the
description of a crisp set as follows (Sun et al., 2014).

Definition 3.2 Let U be a non-empty finite universe and ℜ
be an equivalence relation of U. Denote U/ℜ={[x]|x2U}
and P the probabilistic measure. For any Ã2F(U) and
x2U, P(Ã|[x]) is called the conditional probability of a
fuzzy event Ã, given the description [x]. Define

P eAj x½ �� �
¼

X
y2 x½ �

eA yð Þ
x½ �j j ;

where | •| stands for the cardinality of a set.

The P(Ã|[x]) also can be understood as the probability
that a randomly selected object x2U belongs to the fuzzy
concept Ã, given the description [x].

Generally speaking, the probabilistic measure P on
the universe U is calculated by using the classical
definition of the probability for a given random variable
(Yan, 1998).

Remark 3.1 The conditional probability of a fuzzy event
given in Definition 3.1 is a direct generalization of the
conditional probability of a crisp set in the fuzzy
environment. Sarkar (2002) proposes a rough-fuzzy
membership function for any two fuzzy sets of the universe
of discourse as:

μÃ xð Þ ¼
eA \ eB��� ���eB�� �� ; f or any eA; eB 2 F Uð Þ; x 2 U:

So, the conditional probability P(Ã|[x]) also can be
regarded as the rough-fuzzy membership function between
a fuzzy set Ã and a crisp set [x]�U.

By this definition, the following properties are clear.

Proposition 3.1 (Sun et al., 2014) Let U be a non-empty
finite universe and R be an equivalence relation of U. P is
the probabilistic measure. Then, the following conclusions
hold.

(1) 0�P(Ã|[x])� 1,
(2) If eA; eB 2 F Uð Þ and eA � eB, then P eA x½ �Þ � P eB x½ �Þj����

,
(3) P(Ãc|[x]) = 1�P(Ã|[x]) (where Ãc stands for the

complementary set of Ã).

Definition 3.3 (Ma & Sun, 2012b) Let U,V be two non-
empty finite universes. R�U×V is an arbitrary binary
relation between universe U and V. P is a probability
measure defined on the σ algebra formed by the image (that
is, the subset classes of the universe V) of element x(x2U).
Then, (U,V,R,P) is called a probabilistic approximation
space over two universes.

Based on Definition 3.2 and Definition 3.3, the following
concept is clear.

Let (U,V,R,P) be a probabilistic approximation space
over two universes. For any Ã2F(V) and x2U, the
conditional probability P(Ã|R(x)) of fuzzy event Ã, given
the description R(x)2 2V of element x2U, is defined as
follows:

P eAjR xð Þ
� �

¼
X

y2R xð Þ
eA yð Þ

R xð Þj j :

In the following, we give the rough approximation of a
fuzzy set in probabilistic approximation space over two
universes.

Let (U,V,R,P) be a probabilistic approximation space
over two universes. For any Ã2F(V), 0� β<α� 1 and
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x2U. The lower and upper approximations of fuzzy set Ã
are, respectively, defined on (U,V,R,P) with respect to α
and β as follows:

F
¯

α
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
≥α

n o
¼ x 2 Uj

X
y2R xð Þ

eA yð Þ
R xð Þj j ≥α

� �
;

F
β
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
> β

n o
¼ x 2 Uj

X
y2R xð Þ

eA yð Þ
R xð Þj j > β

� �
:

In the aforementioned definition of the lower and upper
approximations of Ã with respect to (U,V,R,P), the
parameters α and β can be viewed as the least thresholds given
in advance by the decision-makers. Moreover, the value of
parameters α and β are selected by the decision-makers
according to the requirements of the problem in reality.

Furthermore, we can also present the positive region Pos
(Ã, α), negative region Neg(Ã, β) and boundary region Bn
(Ã, α, β) of Ã with respect to (U,V,R,P) and the parameters
α and β as follows, respectively.

Pos eA; α� �
¼ F
¯

α
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
≥α

n o
¼ x 2 Uj

X
y2R xð Þ

eA yð Þ
R xð Þj j ≥α

� �
;

Neg eA; β� �
¼ x 2 UjP eAjR xð Þ

� �
� β

n o
¼ x 2 Uj

X
y2R xð Þ

eA yð Þ
R xð Þj j � β

� �
¼ U � F

β
P

eA� �
;

Bn eA; α; β� �
¼ x 2 Ujβ < P eA R xð ÞÞ < αg:j

�n
Moreover, the following relationships hold.

F
β
P

eA� �
¼ Pos eA; α� �

[ Bn eA; α; β� �
; or

Bn eA; α; β� �
¼ F

β
P

eA� �
� Pos eA; α� �

:

Remark 3.2 If α=1 and β=0, then

F
¯

α
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
≥α

n o
¼ x 2 UjeA yð Þ ¼ 1; ∀y 2 R xð Þ

n o
¼ x 2 UjR xð Þ � eAn o

;

F
β
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
> β

n o
¼ x 2 UjeA yð Þ 6¼ 0; ∃y 2 R xð Þ

n o
¼ x 2 UjχR xð Þ yð Þ \ eA yð Þ 6¼ 0

n o
;

where χR(x) is the characteristic function of R(x).

Furthermore, if Ã2 2V, that is, Ã is a crisp set of universe
V. Then

F
¯

α
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
≥α

n o
¼ x 2 UjeA yð Þ ¼ 1; ∀y 2 R xð Þ

n o
¼ x 2 UjR xð Þ � eAn o

¼ apr
¯

eA� �
;

F
β
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
> β

n o
¼ x 2 UjeA yð Þ 6¼ 0; ∃y 2 R xð Þ

n o
¼ x 2 UjR xð Þ \ eA 6¼ ∅

n o
¼ apr eA� �

:

So, the probabilistic rough fuzzy set over two universes
will be degenerated to be the original rough set over two
universes proposed by Yao (1998a, 1998b).

Remark 3.3 If U=V, then the probabilistic rough fuzzy set
over two universes will be degenerated to be probabilistic
rough fuzzy set based on a general binary relation over the
universe. Furthermore, the probabilistic rough fuzzy set
over two universes will degenerate to become a probabilistic
rough fuzzy set on one universe (Sun et al., 2013), when R is
an equivalence relation.

For the sake of illustration, we consider the following
example.

Example 3.1 Given U={x1,x2,x3,x4,x5,x6} and V={y1,
y2, y3, y4, y5, y6, y7}. The set-valued mapping is defined as
R(x1)={y3, y4, y5, y6}, R(x2)={y1, y2, y3}, R(x3)={y2, y3, y7},
R(x4)={y4, y6}, R(x5)={y5,y6, y7}, R(x6)={y1}.

A fuzzy set Ã of universe V is defined as

eA ¼ 0:2
y1

þ 0:8
y2

þ 0:5
y3

þ 0:3
y4

þ 0:6
y5

þ 0:1
y6

þ 0:9
y7

:

We calculate the conditional probability P(Ã|R(xi))
(i=1, 2,…, 6) as follows:

P eAjR x1ð Þ
� �

¼ eA y3ð Þ þ eA y4ð Þ þ eA y5ð Þ þ eA y6ð Þ
R x1ð Þj j

¼ 0:5þ 0:3þ 0:6þ 0:1
4

¼ 3
8
¼ 0:38;

P eAjR x2ð Þ
� �

¼ eA y1ð Þ þ eA y2ð Þ þ eA y3ð Þ
R x2ð Þj j

¼ 0:2þ 0:8þ 0:5
3

¼ 1
2
¼ 0:5:

Similarly, there are

P eAjR x3ð Þ
� �

¼ 11
15

¼ 0:73; P eAjR x4ð Þ
� �

¼ 1
5
¼ 0:2;

P eAjR x5ð Þ
� �

¼ 8
15

¼ 0:53; P eAjR x6ð Þ
� �

¼ 1
5
¼ 0:2:

Taking α=0.6 and β=0.5, we have
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F
¯

0:6

P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
≥ 0:6

n o
¼ x3f g;

F
0:5
P

eA� �
¼ x 2 UjP eAjR xð Þ

� �
> 0:5

n o
¼ x3; x5f g:

By the definition of lower and upper approximations of
a fuzzy set with respect to probabilistic approximation
space over two universes, the following properties are
clear.

Proposition 3.2 Let (U,V,R,P) be a probabilistic

approximation space over two universes. For any eA; eB 2
F Vð Þ , 0� β<α� 1 and x2U. The following properties
hold.

(1) F
¯

α
P

eA� �
� F

β
P

eA� �
� U,

(2) F
¯

α

P
∅ð Þ ¼ ∅,Fβ

P Vð Þ ¼ U (where ∅ (y) = 0 and V(y) = 1 for
any y2U),

(3) F
¯

α

P

eA \ eB� �
� F
¯

α

P

eA� �
\ F
¯

α
P
eB� �

,

F
β
P

eA [ eB� �
⊇F

β
P

eA� �
[ F

β
P
eB� �

,

(4) F
¯

α
P

eA [ eB� �
⊇F
¯

α

P

eA� �
[ F
¯

α
P
eB� �

,

F
β
P

eA \ eB� �
� F

β
P

eA� �
\ F

β
P
eB� �

;

(5) eA � eB⇒
¯
Fα

P
eA� �

� F
¯

α
P
eB� �

and

F
β
P

eA� �
� F

β
P
eB� �

;

(6) α1�α2 and β1 � β2⇒ ¯
Fα2
P

eA� �
� F
¯

α1

P

eA� �
and

F
β2
P

eA� �
� F

β1
P

eA� �
:

Proof It can be easily verified by the definition of lower and
upper approximations.

From the (6) of Proposition 3.1, we know that both lower

approximation F
¯

α
P

eA� �
and upper approximation F

α
P

eA� �
of

fuzzy set Ã2 2V are increased with respect to parameter
α, β decreased.

Remark 3.4 Let (U,V,R,P) be probabilistic approximation

space over two universes. For any eA; eB 2 F Vð Þ ,
0� β<α� 1 and x2U. The following conclusions are
not always correct.

(1) F
¯

α
P

eA [ eB� �
¼ F
¯

α
P

eA� �
[ F
¯

α
P
eB� �

,

(2) F
β
P

eA \ eB� �
¼ F

β
P

eA� �
\ F

β
P
eB� �

.

The following example will illustrate this assertion.

Example 3.2 (Continued Example 3.1). Given two fuzzy

sets Ã and eB of universe V, the membership functions are
as follows:

eA ¼ 0:2
y1

þ 0:8
y2

þ 0:5
y3

þ 0:3
y4

þ 0:6
y5

þ 0:1
y6

þ 0:9
y7

and

eB ¼ 0:1
y1

þ 0:1
y2

þ 0:2
y3

þ 0:2
y4

þ 0:9
y5

þ 0:9
y6

þ 0:9
y7

:

It is easy to calculate eA \ eB and eA [ eB as follows,
respectively.

eA \ eB ¼ 0:1
y1

þ 0:1
y2

þ 0:2
y3

þ 0:2
y4

þ 0:6
y5

þ 0:1
y6

þ 0:9
y7

and

eA [ eB ¼ 0:2
y1

þ 0:8
y2

þ 0:5
y3

þ 0:3
y4

þ 0:9
y5

þ 0:9
y6

þ 0:9
y7

:

Let α=0.6 and β=0.5. Then, we obtain the following
results.

F
¯

0:6
P

eA� �
¼ x3f g; F0:5

P
eA� �

¼ x3; x5f g:

F
¯

0:6
P

eB� � ¼ x5f g; F0:5
P

eB� � ¼ x1; x4; x5f g:

F
¯

0:6
P

eA [ eB� �
¼ x1; x3; x5f g; F0:5

P
eA \ eB� �

¼ ∅:

Furthermore, there are

F
¯

0:6

P

eA� �
[ F
¯

0:6
P

eB� � ¼ x3; x5f g

F
0:5
P

eA� �
\ F

0:5
P

eB� � ¼ x5f g:

So, there are

F
¯

0:6
P

eA [ eB� �
¼ x1; x3; x5f g

6¼ F
¯

0:6
P

eA� �
[ F
¯

0:6
P

eB� � ¼ x3; x5f g;

F
0:5
P

eA \ eB� �
¼ ∅ 6¼ F

0:5
P

eA� �
\ F

0:5
P

eB� � ¼ x5f g:

3.2. Fuzzy rough set on a probabilistic approximation space
over two universes

In the earlier section, we present the rough approximations
of a fuzzy set based on a binary set-valued mapping defined
on two different universes. Actually, the arbitrary set-valued
mapping only characterizes the crisp relation of the elements
between two different universes. Generally speaking, there
may exist a fuzzy relation among the elements between
two different universes. So, it is necessary to consider rough
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approximations of a fuzzy set based on an arbitrary relation
(or fuzzy mapping) defined on two different universes.

First we give the arbitrary fuzzy relation between universe
U and V.

Definition 3.4 Let U,V be two non-empty finite universes.
Suppose R is an arbitrary fuzzy relation from U to V. Define
the mapping M :U→F(V) by:

M xð Þ yð Þ ¼ R x; yð Þ; x; yð Þ 2 U�V :

Obviously, the aforementioned arbitrary fuzzy relation R
can uniquely determine the mapping M and vice versa.

By the arbitrary fuzzy relation R between universe U and
V, we present the fuzzy probabilistic approximation space
over two universes.

Definition 3.5 Let U,V be two non-empty finite universes.
R2F(U×V) is an arbitrary fuzzy mapping from universe U
to V. P is a probability measure defined on the σ algebra
formed by the image (that is, the subset classes of the universe
V) of element x(x2U). Then, we call (U,V,R,P) a fuzzy
probabilistic approximation space over two universes.

In Section 3.1, we present the definition of the conditional
probability of a fuzzy event given the description of a crisp
set. Here, we have to show how to calculate the conditional
probability of a fuzzy event given the fuzzy description of
any objects in the universe of discourse. Then, we have the
following definition.

Definition 3.6 Let U be a non-empty finite universe. R2F
(U×U) is an arbitrary fuzzy relation on U. For any Ã2F
(U) and x, y2U., P(Ã|R(x, y)) is called the conditional
probability of a fuzzy event Ã given the fuzzy description
R(x, y) for object x2U. Define

P eAjR x; yð Þ
� �

¼
X

y2V K
eA yð Þ;R x; yð Þ

� �
X

y2V R x; yð Þ x 2 U

where K : [0, 1] × [0, 1]→ [0, 1] is the fuzzy logical operator
(Yao et al., 1990; Wong et al., 1993; Yao, 2008).

According to the literature (Yao et al., 1990; Wong et al.,
1993; Yao, 2008), there are many ways to define the binary
fuzzy logical operation K(x, y)2 [0, 1],∀x. y2 [0, 1]. In the
present paper, we use the definition that K(x, y) =xy. So,
the formulation of the conditional probability P(Ã|R(x, y)
is as follows:

P eAjR x; yð Þ
� �

¼
X

y2U K eA yð Þ;R x; yð Þ
� �

X
y2V R x; yð Þ

¼
X

y2U
eA yð ÞR x; yð ÞX

y2V R x; yð Þ x 2 U:

In the following, we give the rough approximation of a
fuzzy set in a fuzzy probabilistic approximation space over
two universes.

Let (U,V,R,P) be a fuzzy probabilistic approximation
space over two universes. For any Ã2F(V), 0� β< α� 1
and x2U. The lower and upper approximations of the fuzzy
set Ã are defined on (U,V,R,P) with respect to α and β,
respectively, as follows:

FR
¯

α
P

eA� �
¼ x 2 UjP eAjR x; yð Þ

� �
≥α;∀y 2 V

n o
¼ x 2 Uj

X
y2V

eA yð ÞR x; yð ÞX
y2V R x; yð Þ ≥α

( )
;

FR
β
P

eA� �
¼ x 2 UjP eAjR x; yð Þ

� �
> β;∀y 2 V

n o
¼ x 2 Uj

X
y2V

eA yð ÞR x; yð ÞX
y2V R x; yð Þ > β

( )
:

The ordered set-pair FR
¯

α
P

eA� �
;FR

β
P

eA� �	 

is called a

probabilistic fuzzy rough set over two universes, and the

ordered operator-pair FR
¯

α
P
;FR

β
P

	 

is a probabilistic interval

structure.

By the definition of FR
¯

α
P

eA� �
;FR

β
P

eA� �	 

, the positive

regionPosFR(Ã,α), negative regionNegFR(Ã,β) and boundary
region BnFR(Ã,α,β) of Ã with respect to (U,V,R,P), and the
parameters α and β are as follows, respectively.

PosFR eA; α� �
¼ FR
¯

α
P

eA� �
¼ x 2 UjP eAjR x; yð Þ

� �
≥α

n o
¼ x 2 Uj

X
y2V

eA yð ÞX
y2V R x; yð Þ≥α

( )
;

NegFR eA; β� �
¼ x 2 UjP eAjR x; yð Þ

� �
� β

n o
¼ x 2 Uj

X
y2V

eA yð ÞX
y2VR x; yð Þ � β

( )

¼ U � FR
β
P

eA� �
;

BnFR eA; α; β� �
¼ x 2 Ujβ < P eAjR x; yð Þ

� �
< α

n o
:

Remark 3.5 By the existing studies (Morsi & Yakout,
1998; Radzikowska & Kerre, 2002; Yeung et al., 2005), we
can give other forms of the definition for lower and upper
approximations of the fuzzy event with respect to the fuzzy
probabilistic approximation space over two universes by
using different definitions for the fuzzy logical operation
K(x, y)2 [0, 1],∀x. y2 [0, 1].

Similar to the probabilistic rough fuzzy set over two
universes, the parameters α and β in the lower and upper
approximations of Ã with respect to (U,V,R,P) can be viewed
as the least thresholds given in advance by the decision-makers
according to the requirements of the problem in reality.
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Remark 3.6 If R is an arbitrary relation from U to V, then
M(x)(y) = {y|xRy,∀x2U, y2V}=R(x)2 2V, and

P eAjR x; yð Þ
� �

¼
X

y2V K eA yð Þ;R x; yð Þ
� �

X
y2V R x; yð Þ

¼
X

y2R xð Þ
eA yð Þ

R xð Þj j :

So, the probabilistic fuzzy rough set over two universes
will be degenerated to be the model presented in Section 3.1.

Remark 3.7 As is well known, crisp set is a special case
of fuzzy set on the universe of discourse. Then, it can be
easily seen that the probabilistic rough fuzzy set is a
special case of probabilistic fuzzy rough set over two
universes, as shown by Remark 3.5. This result is the
same as in the classical fuzzy rough set on one universe
(Wu et al., 2003; Wu & Zhang, 2004). So, the earlier
definition of rough approximations of a fuzzy event with
respect to a probabilistic approximation space are
reasonable.

From the definition of FR
¯

α
P

eA� �
;FR

β
P

eA� �	 

, the following

assertions are clear, for reasons similar to the discussion of
probabilistic rough fuzzy set over two universes given in
Section 3.1.

Proposition 3.3 Let (U,V,R,P) be a fuzzy probabilistic
approximation space over two universes. For any Ã2F(V),
0� β< α� 1 and A2F(V). The following properties hold.

(1) FR
¯

α
P
∅ð Þ ¼ ∅, FR

β
P Vð Þ ¼ U,

(2) FR
¯

α
P

eA� �
� FR

β
P

eA� �
� U,

(3) FR
¯

α
P

eA \ eB� �
� FR
¯

α
P

eA� �
\ FR
¯

α
P
eB� �

,

FR
β
P

eA [ eB� �
⊇FR

β
P

eA� �
[ F

β
P
eB� �

,

(4) FR
¯

α
P

eA [ eB� �
⊇FR
¯

α
P

eA� �
[ FR
¯

α
P
eB� �

,

FR
β
P

eA \ eB� �
� FR

β
P

eA� �
\ FR

β
P
eB� �

,

(5) eA � eB⇒FR
¯

α
P

eA� �
� FR
¯

α
P
eB� �

and

FR
β
P

eA� �
� FR

β
P
eB� �

;

(6) α1�α2 and β1 � β2⇒FR
¯

α2
P

eA� �
� FR
¯

α1
P

eA� �
and

FR
β2
P

eA� �
� FR

β1
P

eA� �
.

Proof We only prove (2). The other relations can be
verified in a way similar to (2).

If x 2 FR
¯

α
P

eA \ eB� �
; ∀x 2 U , then P((A\B)|R(x, y))≥α.

That is,

X
y2V A\Bð Þ yð ÞR x;yð ÞX

y2V R x;yð Þ
≥ α; ∀y 2 V . So, we have

α �
X

y2V A\Bð Þ yð ÞR x;yð ÞX
y2V R x;yð Þ

�
X

y2V A yð ÞR x;yð ÞX
y2V R x;yð Þ

; ∀y 2 V , and α �X
y2V A\Bð Þ yð ÞR x;yð ÞX

y2V R x;yð Þ
�

X
y2V B yð ÞR x;yð ÞX
y2V R x;yð Þ

;∀y 2 V . It shows that x 2

FR
¯

α
P

eA� �
and x 2 FR

¯

α

P
eB� �

. That is, x 2 FR
¯

α
P

eA� �
\ FR
¯

α
P
eB� �

.

So, we prove FR
¯

α

P
eA \ eB� �

� FR
¯

α
P

eA� �
\ FR
¯

α
P
eB� �

.If

x =2 FR
β
P

eA [ eB� �
; ∀x 2 U, then there is P eA [ eB� �

jR x; yð Þ
� �

�

β . That is,

X
y2V

eA[eB� �
yð ÞR x;yð ÞX

y2V R x;yð Þ
� β; ∀y 2 V . So, we have,

β ≥
X

y2V
eA[eB� �

yð ÞR x;yð ÞX
y2V R x;yð Þ

≥
X

y2V
eA yð ÞR x;yð ÞX

y2V R x;yð Þ
; ∀y 2 V , and β ≥

X
y2V

eA[eB� �
yð ÞR x;yð ÞX

y2V R x;yð Þ
≥X

y2V
eB yð ÞR x;yð ÞX

y2V R x;yð Þ
; ∀y 2 V . It shows that x =2 FR

β
P

eA� �
and

x =2 FR
β
P
eB� �

. That is, x =2 FR
β
P

eA� �
[ FR

β
P
eB� �

.

So, we prove FR
β
P

eA [ eB� �
⊇FR

β
P

eA� �
[ FR

β
P
eB� �

.

This completes the proof.
We also define the uncertainty measure of a probabilistic

fuzzy rough set over two universes using the Pawlak rough
set approach, as follows.

We call

ρ α;βð Þ eA� �
¼

FR
¯

α
P

eA� ����� ����
FR

α
P

eA� ���� ���
the accuracy of the approximation for fuzzy set Ã in a fuzzy
probabilistic approximation space over two universes.

Moreover, the approximated quality of the lower and
upper approximations are, respectively, defined as follows:

q
¯

eA� �
¼

FR
¯

α
P

eA� ����� ����
Uj j ¼ P FR

¯

α
P

eA� �	 

;

q eA� �
¼

FR
α
P

eA� ���� ���
Uj j ¼ P FR

α
P

eA� �� �
:

Furthermore, the relationship between the accuracy and
quality of approximation can be expressed as follows:

ρ α;βð Þ eA� �
¼

¯
q eA� �

q eA� �
:

Then, we call

σ α;βð Þ eA� �
¼ 1� ρ α;βð Þ eA� �

¼
BnFR eA; α; β� ���� ���

FR
α
P

eA� ���� ���
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the roughness for fuzzy set Ã in a fuzzy probabilistic
approximation space over two universes.

Ma and Sun (2012b) demonstrate similar properties for
the accuracy of approximation and roughness of the
probabilistic rough fuzzy set and probabilistic fuzzy rough
set over two universes. Moreover, the properties and
conclusions for the measures are similar to those used in
Sun and Ma (2011).

4. Emergency decision-making using probabilistic fuzzy
rough set over two universes

Emergency management has become a new and growing
research field as a result of increasing unconventional
emergency events (Jenkins, 2000;Mendonca et al., 2006; Levy
& Taji, 2007; Luo et al., 2008; Yu & Lai, 2011; Ju & Wang,
2012; Bozorgi-Amiri et al., 2013; Hector et al., 2013). As the
core issue of emergency management, emergency decision-
making has been developed into a framework incorporating
multiple disciplines, decision theories and methodologies.
Although many studies have been conducted on this topic,
they remain political and qualitative, and it is difficult tomake
them operational in practice. In this section, we consider a
kind of online decision-making problem for emergency
management and then propose an approach to online
emergency decision-making by using the probabilistic fuzzy
rough set over two universes.

4.1. Statement of the problem

A major feature of unconventional emergency events is that
they often occur unexpectedly, as in the case of terrorist
attacks, earthquakes and so on. Technical limitations and
other factors make it difficult to accurately predict crises.
Thus, uncertainty about the time of occurrence and
insufficient information about the severity and extent of
the impact constitute the basic features of unconventional
emergency events. This uncertainty makes it difficult to
describe unconventional emergency events precisely with a
quantitative model and theory. To address these problems,
many quantitative approaches to handling uncertainty and
incomplete data and information have been used in studies
of emergency decision-making.

Consider an emergency decision-making problem during an
unconventional emergency event such as an earthquake or
flood. Suppose that there occurs an earthquake in some area.
The area affected by the earthquake can be divided into
different disaster areas according to some criteria given in
advance. The main factors such as the affected population,
economic loss and number of destroyed facilities can be
presented according to the general characteristics of an
earthquake. Then, one can obtain the degree of the
relationship between these factors and specific disaster areas
by looking at historical records about past earthquakes. That
is, one can present a quantitative description using the
numerical values of general factors based on available

information to reflect the degree of the disaster if an
earthquake should affect these areas. The quantitative
description of these general factors will be the sole available
information for emergency decision-making when a new
earthquake occurs. As pointed out earlier, insufficiency of
available information is the most basic feature of
unconventional emergency events. The available information
will be fuzzy and inaccurate and often is qualitative rather than
quantitative. Meanwhile, decision-makers have to make quick
decisions in response to unconventional emergency events
based on the fuzzy, inaccurate and qualitative information
they have available. This study tries to provide an approach
to emergency decision-making given these characteristics of
the available information and then to propose a scientific and
reasonable decision-making process that can be carried out in
real time based on incomplete and imprecise information.
The goal is to promote successful handling of crises.

4.2. The model

Let U={x1,x2,…,xm} be the set of disaster areas for an
actual unconventional emergency event (e.g. the earthquake
that occurred in the Sichuan province of China in 2008).
The specific disaster areas xi(i=1,2,…,m) could be divided
according to the administrative district or the space-time
distribution of geography. That is, x1,x2,…,xm are the places
which need rescue quickly. Let V={y1, y2,…, yn} be the set
of general characteristic factors describing the
unconventional emergency event, such as the affected
population, economic loss and number of destroyed facilities.

As in the description of the emergency decision-making
problem in Section 4.1, we can obtain the degree of the
relationship R(xi, yj) between the specific disaster areas xi
(i=1, 2,…,m) and the general characteristics of an
earthquake, factors yj(j=1, 2,…, n), according to historical
records about similar emergencies in this area. Moreover, it
is easy to know that R(xi, yj)2F(U×V) and 0�R(xi, yj)� 1.

Broadly speaking, each factor that characterizes an
unconventional emergency event can be seen as a profitable
index, which means that the more important that factor is, the
higher is the value assigned to it. So, the higher the value of R
(xi,yy), the more important the characteristic yj for the specific
disaster areas xi. In particular, if y1 stands for the population
affected by the unconventional emergency event, then the
higher the value of R(xi,y1), the larger the affected population.

Suppose that Ã is the information collected after a new
unconventional emergency event occurs. As mentioned
earlier, Ã is the quantitative description of all the
characteristic factors yj(i=1, 2,…, n). So, Ã is a fuzzy set
of universe V, that is, Ã2F(V).

Let P be the probability measure of a fuzzy event on the
universe V. We construct the emergency decision-making
information systems (or fuzzy probabilistic approximation
space) over two universes (U,V,R,P).

Ma and Sun (2012a) investigated the relationship between
probabilistic rough set and Bayesian risk decision over two
universes, including theoretical and systematic studies and
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justifications for the choices of the threshold parameters α
and β. As pointed out in Section 3, the concept of a
probabilistic fuzzy rough set over two universes includes
the existing probabilistic rough set models. So, the results
of the choices of threshold parameters α and β given by
Ma and Sun (2012a) also hold for probabilistic fuzzy rough
set over two universes.

Let α and β be the lowest thresholds given in advance by
the decision-makers based on real scenarios of past
unconventional emergency events, which can be computed
by using the formula given by Sun et al. (2013).

α ¼ λ12 � λ32
λ31 � λ11ð Þ þ λ12 � λ32ð Þ;

β ¼ λ32 � λ22
λ21 � λ31ð Þ þ λ32 � λ22ð Þ;

where λij(i=1, 2, 3, j=1, 2) are called decision risk
coefficients, given in advance by the decision-makers, and
the relationship for λij(i=1, 2, 3, j=1, 2) is as follows:

λ11 � λ31 < λ21 and λ12 > λ32 ≥ λ22:

Then, we can obtain the lower and upper approximations,
respectively, of quantitative information Ã about a new
unconventional emergency event as follows:

By the lower approximation FR
¯

α
P

eA� �
and upper

approximation FR
β
P

eA� �
, all the disaster areas U={xi|

i=1, 2,…,m} of the unconventional emergency events are
divided into three different classes according to the decision
risk coefficients λij(i=1, 2, 3, j=1, 2).

Given specific disaster areas xi(i= 1, 2,…,m), we can
present the following decision-making process using
the three-way decision-making theory proposed by
Yao (2012).

(1) If xi 2 PosFR eA; α� �
¼ FR
¯

α
P

eA� �
; i ¼ 1; 2;…;m , then the

ith disaster area is the area most seriously affected by
the emergency, and it needs rescue services immediately.

(2) If xi 2 BnFR eA; α; β� �
¼ FR

α
P

eA� �
� FR
¯

α
P

eA� �
; i ¼ 1; 2;…;m ,

then the decision-makers are not sure whether the
ith disaster area is the most seriously affected,
because the available information is inaccurate and
insufficient.

(3) If xi 2 NegFR eA; β� �
¼ U � FR

α
P

eA� �
; i ¼ 1; 2;…;m ,

then the ith disaster area is not the most seriously
affected area, according to the available
information, and it does not need rescue services
immediately.

As pointed out in Section 4.1, we cannot acquire
accurate and sufficient information immediately after
an emergency because of time limitations and technical
constrains. So, the quantitative description Ã of all the
factors that are characteristic of this type of emergency
yj(i=1, 2,…, n) cannot show with precision what is
actually going on. If xi(i= 1, 2,…,m), a more realistic
decision-making goal is that the quantitative description
Ã and the related degree R(xi, yj) have the maximum
similarity. The aforementioned conditional probability
P(Ã|R(xi, yj)) expresses this idea. That is, P(Ã|R(xi, yj))
expresses the similarity (or degree of coincidence) of the
quantitative description Ã with the related degree R(xi, yj)
in the actual emergency scenario. Moreover, the
parameters α, β2 [0, 1] are a reflection of risk preference
of the decision-makers.

4.3. The algorithm of the model

In order to adapt the proposed approach to problems in
reality, we present an algorithm for emergency decision-

making based on a probabilistic fuzzy rough set over two
universes, as follows:

Input Emergency decision-making information systems
over two universes (U,V,R,P).

Output The optimal emergency decision-making.

Step 1. Presenting the values of quantitative description Ã.
Step 2. Presenting the values of risk coefficients λij(i=1, 2,

3, j=1, 2).
Step 3. Computing the threshold α and β.
Step 4. Computing the conditional probability P(Ã|R(xi,yj))

(1� i�m, 1� j� n).
Step 5. Computing the lower approximation FR

¯

α
P

eA� �
and

upper approximation FR
β
P

eA� �
.

Step 6. Making the decision according to the decision rules
(1), (2) and (3).

In the next section, we will give a numerical example
with the background of emergency decision-making

FR
¯

α
P

eA� �
¼ xi 2 UjP eAjR xi; yj

� �� �
≥α; ∀yj 2 V

n o
; 1 � i � m; 1 � j � n;

FR
β
P

eA� �
¼ xı 2 UjP eAjR xi; yj

� �� �
> β; ∀yj 2 V

n o
1 � i � m; 1 � j � n:
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during unconventional emergency events to demonstrate
in detail the principle and approach established in this
section.

4.4. A numerical example

In this section, we will show the basic principle and steps of
the method of emergency decision-making given in
Section 4 by using a numerical example with the
background of an unconventional emergency event.

Let U={x1,x2,x3,x4,x5,x6} be six specific disaster areas
for an unconventional emergency event (e.g. earthquake,
mudslides and hurricanes). V={ Affected population (y1),
Economic Loss (y2), Risk of occurrence of a new disaster
(y3), Damage to transportation (y4), Number of destroyed
facilities (y5), Possibility of a disease outbreak (y6) and
Weather conditions (y7)} are the seven main factors reflected
in the characteristics of unconventional emergency events.
The degree of relation R(xi, yj) between the specific disaster
areas xi(i=1, 2,…, 6) and the general characteristic factors
yj(j=1, 2,…, 7) are presented in Table 1 (i.e. the fuzzy
relation from U to V).

Let fuzzy set Ã be the quantitative description of all the
characteristic factors yj(i=1, 2,…, 7) of unconventional
emergency events according to the available inaccurate
and insufficient information. It is easy to know that Ã is
the fuzzy set of universe V, and the membership function
is given as follows:

eA ¼ 0:2
y1

þ 0:8
y2

þ 0:5
y3

þ 0:3
y4

þ 0:6
y5

þ 0:1
y6

þ 0:9
y7

:

Then, we can calculate the following results by using
Definition 3.6.

P eAjR x1; yð Þ
� �

¼ 0:52; P eAjR x2; yð Þ
� �

¼ 0:58;

P eAjR x3; yð Þ
� �

¼ 0:58; P eAjR x4; yð Þ
� �

¼ 0:50;

P eAjR x5; yð Þ
� �

¼ 0:69; P eAjR x6; yð Þ
� �

¼ 0:52:

Suppose that the following risk coefficients λij(i=1, 2, 3,
j=1, 2) have been determined based on information
previously provided by the decision-maker based on prior
emergency events.

λ11 ¼ 0:3; λ21 ¼ 0:7; λ31 ¼ 0:6;

and

λ12 ¼ 0:6; λ22 ¼ 0:1; λ32 ¼ 0:2:

So, the parameters α and β can be calculated as follows:

α ¼ λ12 � λ32
λ31 � λ11ð Þ þ λ12 � λ32ð Þ ¼ 0:57;

β ¼ λ32 � λ22
λ21 � λ31ð Þ þ λ32 � λ22ð Þ ¼ 0:5:

Then, the lower and upper approximations of
quantitative information Ã are as follows.

FR
¯

α
P

eA� �
¼ xi 2 UjP eAjR xi; yj

� �� �
≥α;∀yj 2 V

n o
¼ FR
¯

0:57
P

eA� �
¼ x2; x3; x5f g;

FR
β
P

eA� �
¼ xı 2 UjP eAjR xi; yj

� �� �
> β; ∀yj 2 V

n o
¼ FR

0:5
P

eA� �
¼ x1; x2; x3; x5; x6f g:

By the decision model given in Section 4.2, we can obtain
the following conclusions for this unconventional
emergency event:

(1) x2, x3 and x5 are the most seriously affected areas and
need to be rescued immediately.

(2) The decision-makers aren’t sure how badly disaster area
x6 is affected relative to area x1, because of insufficient
information.

(3) The disaster area x4 is not the most seriously affected
and does not need rescue immediately.

So, by using the probabilistic fuzzy rough set over two
universes, a quick and reasonable decision-making process
was provided for the unconventional emergency event, despite
insufficient information after the occurrence of the event.

5. Conclusion and future work

Emergency decision-making, as a problem of decision-
making under uncertainty, has recently become an
important research field in emergency management. It has
attracted scholars in multiple disciplines, and a large
number of publications have been produced in recent years.
Rough set theory provides a useful approach to decision-
making in management science fields characterized by
insufficient and incomplete information. This article
presented an approach to emergency decision-making
during unconventional emergency events by using a
probabilistic fuzzy rough set over two universes. We first
investigated the basis of the theory of probabilistic rough
fuzzy set and probabilistic fuzzy rough set over two

Table 1: Fuzzy relation R from U to V

U\V y1 y2 y3 y4 y5 y6 y7

x1 0.3 0.1 0.4 0.4 0.1 0.1 0.5
x2 0.3 0.3 0.5 0.1 0.3 0.1 0.5
x3 0.4 0.3 0.5 0.1 0.3 0.1 0.6
x4 0.7 0.4 0.2 0.1 0.2 0.1 0.3
x5 0.2 0.5 0.2 0.3 0.5 0.5 0.4
x6 0.3 0.5 0.2 0.2 0.2 0.3 0.3

© 2015 Wiley Publishing LtdExpert Systems, xxxx 2015, Vol. 00, No. 00



universes by a construction approach. Several important
properties and the relationship of these two models were
discussed in detail. Then, we studied a kind of emergency
decision-making problem in response to unconventional
emergency events. A quantitative description of the
emergency decision-making problem was given under the
framework of two universes. Then, the probabilistic fuzzy
rough set over two universes was used to handle the
emergency decision-making problem, and the model and
algorithm of the emergency decision-making problem were
presented. Moreover, a numerical example with the
background of unconventional emergency events was used
to demonstrate the principle and process of decision-
making.

In general, decision-making relies closely on available
information. In reality, some information is difficult to
describe quantitatively. Therefore, the fuzzy decision
method will contribute to developing more effective
processes for decision-making under uncertainty.
Probabilistic fuzzy rough set over two universes is a useful
attempt to use fuzzy decision-making for unconventional
emergency events.

While further study of the theory and characteristics of
probabilistic fuzzy rough set over two universes is needed,
it is also recommended that real-life data be used to test
the approach established in this paper. For example, there
may be different intuitive judgments for the same crisis
scenarios by different decision-makers, and therefore,
different values of the risk coefficients λij(i=1, 2, 3, j=1, 2)
will be made for the same crisis scenarios. Real-life data
could test the effect of individual risk preferences on the
value of the coefficients. On the other hand, it would be
worth studying how to improve the method to decrease the
influence of the risk preference of individual decision-
makers.
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