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Abstract When a new investment opportunity of purchasing a new device occurs, the investors must decide whether or
not and when to buy this device in an online fashion. That is, the online player must make an investment decision while
neither future demand for orders nor future investment opportunities are known. This problem which generalizes the basic
leasing problem has been introduced by Azar et al., and then two special cases have been studied by Damaschke. In the
so-called equal prices model a 2-competitive algorithm is devised and a 1.618 lower bound is given. Here we make use of
an averaging technique and obtain a better tight lower bound of 2, in other words, this lower bound cannot be improved.
Furthermore, another special case which only considers two-stage device replacement is studied in this paper. Accounting
for the interest rate is an essential feature of any reasonable financial model. Therefore, we explore the two-stage model
with and without the interest rate respectively. In addition, we introduce the risk-reward model to analyze this problem
and improve the competitive ratio performance.

Keywords online algorithm, device replacement, competitive analysis, competitive ratio

1 Introduction

Suppose that a factory must produce some orders
for a period of unspecified duration. Orders come one
by one, and market provides some new-style devices.
Each device is characterized by non-negative numbers
ai, bi, ri, i = 1, . . . , n. Here bi and ri denote the pur-
chase and running costs respectively, and ai denotes
the time when device Di appears, that means, Di is
not available before time ai > 0. When an order is
revealed the decision makers have the option to buy
new devices in an online fashion, namely they decide
whether to invest in buying new devices to reduce pro-
duction costs while neither future demand for the or-
der quantity nor future investment opportunities are
known. Azar et al.[1] firstly studied this online capital
investment which can be viewed as the discrete time re-
placement problem[2] variant with multiple, permanent
replacement options. In their paper, two natural mod-
els are presented. One is called the convex case which is
the lower production costs require higher capital inve-

stment costs, and an algorithm with competitive ratio
4 + 2

√
2 has been given. Moreover, the constant com-

petitive ratio cannot be achieved in the so-called non-
convex case. Damaschke[3] has researched two subcases
of the convex case in a continuous-time model: for the
static case which all devices are available in the begin-
ning, a 4-competitive deterministic algorithm has been
given and a low bound of 3.618 has been proved; if all
the devices have equal prices but are not all available
at starting, then a simple 2-competitive algorithm has
been proposed and a lower bound of 1.618 has been ob-
tained.

In this paper, we consider two special convex cases
of the continuous-time model in which it is allowed to
buy a device at any moment, unless otherwise stated.
In equal prices model, we present a new lower bound of
2 by an average technique which improves the known
lower bound of 1.618, hence this result is optimal. Sub-
sequently we propose a two-stage device replacement
model that is motivated by the investment decision in
the real life. For instance, some devices are too expen-

Regular Paper
This work is supported by China Postdoctoral Science Foundation (Grant No. 20070420029), the National Science Foundation of

China (Grant Nos. 70671004, 70401006, and 70521001), the Beijing Natural Science Foundation Program (Grant No. 9073018) for
New Century Excellent Talents in Universities (Grant No. NCET-06-0172) and the Foundation for the Author of National Excellent
Doctoral Dissertation of China (Grant No. 200782).

转载

http://www.paper.edu.cn



204 J. Comput. Sci. & Technol., Mar. 2008, Vol.23, No.2

sive to be replaced frequently (some numerical control
machines or automatic production line, etc.). Suppose
that the online investors wish to purchase a new de-
vice D2 after the device D1 has been in operation for
a period of time. The capital investment costs of D2

are greater than that of D1 but its running costs are
lower. One has to decide whether and when to buy
this more expensive device. The aim is to minimize the
total costs (capital costs plus running costs). Further-
more, the interest rate in the market is considered in
this model. When considering alternative financial de-
cisions an agent must consider their net present value.
That is, accounting for the market interest rate is an
essential feature of any reasonable financial model and
the introduction of this parameter gives some interest-
ing results that do not exit in the simple problem with
no interest rate. In addition, we explore this model
from the risk-reward analysis and improve the compet-
itive ratio performance.

Each of the above problems is generalization of the
leasing problem in which one may consider r as any kind
of the running costs rather than the leasing fee. The in-
vestors need some devices for an unknown time t. There
are two devices available, one with b1 = 0 but r1 > 0,
and the other with b2 > 0 but r2 = 0. The leasing prob-
lem which is a very basic online problem has received
considerable attention in the economic literature[4−8].
Except for above literatures, there are many different
generalizations of the leasing problem which has been
studied in a few papers[9−14].

1.1 Competitive Analysis

Online algorithm is a natural topic of interest in
many disciplines such as computer science, economics,
and operations research. Online problems had already
been investigated in the 1970s and early 1980s but
an extensive and systematic study started only when
Sleator and Tarjan[15] suggested comparing an online
algorithm to an optimal offline algorithm and Karlin et
al.[16] coined the term competitive analysis. In general,
competitive analysis does not consider the absolute be-
havior of the algorithm but rather the ratio between
the algorithm’s behavior and the optimal behavior on
the same problem instance. An online algorithm re-
ceives the input incrementally, one piece at a time. In
response to each input portion the algorithm must gen-
erate output, not knowing the future input. In a com-
petitive analysis an online algorithm is compared to an
optimal offline algorithm. An optimal offline algorithm
knows the entire input sequence in advance and can
process it optimally. Given an input sequence I, let CA

and COPT denote the costs of the online algorithm ALG

and that of the optimal offline algorithm OPT respec-
tively, then the algorithm ALG is called α-competitive
if there exists a constant β such that

CA(I) 6 αCOPT (I) + β,

for all input sequences I. When the additive con-
stant β is less than or equal to zero (for example,
CA(I) 6 αCOPT (I)), we may say for emphasis that
ALG is strictly α-competitive[17,18].

As can be seen in the above definition, the com-
petitive ratio is a worst case performance measure and
therefore it is sometimes convenient to view an online
problem as a two-person (zero-sum) game between an
adversary and an online player. In this game the on-
line player chooses an online algorithm and makes it
known to the adversary. Then the adversary chooses
an input sequence. The payoff to the adversary is the
performance ratio, optimal offline costs to online costs.

Competitive analysis appears to be particularly at-
tractive with regard to financial transactions. A major
advantage of this approach over the traditional average-
case measure is that the need to construct a probabilis-
tic model is circumvented. This advantage is exempli-
fied in cases where one is unable to specify precisely the
relevant underlying distribution of a stochastic model;
in such cases the distributional approach might be of
little use. Another important feature of the competi-
tive ratio is that it is a relative performance measure.

1.2 Risk-Reward Framework

MacCrimmon and Wehrung[17] introduced a basic
risk paradigm as the basis for studying risk. In their
model there are two actions: a riskless action that leads
to a certain outcome and a risky action that leads to
one of two outcomes; one is gain, the other is a loss.
The outcome that occurs for the risky action is uncer-
tain. For our purpose, the action chosen is the strat-
egy selected when trading. The outcome will be the
competitive ratio achieved. Conventional competitive
analysis does not give the investors a choice; it simply
selects the riskless outcome and achieves the optimal
competitive ratio. We extend this framework to allow
the investors to select a riskier strategy.

If the investors are risk-averse, they will use the tra-
ditionally competitive analysis and obtain the optimal
competitive ratio. If the investors wish to take a spec-
ified amount of risk, they may do better than the tra-
ditionally competitive analysis. That is, the introduc-
tion of the risk-reward framework can get a performance
improvement of competitive analysis (if forecast is cor-
rect). The definition of the risk-reward framework is
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stated as follows.
If αA is the competitive ratio of an algorithm ALG

and α∗ is the optimal competitive ratio, then the risk
of ALG is defined as αA/α∗; if d is the risk toler-
ance of the investors, then the set of all algorithms
that respect the investors risk tolerance is denoted by
Id = {A |αA 6 dα∗, d > 1}. A forecast F is assumed to
be a subset of the problem instances (F ∈ I). When the
forecast is correct, the competitive ratio of an algorithm
ALG in some restricted condition is defined as the op-
timal restricted ratio α′A = infA supF∈I COPT/CA and
the reward of ALG can be denoted as fA = α∗/α′A.
Therefore, the reward of an optimal risk-tolerant algo-
rithm ALG ′ is f ′A = sup fA and f ′A ∈ [1, α∗].

This paper is organized as follows. Section 2 restud-
ies the device replacement problem with equal prices.
We will make use of an averaging technique and obtain
a tight lower bound of 2. Section 3 describes a two-stage
model and introduces the interest rate. We present a
simple purchasing strategy and derive an optimal com-
petitive ratio, and then the flexible risk management
mechanism is considered in this model. In Section 4,
we explore the relationship in two-stage device replace-
ment between the risk tolerant d and the risk reward f
by numerical analysis.

2 Device Replacement with Equal Prices

Suppose that device Di (i = 1, . . . , n) is character-
ized by the triple (ai, bi, ri), where ai, bi, ri are arbitrary
non-negative numbers. bi and ri denote the purchasing
costs and the running costs respectively. ai denotes
the time when device Di appears, that means, Di is
not available before time ai > 0. A special case of de-
vice replacement problem is proposed in the paper[8],
in which all devices have equal prices but not all are
available in the beginning.

A simple online strategy is presented by Damaschke:
when the accumulated running costs reach 1, buy the
most recent device which is not used. It is not hard to
prove the following result.

Lemma 1. The competitive ratio of above strategy is
2 for the device replacement problem with equal prices.

2.1 Lower Bound

In this subsection we will make use of an averaging
technique which a “cruel” adversary causes the online
player to pay maximum for every request. We now
prove that any deterministic online algorithm ALG has
a competitive ratio CA > 2COPT − ε, where ε can be
made arbitrarily small with respect to COPT . In other
words, CA can be made arbitrarily close to twice as big
as that of the optimal offline algorithm. It means that
this lower bound obtained cannot be improved.

The main idea of the averaging technique is as fol-
lows: in general, suppose that the online player games
with a vicious adversary. The online player chooses an
online algorithm ALG and makes it known to the ad-
versary in advance. Then, the adversary gives a worst
input sequence step by step such that the online player
only makes decisions in a finite strategy set. The aim is
to maximize the competitive ratio based on ALG. The
adversary would like to set a better device immediately
after each purchase by ALG. In this case suppose that
the adversary (market) gives a slightly better device
in a short time (for example, the running costs of the
next device are slightly lower than that of the previous
device, ri = ri−1 − ε, where ε is an arbitrarily small
constant with respect to r), and then the online player
decides whether to buy it or not. If the online player
does not buy this device, then the adversary will give a
better new-style device in a short time. Fig.1 shows an
arrival device sequence designed for the proof of a lower
bound. There are two kinds of devices devised by the
adversary, that is, each vertical short line represents an
improved device (ri = ri−1− ε, and ID for short), each
circle is a new device (ri = ri−1−∆, ∆Àε, and ND for
short) and each vertical long line is the device sequence
purchased by the online player finally.

Without loss of generality, set bi = 1. The adver-
sary begins with the first device D1(r1) at time 0 and
the online player must buy it. At time tε the adversary
places the second device D1,2 where the running costs
are r1,2 = r1− ε, and at this time there will be two pos-
sible choices for the online player. If the online player
does not choose to buy this device then the adversary
gives the third device D1,3 at time 2tε, until the online

Fig.1. Device sequences for our lower bound.
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player buys the device D2(r2) at time t1 = θ1tε. Imme-
diately the adversary places a new-style device D′

2(r
′
2)

where the running costs are r′2 ¿ r2 (see Fig.1). Repeat
this game until the online player buys the S-th devices,
then we can obtain the following results.

Theorem 1. For the equal prices model no de-
terministic online algorithm can have competitive ratio
less than 2.

Proof. Firstly, the adversary places first device and
the online player must buy it to satisfy the order de-
mand. After that at time θ1tε the online player pur-
chases the device Di,j (r2 = r1−θ1tε), and then at time
(θ1+1)tε the adversary places a better device than that
of D′

i,j (where the running costs r′2 = r′1−∆ and ∆ > ε,
it means that r′2 6 r2). Without loss of generality, the
period of two adjacent devices purchased by the online
player is defined as a stage. If the game continues with
S stages, and then the online total costs of producing
all orders can be expressed as follows.

CA = s +
s∑

i=1

riti. (1)

At the same time the adversary can only buy the
partial devices in ND sequence (circle showed in Fig.1).
We now bound the costs of the optimal solution by av-
eraging the costs of solutions S1 in the odd-numbered
ND sequence, and the solution S2 in the even-numbered
ND sequence. At start both S1 and S2 must include the
first device D1. Suppose that the adversary buys some
devices from S1 and S2, and the cost functions are de-
noted as COPT1 and COPT2 respectively. Therefore the
offline costs satisfy the following inequality.

COPT 6 COPT1 + COPT2

2
. (2)

Without loss of generality, we assume that the stage
S is an even number, and then the costs incurred from
S1 are

COPT1 =
s

2
+

s
2∑

i=1

r′2i−1(t2i−1 + t2i) + r′1tε. (3)

Similar to the above analysis, the costs incurred from
S2 can be expressed

COPT2 =
s

2
+

s
2∑

i=1

r′2i−2(t2i−2 + t2i−1)+ r′1(t1 + tε). (4)

Substituting (3) and (4) into inequality (2), we
achieve

COPT 6
s +

s−1∑

i=1

r′i(ti + ti+1) + r′1(t1 + 2tε)

2

=
1
2

(
s +

s∑

i=1

r′i(ti + ti+1)
)

+
1
2

(
r′1(t1 + 2tε)

)

− r′s(ts + ts+1). (5)

For ts+1 = 0, ts = 2tε, and r′1 > r′s, therefore the
following inequality holds.

r′1(t1 + 2tε))− r′s(ts + ts+1) > 0. (6)

If we give the enough large value of S, then 1
2 (r′1(t1+

2tε))−r′s(ts + ts+1)) can be considered arbitrarily small
positive constant compared with 1

2 (s +
∑s

i=1 r′i(ti +
ti+1)). Let

ε′ = r′1(t1 + 2tε))− r′s(ts + ts+1). (7)

We now argue that 1
2 (s +

∑s
i=1 r′i(ti + ti+1)) is less

than or equal to the half value of CALG. That is, the
following inequality holds.

s +
s∑

i=1

r′i(ti + ti+1) 6 CALG . (8)

Substituting (1) into inequality (8), we achieve

s∑

i=1

r′i(ti + ti+1) 6
s∑

i=1

riti. (9)

Namely the adversary only makes this inequality
hold in every stage, and then the running costs of device
replacement after the S-th stages satisfy the following
inequality,

r′i(ti + ti+1) 6 riti. (10)

For r′i = ri−∆, the adversary always makes r′i ¿ ri

held by increasing ∆. That is, the adversary places the
ND at the end of every replacement stage. Therefore
inequality (10) holds. From the above argue we obtain

CA > 2COPT − ε′. (11)

¤
From the above discussion and Lemma 1, we can get

the following results.
Lemma 2. The competitive ratio 2 is optimal.
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3 Two-Stage Case

Assume that the online player only considers to buy
two devices (D1 and D2 for short), apparently the cost
of D2 is less than that of D1, otherwise it is not worth
buying D2 at any time. In some scenarios, it is a reason-
able hypothesis that the device is too expensive to re-
place frequently. At start both the online and the offline
player should buy the first device D1 at time 0, other-
wise some orders cannot be satisfied. The key point for
the online player to make the decision is whether and
when to buy the second device D2. In addition, one
usually analyzes the static case and the dynamic case
respectively in traditional investment decision-making.
The static case is the analysis with no interest rate,
that is, the investors firstly evaluate every stage payoff
in the future after utilizing this device, and then simply
accumulate these payoff. If the total payoff is more than
the costs then the decision-maker will invest, otherwise
abandon the investment. Whereas the interest rate is
considered in the dynamic case. Obviously, the intro-
duction of this parameter considerably complicates the
analysis. Without loss of generality, the two-stage re-
placement problems of static case and dynamic case are
called the problems P1 and P2 respectively.

3.1 Two-Stage Device Replacement Without
Interest Rate (P1 for Short)

3.1.1 Lower Bound

In this subsection we prove that any general al-
gorithm for the two-stage device replacement problem
must have a competitive ratio of at least 2− ε. The re-
sult is obtained by considering the optimal offline algo-
rithm as an vicious adversary. This adversary specifies
the request sequence in a way that the online algorithm
performs badly.

Theorem 2. No deterministic online algorithm can
obtain a better competitive ratio than 2−ε for two-stage
device replacement problem.

Proof. Considering an arbitrary deterministic algo-
rithm ALG. Suppose that an adversary will construct
a special device input sequence I. We will prove that
ALG will not achieve a competitive ratio less than α.
The adversary constructs an instance b1 = 0, r1 = 1,
r2 = ε, where ε is a very negligible positive number.
Moreover, assume that an input sequence of t1 equals 1
and the strategy set is that the online player does not
buy the device D2 until the first m-unit orders are pro-
duced by the device D1 after the device D2 is available.
We get the critical order quantity n∗1 = b2

r1−r2
by solving

the equation b1+r1(t1+r2) = b1+r1t1+b2+r2t2. Note

that the critical order quantity is the minimum value
that the device D2 is purchased. Namely, the invest-
ment costs of purchasing the device D2 at least can be
compensated for the running costs saved in this deal.
Without loss of generality, the time axe represents the
order quantity by establishing correspondence of the or-
der unit to time unit. Fig.2 shows the proof of a lower
bound of the subcase 2) (After the device D2 is avail-
able the adversary submits m′-unit order until the game
ends.). The triangle denotes the time of the player pur-
chasing the devices. In other words, the black triangle
denotes the time of the device D1 bought by the on-
line and offline player, the triangle of the real line and
imaginary line denotes the time when the device D2 is
bought by the offline and the online player respectively.
Hence for two regions 0 < m 6 n∗1 − 1 and m > n∗1 − 1
we consider the two cases as follows.

Case 1. 0 < m 6 n∗1 − 1. We analyze it from two
subcases.

1) If the order quantity m′ 6 m, then the online and
the offline player do not buy the second device D2 and
we can get the competitive ratio α1 = 1.

2) If the order quantity after the second device ap-
pears to be m′ > m, then the online player will pur-
chase the second device D2 but the offline player does
not buy it. Therefore the offline player will give the
order quantity of m + 1 and the competitive ratio is

α2 =
b1 + r1 + r1m

′ + b2 + r2

b1 + r1(m′ + 2)

=1 +
b2 + r2 − r1

b1 + r1(m′ + 2)
(12)

Fig.2. Case 1 of a lower bound of the competitive ratio while

m′ > m.

For b2 + r2 − r1 > 0 we can see that α2 is the de-
creasing function of m′, and then the offline player will
choose the maximal m′, that is, m′ = m∗

1. From (12)
the following inequality can be achieved

α2 > 1 +
b2 + r2 − r1

b1 + r1(m′ + 2)

=1 +
(b2 + ε− 1)(1− ε)

b2 + 2(1− ε)
. (13)

In this case the lower bound of competitive ratio is
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the maximum of α1 and α2. We get

α′ = max{α1, α2} = α2. (14)

Case 2. m > n∗1 − 1. Similar to the above discus-
sion, we analyze it from two subcases.

1) If m′ 6 m, then the offline player will buy the
second device D2, whereas the online player would not
buy it. The competitive ratio can be expressed:

α3 =
b1 + r1 + r1m

′

b1 − r1 + b2 + r2m′ . (15)

For r1 > r2, from (15) it is easy to see that α3 is the
increasing function of m′, and then the offline player
will get the minimum of m′ (m′ = n∗1). So we can
obtain the following inequality:

α3 > b1 + r1 + r1n
∗
1

b1 − r1 + b2 + r2n∗1

=1 +
(r1 − r2)n∗1 − b2

b1 + r1 + b2 + r2n∗1
. (16)

2) If m′ > m, then both the offline and online players
will buy the second device D2. The competitive ratio
is

α4 = 1 +
(r1 − r2)m′

b1 + r1 + b2 + r2(m′ + 1)
. (17)

From (17) we know that α4 is the increasing function
of m′, and then the offline player will get the minimum
of m′ (m′ = n∗1 + 1). We can achieve the following
result.

α4 > 1 +
b2 + 1− ε

b2

1− ε
+ 1 + 2ε

. (18)

Therefore the lower bound of Case 2 is the maximum
of α3 and α4. That is

α′′ = max{α3, α4} = α4. (19)

From Cases 1 and 2, we get a lower bound of two-
stage case.

α = min{α′, α′′}. (20)

For ε is a very small positive number, so α′ > α′′.
Set b2 −→ +∞, and we obtain the following result.

α > 2− ε. (21)

¤

3.1.2 Competitive Analysis

Firstly we consider the offline problem which is so
simple that the following observation can be obtained.

Observation 1. The offline decision maker has two
options: to buy the device D2 immediately after it is
available, otherwise never.

Proof. Without loss of generality, assume that the
device D2 is available at time t, and the optimal offline
player purchases this device at time t′ (t < t′). But
it would be advantageous to buy D2 earlier: the price
to buy the device D2 is the same, and (r2 − r1) times
the running costs per order unit can be saved. This
contradicts optimality. ¤

Let t1 be the accumulative order quantity before the
second device D2 is available. So the total costs can be
expressed as b1 + r1t1 in the first stage. Suppose that x
denotes the sum of the order quantity after device D2 is
released, then the offline cost function can be presented
as:

COPT =
{

b1 + r1t1 + r1x, 0 < x 6 T1,

b1 + r1t1 + b2 + r2x, x > T1,
(22)

where T1 represent the critical costs.
The critical costs T1 can be obtained by solving the

equation (b1 + r1t1 + r1x = b1 + r1t1 + b2 + r2x):

T1 =
b2

r1 − r2
.

Considering the following online strategy ALG: we
do not buy the second device until the sum of the run-
ning costs at second stage are equal to T ′1. Without loss
of generality, set T ′1 = kT1 for k > 0. Set ∆ = b1 +r1t1,
the online costs can be expressed as:

CA =
{

∆ + r1x, 0 < x 6 kT1,

∆ + r1kT1 + b2 + r2(x− kT1), x > kT1.
(23)

And we can get the following result.
Lemma 3. The optimal competitive ratio is 1 +
(r1−r2)b2

∆(r1−r2)+b2r1
.

Proof. From above argument of the lower bound,
we know that the optimal competitive ratio can be ob-
tained for k = 1. If x < T1, then the costs incurred
by the online algorithm and the adversary are always
equal. Otherwise, the costs incurred by the online algo-
rithm and the adversary are ∆+r1kT1+b2+r2(x−kT1)
and ∆+b2 +r2x respectively. Since the competitive ra-
tio α∗ is the increasing function of x, the online player
should produce the minimal order quantity. Set x = T1,
and the optimal competitive ratio is

α∗ =
∆ + r1kT1 + b2 + r2(x− kT1)

∆ + b2 + r2x
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=1 +
(r1 − r2)b2

∆(r1 − r2) + b2r1
. (24)

¤

3.1.3 Analysis of the Risk-Reward Framework

In this subsection, the risk-reward framework is in-
troduced in this model. We discuss this problem de-
pending on whether 0 < k 6 1 or k > 1. Note that
0 < k 6 1 means that the running costs of the sec-
ond stage are less than or equal to the critical costs,
and k > 1 means that the running costs of the second
stage are more than the critical costs. The following
result shows that the introduction of forecast improves
the competitive analysis performance (if forecast is cor-
rect).

Theorem 3. If a forecast is correct, the optimal
reward is

1 +
(r1 − r2)b2

∆(r1 − r2) + b2r1

1 +
b2

∆ + b2 + r2τ

.

Proof. Forecast 1: 0 < k 6 1. In this case, the in-
vestors should never purchase the second device from
(23). If one forecasts successfully, then the costs in-
curred by the online strategy are not more than that
incurred by the offline strategy. The restrict ratio is
α′A = 1. Therefore, the reward in this case is

f =
α∗

α′A
= 1 +

(r1 − r2)b2

∆(r1 − r2) + b2r1
. (25)

Forecast 2: k > 1. In this case, the investors should
buy the second device after the sum of the running costs
equals x. The competitive ratio of ALG is

αA =
min{∆ + r1x,∆ + r1kT1 + b2 + r2(x− kT1)}

∆ + b2 + r2x
.

(26)
We calculate (26) for two regions 0 < x 6 kT1 and

x > kT1 respectively.
i) For 0 < x 6 kT1, one can obtain the inequality

∆+r1x
∆+b2+r2x 6 α∗d from the above risk-reward framework.
If r1 − r2dα∗ > 0, then we get the following result:

x1 6 (∆ + b2)dα∗ −∆
r1 − r2dα∗

(27)

ii) On the other hand, for x > kT1, the inequality
∆+r1kT1+b2+r2(x−kT1)

∆+b2+r2x 6 α∗d can be achieved as well.
So we can obtain

x2 > (1− α∗d)(∆ + b2) + (r1 − r2)kT1

(α∗d− 1)r2
(28)

where α∗d > 1.
From the above definition of the risk-reward frame-

work, we know only if the strategy of purchasing new
device satisfy x ∈ [x2, x1], then the optimal offline
strategy when forecast comes true is to buy it im-
mediately. The restricted ratio of ALG is α′A =
∆+r1kT1+b2+r2(x−kT1)

∆+b2+r2x and we want α′A as small as pos-
sible. One can see that α′A is the decreasing function of
x and the increasing function of k. Set k = 1 and τ is
equal to the maximal value of x. Therefore, we can get
the minimal value of α′A as follows.

α′A = 1 +
b2

∆ + b2 + r2τ
(29)

where τ = (∆+b2)dα∗−∆
r1−r2dα∗ .

Therefore, the optimal reward is

f =
α∗

α′A
=

1 +
(r1 − r2)b2

∆(r1 − r2) + b2r1

1 +
b2

∆ + b2 + r2τ

. (30)

¤

3.2 Two-Stage Device Replacement with
Interest Rate (P 2 for Short)

When considering alternative financial decisions an
agent must consider their net present value. In other
words, accounting for the market inter rate is a essential
feature of any reasonable financial model. Let δ = 1

1+i ,
where i denotes the interest rate. Without loss of gen-
erality, suppose that the price of the device must be
lower than the discounted value of the running costs. It
is a reasonable assumption, otherwise the online player
would not purchase this new device (obviously the of-
fline player will not buy it as well) and we obtained the
negligibly optimal competitive ratio of 1.

3.2.1 Competitive Analysis

Similar to the above analysis, the offline costs can
be expressed:

COPT =





∆ + r1
1− δx

1− δ
, 0 < x 6 T2,

∆ + b2 + r2
1− δx

1− δ
, x > T2.

(31)

By solving the equation ∆ + r1
1−δx

1−δ = ∆ + b2 +
r2

1−δx

1−δ , the critical value can be obtained as follows.

T2 =
ln

(
1− b2

r1 − r2
(1− δ)

)

ln δ
. (32)
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A natural online strategy: the online player does not
buy the second device until the running costs of the sec-
ond stage reach the critical value T ′2. Without loss of
generality, set T ′2 = kT2 for k > 0. The online costs can
be expressed as follows:

CA =





∆ + r1
1− δx

1− δ
, 0 < x 6 kT2,

∆ + r1
1− δkT2

1− δ
+ b2 + r2

(δkT2 − δx

1− δ

)
,

x > kT2.

(33)

Therefore, we can achieve the following result.
Lemma 4. The optimal competitive ratio of P2 is





1 +
b2

∆ + r1λ
, if Γ1 > Γ2,

1 +
(r1 − r2)λ

∆ + b2 + r2λ
, if Γ1 < Γ2.

where Γ1 = (r1−r2)(∆+r2λ) and Γ2 = b2(∆+b2+r2λ).
Proof. Similarly, we argue this problem for two re-

gions 0 < k 6 1 and k > 1.
Case 1. 0 < k 6 1. We now consider three subcases,

depending on the different values of x.
1) If 0 < x 6 kT2, then the online player and the

adversary do not purchase the new device. The trivial
competitive rate of 1 is obtained.

2) If kT2 < x 6 T2, then the online player will
purchase a device from (33) and the online costs are
∆ + r1

1−δkT2

1−δ + b2 + r2( 1−δx

1−δ − 1−δkT2

1−δ ). On the other
hand, the adversary will not purchase the device and
the offline costs are ∆ + r1

1−δx

1−δ . Therefore, the com-
petitive rate can be expressed as follows.

αA1(k, x) =

∆ + r1
1− δkT2

1− δ
+ b2 + r2

(1− δx

1− δ
− 1− δkT2

1− δ

)

∆ + r1
1− δx

1− δ

.

(34)

One can see that αA1(k, x) is the decreasing function
of x, and then the adversary will choose the minimum
of x. That is, set x = kT2, we can get the following
result.

αA1 6 1 +
b2

∆ + r1
1− δkT2

1− δ

. (35)

From (35) it is not hard to see that αA1 is the mono-
tone decreasing function of k. Hence, the online player
will choose the maximum of k to make the competitive

rate as small as possible. Set k = 1, we get

αA1 6 1 +
b2

∆ + r1λ
(36)

where λ = 1−δT2

1−δ .
3) If x > T2, then both the online player and the

adversary purchase the second device. From (31) and
(33) we have

αA2 =
∆ + r1

1− δkT2

1− δ
+ b2 + r2

(1− δx

1− δ
− 1− δkT2

1− δ

)

∆ + b2 + r2
1− δx

1− δ

=1 +
(r1 − r2)

1− δkT2

1− δ

∆ + b2 + r2
1− δx

1− δ

. (37)

From (37) it is not hard to see that αA2 is the mono-
tone function of x for r1 − r2 > 0, therefore the adver-
sary will take the minimum of x. Substituting x with
T2, (37) can be rewritten as follows.

αA2 6 1 +
(r1 − r2)

1− δkT2

1− δ

∆ + b2 + r2
1− δT2

1− δ

. (38)

Note that αA2 is a monotone increasing function of
k, hence the online player will attain its minimum value.
we have

αA2 = 1. (39)

Case 2. k > 1. Similar to the above discussion, we
can obtain the following results.

1) If 0 < x 6 T2, then both the online and offline
player are not to buy the second device and the com-
petitive rate is 1.

2) If T2 < x 6 kT2, then online player cannot pur-
chase the second device, but the offline player will buy
it in the beginning. We achieve

αA3 =
∆ + r1

1− δx

1− δ

∆ + b2 + r2
1− δx

1− δ

. (40)

From (40) we know that αA3 is a monotone increasing
function of x, hence substituting above equation with
x = kT2. We have the following result.

αA3 6
∆ + r1

1− δkt2

1− δ

∆ + b2 + r2
1− δkt2

1− δ

. (41)
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From (41) it is not hard to see that αA3 is a mono-
tone increasing function of k, therefore the online player
will choose the minimum of k = 1. Substituting it into
(42), we have

αA3 6 ∆ + r1λ

∆ + b2 + r2λ
. (42)

3) If x > kT2, then both the online and offline play-
ers would buy the second device. Therefore we obtain

αA4(x, k) = αA2 = 1 +
(r1 − r2)

1− δkT2

1− δ

∆ + b2 + r2
1− δx

1− δ

. (43)

From (43) it is not hard to see that αA4(x) decreases
monotonically. Therefore set x = kT2, we get

αA4(k) 6 1 +
(r1 − r2)

1− δkT2

1− δ

∆ + b2 + r2
1− δkT2

1− δ

. (44)

Note that αA4(k) is an increasing monotone function
of k. Therefore set k = 1, the following result can be
obtained.

αA4 6 1 +
(r1 − r2)λ

∆ + b2 + r2λ
. (45)

It is not hard to see that:

αA4 = 1 +
(r1 − r2)λ

∆ + b2 + r2λ
> αA3. (46)

The optimal competitive ratio αA chooses the min-
imum value from αA1 and αA4, αA = min{αA1, αA4}.
Obviously, if (r1 − r2)(∆ + r2λ) > b2(∆ + b2 + r2λ),
then αA1 > αA4; otherwise, αA1 < αA4. Set Γ1 =
(r1−r2)(∆+r2λ) and Γ2 = b2(∆+b2 +r2λ). The opti-
mal competitive ratio α∗ can be represented as follows.

α∗ =





1 +
b2

∆ + r1λ
, if Γ1 > Γ2,

1 +
(r1 − r2)λ

∆ + b2 + r2λ
, if Γ1 < Γ2.

(47)

¤

3.2.2 Analysis of the Risk-Reward Framework

Similar to the analysis of the above subsection, we
argue P2 for two regions 0 < k 6 1 and k > 1 respec-
tively.

Theorem 4. If a forecast is correct, then the opti-
mal risk reward of P2 is





1 +
b2

∆ + r1λ

1 +
(r1 − r2)(1− δT2)

(∆ + b2 + r2θ)(1− δ)

, if Γ1 > Γ2,

1 +
(r1 − r2)λ

∆ + b2 + r2λ

1 +
(r1 − r2)(1− δT2)

(∆ + b2 + r2θ)(1− δ)

, if Γ1 < Γ2.

Proof. Forecast 1: 0 < k 6 1. That is, the online
player forecasts the running costs of the second stage
will be less than or equal to the critical costs T2, and
obviously the second device cannot be purchased. If
forecast is correct, then the costs incurred by the online
strategy are not more than that of the offline strategy.
Note that the restricted rate is α′A = 1. Hence, the
optimal reward is

f =
α∗

α′A
=





1 +
b2

∆ + r1λ
, if Γ1 > Γ2,

1 +
(r1 − r2)λ

∆ + b2 + r2λ
, if Γ1 < Γ2.

(48)

Forecast 2: k > 1. This means that the running
costs forecasted by the online player are more than the
critical costs T2. Suppose that the online player will
purchase the second device until the running costs ac-
cumulated at the second stage equal to x. The compet-
itive ratio is

αA =

min

{
∆ + r1

1− δx

1− δ
,∆ + r1

1− δkT2

1− δ
+ b2 + r2

(
δkT2 − δx

1− δ

)}

∆ + b2 + r2
1− δx

1− δ

.
(49)

Suppose that d denotes the risk tolerant of the on-
line player for d > 1. From the above definition of
the risk-reward framework we can achieve the following
result.

1) If x < kT2, then from (49) we can get

∆ + r1
1− δx

1− δ

∆ + b2 + r2
1− δx

1− δ

6 α∗d. (50)

Set θ = α∗d(∆+b2)−∆
r1−α∗dr2

. If r1 > α∗dr2, then the fol-
lowing inequality holds.

x1 6 ln(1− θ(1− δ))
ln δ

. (51)
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2) If x > kT2, then from (49) again we have

∆ + r1
1− δkT2

1− δ
+ b2 + r2

(δkT2 − δx

1− δ

)

∆ + b2 + r2
1− δx

1− δ

6 α∗d. (52)

If α∗d > 1, we obtain the following result.

x2 > ln(1− ρ)
ln δ

(53)

where ρ = (r1−r2)(1−δkT2 )
r2(α∗d−1) − (∆+b2)(1−δ)

r2
.

That is, if the online strategy satisfies x ∈ [x2, x1],
then the offline strategy of buying new device immedi-
ately is optimal. The online player forecasts success-
fully the restricted competitive ratio is

α′A = 1 +
(r1 − rd2)

1− δkT2

1− δ

∆ + b2 + r2
1− δx

1− δ

. (54)

From (54) it is not hard to see that α′A is the de-
creasing function of x and the increasing function of k.
Set k = 1 and x = x1. We can get

α′A = 1 +
(r1 − r2)(1− δT2)

(∆ + b2 + r2θ)(1− δ)
. (55)

And the optimal risk reward is

f =
α∗

α′A
=





1 +
b2

∆ + r1λ

1 +
(r1 − r2)(1− δT2)

(∆ + b2 + r2θ)(1− δ)

, if Γ1 > Γ2

1 +
(r1 − r2)λ

∆ + b2 + r2λ

1 +
(r1 − r2)(1− δT2)

(∆ + b2 + r2θ)(1− δ)

, if Γ1 < Γ2.

(56)

¤

4 Numerical Results

In this section we provide a simple example to show
the relationship between the risk tolerance d and the
risk-reward f . From Table 1 it is not hard to see
that the restrict competitive ratio α′A(d) is the decreas-
ing function and the risk-reward f(d) is the increas-
ing function. For instance, if d = 1.1, then the ratio
(α∗ − α′A)/α∗ .= 0.15. This means if the investors are
willing to take the risk and the forecast is correct, then
they can get competitive ratio performance improve-
ment of about 15%.

Table 1. Numerical Examples of the Risk-Reward f for

the Different Risk Tolerances d

d α∗ α′A f

1.01 1.392 1.233 1.129

1.05 1.392 1.211 1.150

1.10 1.392 1.184 1.176

1.15 1.392 1.156 1.204

1.20 1.392 1.129 1.233

Note: Setting b1 = 100, r1 = 0.01, t1 = 1000, b2 = 200,
and r2 = 0.005, the restricted competitive ratio α′A and the
risk-reward f can be achieved according to the various risk
tolerance d.

5 Conclusions

Although competitive analysis of online optimiza-
tion problems is quite well developed and has led to
elaborate theoretical system[19,20], in view of its prac-
tical use many questions have to be answered in the
future. Usually “pure” competitive analysis is overly
pessimistic. It always assumes that decision-maker has
no information for the future input, but there is more or
less information in real life. It is absolutely a waste to
ignore them. In this paper we have introduced the risk-
reward framework, which allows investors to manage
their risk and utilize their forecasts. Numerical results
show that the performance of the competitive analysis
can be improved. But how to improve the performance
of the competitive algorithm by other methods is an-
other research direction which is worth of attention.
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