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In real-life projects, both the trade-off between the project cost and the project completion
time, and the uncertainty of the environment are considerable aspects for decision-makers.
However, the research on the time-cost trade-off problem seldom concerns stochastic
environments. Besides, optimizing the expected value of the objective is the exclusive deci-
sion-making criterion in the existing models for the stochastic time-cost trade-off problem.
In this paper, two newly developed alternative stochastic time-cost trade-off models are
proposed, in which the philosophies of chance-constrained programming and depen-
dent-chance programming are adopted for decision-making. In addition, a hybrid intelli-
gent algorithm integrating stochastic simulations and genetic algorithm is designed to
search the quasi-optimal schedules under different decision-making criteria. The goal of
the paper is to reveal how to obtain the optimal balance of the project completion time
and the project cost in stochastic environments.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

The stochastic time-cost trade-off problem concerns how to modify the project activities in stochastic environments such
that the project can be completed in time and meanwhile the project cost can be minimized. It considers the trade-off be-
tween the project cost and the project completion time, which is a particular type of project scheduling problem. For project
decision-makers, the analysis of the time-cost trade-off is one of the most important aspects of project scheduling and con-
trol. In 1961, Kelley [1] first performed research on this special type of project scheduling problem. In the following 40 years,
the research on the time-cost trade-off problem mainly focused on the problem with deterministic environments [2,3]. For
solving the deterministic time-cost trade-off problem, the common analytical methods are linear programming and dynamic
programming [4,5]. Besides, some heuristic algorithms, such as genetic algorithm [6–8], are also introduced.

Although most research on the time-cost trade-off problem assumes that the environment is always deterministic, the
real world is full of uncertain factors. The project completion time may be variational due to many external factors, such
as the change of weather, the increase of productivity level, etc. Since Freeman [9] introduced the probability theory into
the project scheduling problem, many authors have taken into account the nondeterministic factors for characterizing the
uncertainty in real projects. Besides, Goldratt [10] questioned the validity of deterministic environments in the project
scheduling problem. The reader may also refer to [11–13] to see different types of project scheduling problem with stochas-
tic activity duration times. In 1985, Wollmer [14] discussed a stochastic version of the deterministic linear time-cost trade-
off problem, in which some discrete random variables were used to depict the uncertainty in the problem. In 2000, Gutjahr
. All rights reserved.
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et al. [15] designed a modified stochastic branch-and-bound approach and applied it to a specific stochastic discrete time-
cost trade-off problem. In the existing research of the stochastic time-cost trade-off problem, optimizing the expected objec-
tive value is commonly used as the decision-making criterion. Although such a criterion is widely employed in many opti-
mization problems, it does not take into account the probability of disobeying the constraints. For instance, an optimal
schedule solved under such a criterion ensures that the expected completion time of the project is under the given time limit,
however the probability that the completion time exceeds the time limit can be quite large. In this case, it may be realistic to
adopt the optimization philosophy of maximizing the probability of completing the project in time. Therefore, alternative
decision-making criteria for the stochastic time-cost trade-off problem are needed, due to the complicated, uncertain envi-
ronment and the practical demand of diverse optimization goals. Research on investigating alternative decision-making cri-
teria is very useful from both the theoretical and applied points of view.

In this paper, we introduce two new decision-making criteria, chance-constrained programming (CCP) and dependent-
chance programming (DCP), to the stochastic time-cost trade-off problem. The activity duration times of a project are de-
scribed by stochastic variables due to the randomness of the environment. According to the new decision-making criteria,
two stochastic models for the time-cost trade-off problem are proposed. A hybrid intelligent algorithm integrating stochastic
simulations and genetic algorithm (GA) is designed for solving the stochastic models. Finally, some numerical experiments
are performed to reveal the effectiveness of the proposed algorithm.

The remainder of the paper is organized as follows: in Section 2, the stochastic time-cost trade-off problem is described,
in which some assumptions and some parameters are given and the formulae of the project completion time and the project
cost are deduced. In Section 3, two decision-making criteria are presented, based on which two stochastic time-cost trade-off
models are built. In addition, a hybrid intelligent algorithm is designed in this section. The following section shows the effec-
tiveness of the hybrid intelligent algorithm by numerical experiments. Finally, Section 5 draws some conclusions.

2. Problem description

Panagiotakopoulos [16] has shown that the activity duration time and the corresponding activity cost are related with
each other. In fact, in most real projects, decision-makers always need to consider the trade-off between the total project
cost and the project completion time. Sometimes motivated by reducing the project cost, decisions may be made with
the sacrifice of prolonging the project completion time. In other cases, decision-makers may need to amend the schedule
of the project to augment the project cost for the demand of finishing the project in time. For example, the decision of hiring
more workers can speed up performing the project such that the project can be finished ahead of the due date, however the
total project cost increases consequently. Hence it is naturally desirable for decision-makers to find a schedule to complete a
project with minimal cost and meanwhile, to satisfy the project completion time constraint.

A project can be represented by an activity-on-the-arc network G ¼ ðV ;AÞ, where V ¼ f1;2; . . . ;ng is the set of nodes and A is
the set of arcs representing the activities. In the network, node 1 and n represent the start and the end of the project, respec-
tively. Fig. 1 shows such a network representing a project. Let the normal duration time of each activity ði; jÞ be a random var-
iable nij with some given density function, which means that nij represents the duration time of activity ði; jÞ without the
influence of the decision made by the decision-maker. In the project, the uncertainty of nij is derived from the variation of
the environment. Correspondingly, the normal cost per day of activity ði; jÞ is denoted by cij, which is assumed to be a constant.
The decision variable xij represents the change of the duration time of activity ði; jÞ, which can be controlled by the decision-ma-
ker, such as determining the number of workers, determining the quality of instruments, etc. The variable xij, which is assumed
to be an integer for the sake of simplicity, is bounded by some interval ½lij;uij�owing to some practical conditions, where lij and uij

are assumed to be integers. Accordingly, for each activity ði; jÞ, there exists another associated cost dij, which is regarded as the
additional cost of per unit change of xij and is also assumed to be a constant. Then, for the trade-off between the completion time
and the project cost, the problem is to decide the optimal vector x ¼ fxij : ði; jÞ 2 Ag to meet various scheduling requirements.

The stochastic normal activity duration times are concisely written as n ¼ fnij : ði; jÞ 2 Ag. The starting time of activity ði; jÞ
is denoted by Tijðx; nÞ, and the starting time of activity ð1; jÞ 2 A is defined as T1jðx; nÞ ¼ 0 since the starting time of the total
project is assumed to be 0. For simplicity, we assume that each activity can be processed only if all the foregoing activities are
Fig. 1. A project.
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finished, and it should be processed without interruption. With the assumptions, the starting time of activity ði; jÞ,
i ¼ 2;3; . . . ;n� 1, can be written by
Tijðx; nÞ ¼ max
ðk;iÞ2A

Tkiðx; nÞ þ nki þ xkif g:
As node n denotes the end of the project, the completion time of the project can be calculated by
Tðx; nÞ ¼ max
ðk;nÞ2A

Tknðx; nÞ þ nkn þ xknf g: ð1Þ
The total cost of the project is composed of the normal cost and the additional cost, which can be simply written as
Cðx; nÞ ¼
X
ði;jÞ2A

ðcijnij � dijxijÞ: ð2Þ
3. Stochastic models of time-cost trade-off problem

In many stochastic decision systems, optimizing the expected objective value is always considered as the exclusive deci-
sion-making criterion and expected value model is the most employed model for many optimization problems. However, for
practical requirement, alternative decision-making criteria and mathematical models are needed. Actually, there exist some
other decision-making criteria for stochastic decision systems except using the measure of expected value. In this paper,
with the following two ranking methods, two decision-making criteria for the stochastic time-cost trade-off problem are
presented, based on which two new stochastic models are established. Before we present the methods for ranking random
variables, some definition is first introduced.

Definition 1 ([17]). Let n be a random variable, and a 2 ð0;1�. Then
ninf ðaÞ ¼ inf rjPrfn 6 rgP af g
is called the a-pessimistic value of n.

This means that the random variable n will be below the a-pessimistic value ninf ðaÞ at least a of time.
Let n and g be two random variables defined on some probability space ðX;A; PrÞ. To compare two random variables, the

basic criterion is that n > g if and only if nðxÞ > gðxÞ for all x 2 X. However, in practice, this way of comparison is obviously
not appreciated. In stochastic decision systems, one common way is to compare the expected values of two random vari-
ables. The decision-making criterion of optimizing expected objective value and expected value model are on the basis of
the comparison method. Though expected value is commonly used, alternative criteria are needed for real applications.
Hence, alternative methods for comparing random variables are introduced for further establishing two stochastic models
of the time-cost trade-off problem. The first way is to compare the pessimistic values of two random variables. That is,
n > g if and only if, for some predetermined confidence level a 2 ð0;1�, we have ninfðaÞ > ginfðaÞ, where ninf ðaÞ and ginf ðaÞ
are the a-pessimistic values of n and g, respectively. The other way is to compare the chance of two random events with
some predetermined level. In detail, we say n > g if and only if Prfn > �rg > Prfg > rg for some predetermined level �r.

3.1. Stochastic a-cost minimization model

Chance-constrained programming (CCP), developed by Charnes and Cooper [18], offers a new powerful tool of modeling
stochastic decision systems with assumption that the stochastic constraints will hold at some confidence levels. In fact, we
are not always concerned with optimizing expected project costs or expected completion times. Sometimes we have to con-
sider the risk, referred to as the probability that some unfavorable event will occur. Hence, in the stochastic time-cost trade-off
problem, decision-maker may want to obtain the optimization goals with stochastic constraints holding at least some given
confidence levels. Since the introduction of chance-constrained programming, it has been applied to many optimization prob-
lems under uncertainty. Here, we employ the version of CCP given by Liu [19,20]. Before modeling the stochastic time-cost
trade-off problem, we first define the a-cost of a project based on the definition of the a-pessimistic value of a random variable.

Definition 2. The a-cost of a project is defined as minfC
��PrfCðx; nÞ 6 CgP ag, where a is a predetermined confidence level.

To model the stochastic time-cost trade-off problem, we build the following stochastic a-cost minimization model with
the philosophy of stochastic CCP:
min C;

subject to : PrfCðx; nÞ 6 CgP a;
PrfTðx; nÞ 6 T0gP b;

xij 2 ½lij;uij�; 8ði; jÞ 2 A;

xij; 8ði; jÞ 2 A; integers;

8>>>>>><
>>>>>>:
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where a and b are predetermined confidence levels, T0 is the due date of the project, lij and uij are integers given in advance,
and Tðx; nÞ and Cðx; nÞ are defined by (1) and (2), respectively.

3.2. Probability maximization model

As we mentioned above, for two random variables n and g, we can say that n > g if and only if Prfn > rg > Prfg > �rg for some
predetermined level �r, which can also be transformed as that n > g if and only if Prfn 6 rg < Prfg 6 �rg. With this ranking
method, we can compare project costs or project completion times as they are functions of random variables. In real-life pro-
ject, decision-maker may try to control the project cost within the finance budget and meanwhile complete the project before
the time limit. Hence, it is natural for decision-maker to maximize the probability that the project cost does not exceed some
finance budget under the constraint that the probability of finishing the project before the due date should be larger than or
equal to a predetermined confidence level, which follows the philosophy of dependent-chance programming (DCP) introduced
by Liu [21]. Dependent-chance programming is widely applied to stochastic decision systems [22,23]. To maximize the prob-
ability of controlling the project cost within the budget, we can establish the probability maximization model as follows:
max Pr Cðx; nÞ 6 C0
n o

;

subject to : PrfTðx; nÞ 6 T0gP a;
xij 2 ½lij;uij�; 8ði; jÞ 2 A;

xij; 8ði; jÞ 2 A; integers;

8>>>>><
>>>>>:
where a is a predetermined confidence level, T0 is the due date of the project, C0 is the budget, lij and uij are integers given in
advance, and Tðx; nÞ and Cðx; nÞ are defined by (1) and (2), respectively.

3.3. Hybrid intelligent algorithm

For solving the above stochastic models for the time-cost trade-of problem, a hybrid intelligent algorithm integrating sto-
chastic simulations and genetic algorithm is briefly introduced, in which the stochastic simulations are used to estimate the
related functions of the project costs and the project completion times and embedded into the genetic algorithm to search
for the quasi-optimal solutions.

In the above models, there exist three functions of random variables: the probability of finishing the project on time
PrfTðx; nÞ 6 T0g, the probability of controlling the project cost in budget PrfCðx; nÞ 6 C0g, and the a-cost of the project
minfC

�� CrfCðx; nÞ 6 CgP ag. In order to compute these uncertain functions, we introduce the method of stochastic simula-
tions. The detailed process of stochastic simulations can be referred to Liu [17].

We combine the stochastic simulations and genetic algorithm to produce a hybrid intelligent algorithm, which is pre-
sented as follows. First, pop size chromosomes are initialized, where the feasibility can be checked by the proposed stochastic
simulations. Then the crossover and mutation operations are performed to update the chromosomes, in which the feasibility
of offsprings may also be checked by the stochastic simulations. Next, the objective values of all chromosomes are computed
and accordingly the fitness of each chromosome is calculated. Finally, the chromosomes are selected by spinning the roulette
wheel. After running the above steps for a given number of cycles, the algorithm is terminated and the best chromosome is
reported as the quasi-optimal solution for the stochastic time-cost trade-off problem.

4. Numerical experiments

Now consider the network shown in Fig. 1. The duration times, which are assumed as random variables, the normal costs
and the additional costs of the activities are presented in Table 1, respectively. Especially, all the duration times are divided
into two types: normally distributed random variables denoted by Nðl;r2Þ, where l is the mean and r2 is the variance, and
uniformly distributed random variables denoted by Uða; bÞ, where a and b are given real numbers with a < b. We assume
that the decision variable xij is an integer and limited in the interval ½�4;4� for each ði; jÞ 2 A.

Let us think over an instance of the stochastic a-cost minimization model. The decision-maker may want to minimize the
0.95-cost of the project, and simultaneously meet the chance constraint that the probability of finishing the project in 60
days should be not smaller than 0.95. Then the following stochastic 0.95-cost minimization model can be built:
min C;

subject to : PrfCðx; nÞ 6 CgP 0:95;
PrfTðx; nÞ 6 60gP 0:95;
xij 2 ½�4;4� 8ði; jÞ 2 A;

xij; 8ði; jÞ 2 A; integers:

8>>>>>><
>>>>>>:
In the hybrid intelligent algorithm, several parameters are given in advance, including the population size of one generation
pop size, the probability of mutation Pm, and the probability of crossover Pc , which are set as different values to obtain a



Table 1
Stochastic duration times and costs of activities.

Activity ði; jÞ Normal duration time nij Normal cost cij Additional cost dij

(1,2) Nð11;3Þ 170 200
(1,3) Nð17;3Þ 300 280
(1,4) Uð12;16Þ 45 70
(2,5) Nð9;1Þ 270 300
(3,6) Uð8;12Þ 35 50
(3,7) Nð10;2Þ 150 100
(3,10) Nð20;3Þ 25 30
(4,8) Nð9;1Þ 600 400
(5,9) Uð11;17Þ 55 100
(6,9) Nð9;2Þ 200 180
(6,12) Nð17;4Þ 120 140
(7,11) Nð11;2Þ 320 380
(7,13) Uð13;17Þ 75 90
(8,11) Nð15;2Þ 45 30
(9,12) Nð8;3Þ 70 50
(10,14) Nð10;2Þ 50 40
(11,13) Uð8;10Þ 90 120
(12,14) Nð8;3Þ 60 50
(13,14) Nð6;1Þ 100 120

Table 2
Result comparison of the stochastic a-cost minimization model.

pop size Pm Pc Quasi-optimal solution Cost Error (%)

40 0.3 0.4 (4,2,0,4,0,0,2,4,0,3,1,4,2,0,�1,0,0,�4,�2) 26,267 0.36
40 0.4 0.2 (3,2,0,4,0,0,1,4,0,4,1,4,1,�4,�3,0,0,�2,0) 26,285 0.43
50 0.2 0.3 (2,3,0,3,�2,2,3,4,2,3,1,4,3,�3,�4,�1,0,�3,1) 26,173 0.00
50 0.4 0.2 (4,3,1,4,0,1,0,4,0,2,1,4,1,�3,�1,0,0,�4,�1) 26,207 0.13
60 0.2 0.2 (3,4,�2,4,�2,2,2,3,�1,4,1,4,0,�2,�1,0,1,�4,1) 26,184 0.04
60 0.3 0.1 (4,4,�1,4,0,2,0,4,0,0,0,4,1,0,�1,0,�1,�4,0) 26,277 0.40

Table 3
Result comparison of the probability maximization model.

pop size Pm Pc Quasi-optimal solution ProbabilityError(%)

50 0.2 0.4 (2,3,�2,4,�1,1,0,4,0,2,1,4,1,�4,0,0,2,�4,2) 0.9646 0.985
50 0.3 0.2 (3,4,0,4,0,4,0,4,0,0,0,4,3,�1,0,0,0,�4,�1) 0.9666 0.780
60 0.2 0.4 (2,4,�2,3,�2,2,0,4,�1,4,3,3,3,�4,�1,1,2,�4,0) 0.9708 0.349
60 0.4 0.3 (4,0,0,4,0,3,0,4,0,4,4,4,1,0,�1,0,0,�4,�2) 0.9702 0.411
70 0.2 0.3 (3,2,�2,4,�1,0,0,4,0,1,4,4,4,0,�1,2,0,�4,0) 0.9648 0.965
70 0.4 0.1 (4,3,�2,4,0,0,0,4,0,2,1,4,2,�1,�1,0,1,�4,0) 0.9742 0.000
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group of quasi-optimal solutions and quasi-optimal values. In order to show the effectiveness of the proposed hybrid intel-
ligent algorithm, we compare among the quasi-optimal values. From Table 2, we find that the ‘Error’s, calculated by the for-
mula (actual value - optimal value)/ optimal value � 100%, do not exceed 0.43%, which does not exceed the general project
demand. Therefore, the designed hybrid algorithm is effective for solving the stochastic a-cost minimization model.

The other considered time-cost trade-off model is the probability maximization model. In this instance, the budget of the
project is 26,300 and the project completion time limit is 60. Due to realistic difficulties, the decision-maker may want to
maximize the probability of controlling the project cost under the budget and expect the project completion time not to
go beyond the time limit with some predetermined confidence level. Hence, with the philosophy of stochastic depen-
dent-chance programming, the probability maximization model can be established as follows:
max Pr Cðx; nÞ 6 26300f g;
subject to : PrfTðx; nÞ 6 60gP 0:95;

xij 2 ½�4;4� 8ði; jÞ 2 A;

xij; 8ði; jÞ 2 A; integers:

8>>><
>>>:
Similar with the previous instance, the results with different parameters are shown in Table 3. The hybrid intelligent algo-
rithm is demonstrated to be effective as all the errors do not exceed 0.985%.
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5. Conclusion

The trade-off between the project cost and the project completion time is an important issue for decision-makers. In addi-
tion, the uncertainty in the time-cost trade-off problem is also considerable as uncertain factors indeed exist in real projects.
In this paper, for solving the stochastic time-cost trade-off problem, two new decision-making criteria were introduced,
which are different from the one of optimizing the expected objective value. Following the decision criteria, the stochastic
a-cost minimization model and the probability maximization model were established. To solve the models, a hybrid intel-
ligent algorithm integrating the stochastic simulations and genetic algorithm was built. The effectiveness of the proposed
hybrid intelligent algorithm was illustrated by numerical experiments.
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