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a b s t r a c t

This paper studies the group decision making problemwith linguistic preference relations. We first study the
consensus measure between the individual preference relations and the collective (group) preference
relation by defining the concept of degree of similarity between two linguistic values and two linguistic
preference relations. Then we propose a concept of the acceptance consensus threshold value for group
decision making with linguistic preference information. We show that the consensus between individual
preference relations and the collective (group) preference relation is greater than the weighted similarity
degree of a given individual preference relationwith respect to other individual preference relations in group
decision making with linguistic preference relations. The results will help in the analysis of crucial issues of
conflict and agreement among preferences of decision-makers, which affect the consensus of group decision
making with linguistic preference relations. Theoretical foundations are then established for the proposed
method. Finally, the proposed method is applied to evaluate the degree of consensus of individual overall
preference values with respect to the collective overall preference values for multi-attribute group decision
making with linguistic information. The main contribution of this paper is twofold. One is to present a new
way to measure the consensus between the individual preference relations and the collective (group)
preference relation in group decision making with linguistic preference information. Another is to provide an
effective approach to evaluating individual overall preference values with respect to the collective overall
preference values in multi-attribute group decision making with linguistic information.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The increasing complexity of the socio-economic environment
makes it less and less possible for a single decision maker to consider
all relevant aspects of a decision making problem [1–3]. That is why
a large number of decision making problems in the practice of
management science, operational research, and industrial engineer-
ing are usually conducted by decision groups [4–9]. A group decision
making (GDM) problem is defined as a decision problem in which
several experts provide their judgment over a set of alternatives. The
aim is to reconcile differences of opinion expressed by individual
experts to find an alternative (or set of alternatives) that is most
acceptable by the group of experts as a whole. One important
concept in group decision making (GDM) is the preference relation
used to model experts' preferences. So far, many different types of
preference relations have been put forward, including ordinal pre-
ference [10–13], linguistic preference relations [14–20], multiplicative

preference relations (also known as a pairwise comparison matrix in
the Analytical Hierarchy Process) [21], fuzzy preference relations [14],
intuitionistic multiplicative preference relations [22,23], and other
preference relations [24–28].

As is well known, a usual resolution method for a group decision
making problem is composed of two different processes [15,29,30]:
the consensus process and the selection process. Clearly, in any
decision process, it is preferable that the experts reach a high degree
of consensus on the solution set of alternatives. Thus, the former
refers to how to obtain the maximum degree of consensus or
agreement among the experts on the solution alternatives. The latter
consists of how to obtain the solution set of alternatives from the
opinions about the alternatives given by the experts. So, it is
preferable that the experts achieve agreement among their prefer-
ences before applying the selection process.

Traditionally, consensus is defined as the full and unanimous
agreement of all the experts regarding all the possible alternatives.
Obviously, unanimity may be difficult to attain, in particular in large
and diversified groups of individuals, as is the case in real world
settings, and complete agreement is not always necessary in real life.
As pointed out by Parreiras et al. [31], when a multi-attribute
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decision making problem is carried out in group settings, even in
a friendly environment, the occurrence of significant disagreements
across the group is inevitable and aggregating highly discordant
opinions may result in an intermediate opinion with which none of
the experts completely agrees. This has led to the use of “soft”
consensus degree (i.e., consensus measure) [14,32,33]. Herrera-
Viedma et al. [25] and Parreiras et al. [28] present fuzzy methods
and models for a consensus scheme of group decision making.
Parreiras et al. [31] further propose a fuzzy set-based approach to
make use of the three consensus schemes (i.e., aggregation of
individual evaluation, aggregation of individual preference per criter-
ion, aggregation of individual results), which will create an efficient
method for exploiting the capabilities of each expert of the group.
García et al. [24] present a consensus model for group decision
making with interval fuzzy preference relations based on a consensus
measure and a proximity measure. Zhang et al. [34] and Ben-Arieh
et al. [35] discuss the minimum-cost consensus models under
aggregation operators and quadratic cost functions for group decision
making, respectively. There also have been numerous approaches
based on consensus measures for modeling the consensus process
[15,16,36–39]. In this paper, we focus on the consensus measure for
group decision making with linguistic preference relations.

In general, for a given group decision making problem, the experts
may use linguistic terms from linguistic term sets with different
cardinalities to express their preference information due to differences
in culture, knowledge and individual characteristics. For example,
when evaluating the “comfort” or “design” of a car, terms like “bad,”
“poor,” “tolerable,” “average,” or “good” can be used. In other cases,
precise quantitative information may not be stated because it is either
not available or its computational cost is too high; in that case, an
“approximate value” may be tolerated. So, for a given decision making
problem, the use of linguistic labels makes expert judgment more
reliable and informative and is more appropriate for approximating
preference values that are too complex to be represented using precise
numerical values. For these reasons, the problems of group decision
making with linguistic preference information have emerged and have
attracted broad study from both theoretical and applied points of view
in the practice of management science.

Group decision making problems with linguistic information arise
from a wide range of real-world situations [40–44]. Many methods
have been developed to explore the group decision making problem
with linguistic information [49–58]. Herrera and Martínez [45] divide
group decision making with linguistic information into four different
categories: (i) the approximation model based on extension principles
(or the linguistic computational model based on membership func-
tions) [36,40], (ii) the linguistic symbolic computational models based
on ordinal scales [14,15,46,47], (iii) the 2-tuple linguistic computa-
tional model [48], and (iv) the model that computes directly with
words [49–51]. Moreover, they point out that the model that
computes directly with words not only avoids losing useful linguistic
information, but also is straightforward and very convenient in
calculation for practical applications. Meanwhile, some notable con-
sensus models with linguistic information also have been developed
for group decision making. Bordogna et al. [14] propose a linguistic
consensus model for group decision making based on an ordered
weighted average operator. Herrera-Viedma et al. [30] further present
a consensus support system model for group decision making with
multi-granular linguistic preference relations. Herrera et al. [15]
introduce a consensus model for group decision making using
linguistic preference relations based on the use of a fuzzy consensus
majority. Mata et al. [59] consider an adaptive consensus reaching
process in multi-granular contexts to increase convergence towards
consensus. Cabrerizo et al. [60] dealt with a consensus problem in
group decision making with unbalanced fuzzy linguistic information.
Cabrerizo et al. [61] further discuss the consensus models for fuzzy
group decision making. Dong et al. [20] give a consensus operator

which is a generalization of the OWA operator and provide an
alternative group decision making consensus model with linguistic
information. Dong et al. [62] give another deviation measure using
a different distance metric. Wu and Xu [63] further propose two
consensus models based on the deviation measures given by Xu [64]
and Dong et al. [62]. Ben-Arieh and Chen [38] present a procedure for
handling autocratic group decision making. Chen and Lee [19] further
study autocratic group decision making and propose a new method
for interval linguistic label aggregation consensus measures. As a
practical matter, progress in group decision making research with
one kind of preference relation can benefit research in other kinds of
preference relations. Previous studies have made great achievements
in group decision making consensus methods.

In many real world situations, a key issue in group decision making
with linguistic preference relations is conflict and agreement among
the preferences of experts. So, how to find a group consensus to
represent a common opinion of the group is a valuable and important
topic. An interesting application of group decision making with
linguistic information is the policy specification which necessitates
differential weights in deciding group preferences [65]. As far as this
group decision making problem is concerned, a highlighted character-
istic is that there usually exists a leading decision-maker who plays a
crucial role. So, in order to represent the impact of the leading
decision-maker as much as possible, models often require that the
group opinion should be close to the opinion of the leading decision-
maker [64]. Xu [64] studies the theoretic basis for this kind of group
decision making problem and defines a concept of deviation measures
of linguistic preference relations given by group members. There are
two main results for the group decision making problem [64]: one is
that the weighted combination of A1;A2;…;Am is a linguistic pre-
ference relation under the condition that all A1;A2;…;Am are linguistic
preference relations. Another is that the deviation degree between
linguistic preference relations Ai of A1;A2;…;Am and their group
linguistic preference relation is no greater than the largest deviation
degree between the linguistic preference relation Ai and each of the
linguistic preference relations Ai; ði¼ 1;2;…;mÞ. These two main
results make a solid theoretic basis for the application of the afore-
mentioned group decision making with linguistic preference relations.

Inspired by the work of Xu [64], as well as the study of the
possible degrees of difference between two interval values by
Nakahara et al. [66], our objective in this paper is to establish
a new consensus measure method for the kind of group decision
making problem with linguistic preference relations discussed in
[64]. The proposed method not only can measure the consensus
level, but also gives an approach to calculate the acceptable
consensus threshold value for the group decision making problem
with linguistic preference relations [64].

The aim of this paper is to present a new method of consensus
measurement of group decision making with linguistic information.
The rest of the paper is organized as follows. Some basic concepts of
group decision making with linguistic information are briefly
reviewed in Section 2. In Section 3, we define degrees of similarity
and deviation of linguistic variables, and then present the consensus
measure between two linguistic preference relations in group
decision making. Section 4 presents a useful application of the
consensus measure proposed in this paper for evaluating the effect
of multi-attribute group decision making with linguistic information.
Section 5 concludes this paper with remarks.

2. Basic description of group decision making with linguistic
preference relations

For convenience of analysis, some basic concepts and notations
of linguistic terms (linguistic variables) and linguistic preference
relations are needed. They are stated as follows.
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The linguistic approach to group decision making represents
the preference information of decision makers as linguistic values
by way of linguistic variables [67–72].

Let S¼ fsαjα¼ �t;…; �1;0;1;…; tg be a finite and totally
ordered discrete term set, where sα represents a possible value
for a linguistic variable. Specifically, s� t and st are the lower and
upper limits, respectively, and t is a positive integer. For example,
a set of nine terms S could be

S¼ fs�4 ¼ extremely poor, s�3 ¼ very poor; s�2 ¼ poor, s�1 ¼
slightly poor, s0 ¼ fair; s1 ¼ slightly good, s2 ¼ good; s3 ¼ very good,
s4 ¼ extremely goodg.

Furthermore, the following conditions must hold for the
linguistic terms [17,73,74]:

1. The set is ordered: sαZsβ if and only if αZβ.
2. There is a negation operator: negðsaÞ ¼ s�α, specifically,

negðs0Þ ¼ s0.
3. Max operator: maxðsα; sβÞ ¼ sα if sαZsβ .
4. Min operator: minðsα; sβÞ ¼ sα if sαrsβ .

In general, the results of the modeling process for decision
making preference information do not match the elements in S. To
facilitate computation and preserve all the given information, the
discrete term set S is extended to a continuous term set
S ¼ fsαjs�qrsαrsq; αA ½�q; q�g (where qðq4tÞ is a sufficiently
large positive integer) whose elements also meet all the charac-
teristics above [75]. If sαAS, we call sα the original term and α the
original term index; otherwise, we call sα the virtual term and α
the virtual term index. Specifically, the decision maker uses the
original linguistic terms to evaluate alternatives, and the virtual
linguistic terms can only appear in operations.

Given a term set S , for any sα; sβAS , and μ; μ1; μ2A ½0;1�, the
following operational laws hold [64]:

1. sα � sβ ¼ sαþβ;
2. sα � sβ ¼ sβ � sα;
3. μsα ¼ sμα;
4. ðμ1þμ2Þsα ¼ μ1sα � μ2sα;
5. μðsα � sβÞ ¼ μsα � μsβ .

In the following, we present a description of group decision
making with linguistic information.

Let X ¼ fx1; x2;…; xng be a discrete set of alternatives, and
D¼ fd1; d2;…; dmg be the set of decision makers. Let λ¼ ðλ1; λ2;…;

λmÞT be the weight vector of decision makers, where λkZ0;
k¼ 1;2;…;m, and satisfies ∑m

i ¼ 1λk ¼ 1. The decision maker dkAD
compares these alternatives with respect to a single criterion using
the linguistic terms in the set S¼ fsαjα¼ �t;…; �1;0;1;…; tg.
Then the decision maker constructs the preference relation Ak ¼
ðaðkÞij Þn�n, where the value of the elements aðkÞij ðk¼ 1;2;…;mÞ
represents the preference degree of alternative xi over xj. Mean-
while, the following conditions are satisfied for the elements

aðkÞij ðk¼ 1;2;…;mÞ of linguistic preference relation Ak:

s� trakijrst ; akij � akji ¼ a0; akii ¼ 0; k¼ 1;2;…;m:

For this kind of group decision making with linguistic informa-
tion, Xu [64] studied the problem of consensus measure and
established some interesting results. We present the main results
(Theorems 1 and 2 and Definition 1) for group decision making
with linguistic information given by Xu [64] in Appendix A.

In the following sections, we study this group decision making
problem with linguistic preference relations by defining a new
consensus measure.

3. The consensus measure for group decision making with
linguistic preference relations

In this section, based on the linguistic term set in group
decision making, the similarity degree and deviation degree of
any two linguistic variables and the consensus measure between
two linguistic preference relations are defined by using the
concept of possible degree of any two interval values. Further-
more, theoretical studies and numerical results are provided to
show that the consensus measures are effective and suitable for
evaluating the similarity and deviation of any two linguistic
preference relations in group decision making.

Definition 2 (Nakahara et al. [66]). Let A¼ ½a� ; aþ � and
B¼ ½b� ; bþ � be two interval values. The possible degree of an
interval valued A relative to an interval valued B is defined as

PðAZBÞ ¼min 1;max
aþ �b�

ðaþ �a� Þþðbþ �b� Þ;0
� �� �

ð1Þ

PðAZBÞ can be viewed as the possible degree of an interval valued A
greater than interval value B.

Note that there is PðAZBÞaPðBZAÞ.
In general, PðAZBÞ can be viewed as the probability of an

interval valued A greater than an interval valued B and PðBZAÞ
can be viewed as the probability of an interval valued B greater
than an interval valued A. Then we have the following definition.

Definition 3. Let A¼ ½a� ; aþ � and B¼ ½b� ; bþ � be two interval
values. The diversity degree of an interval valued A relative to an
interval valued B is defined as

DAB ¼ jPðAZBÞ �PðBZAÞj

For any interval valued I¼ ½I� ; Iþ �, we define the operator for
I as jIj ¼ Iþ � I� . Then for the intervals valued A¼ ½a� ; aþ � and
B¼ ½b� ; bþ �, we have

DAB ¼ PðAZBÞ �PðBZAÞ ¼ jðA [ BÞ�ðA \ BÞj
jAjþjBj

����
����

Specifically, if A \ Ba∅, then we have

DAB ¼ PðAZBÞ �PðBZAÞ ¼ jb� �a� jþjbþ �aþ j
jaþ �a� jþjbþ �b� j

����
����

So, the formula DAB characterizes the diversity by using the
ratio between the difference region and the union region of A and
B. Furthermore, the following properties are clear.

Property 1. Let A¼ ½a� ; aþ � and B¼ ½b� ; bþ � be two interval values.
There is 0rDABr1. Specifically,

1. A¼ B ) DAB ¼ 0.
2. If aþ ¼ b� ð or bþ ¼ a� Þ or A \ B¼∅, then DAB ¼ 1.

Based on the concept of diversity degree of any two interval
values, we present the similarity degree of any two vectors and
discuss the consensus measure for linguistic preference relations
in group decision making.

We let αðiÞk stand for the ith row vector of linguistic preference

relation Ak ¼ ðakijÞn�n, i.e., α
ðiÞ
k ¼ ðaki1; aki2;…; akinÞ.

Denote

αðiÞ
k ¼min

j
fakijjakijAAkg;

αðiÞ
k ¼max

j
fakijjakijAAkg:
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For any linguistic preference row vector αðiÞk of Ak, the α ðiÞ
k and

α ðiÞ
k , respectively, are the minimum and maximum values given by

the decision maker dkðdkADÞ for the alternative xiðxiAXÞ com-
pared to all the alternatives xjðxjAX; j¼ 1;2;…;nÞ. It is easy to

know that αðiÞ
k rα ðiÞ

k holds. Then we present the concept of
dominance degree between any two linguistic preference row
vectors of the linguistic preference relation Akðk¼ 1;2;…;mÞ.

Definition 4. Let αðiÞk and αðjÞk AAk be two row vectors of the
linguistic preference relation Ak. Then the dominance degree

between αðiÞk and αðjÞk is defined as

PðαðiÞ
k
ZαðjÞ

k
Þ ¼min 1;max

α ðiÞ
k �α ðjÞ

k

ðαðiÞ
k �α ðiÞ

k ÞþðαðjÞ
k �αðjÞ

k Þ
;0

( )( )
: ð2Þ

It is easy to know that the dominance degree PðαðiÞ
k
ZαðjÞ

k
Þ can be

viewed as a dominance degree of linguistic preference vector αðiÞk
dominant to linguistic preference vector αðjÞk . Actually, the defini-
tion of dominance degree PðαðiÞ

k
ZαðjÞ

k
Þ is a natural extension of the

concept of possible degree given in Definitions 2.

Property 2. Let αðiÞk and αðjÞk AAk be two row vectors of the linguistic
preference relation Ak. Then there is

1. 0rPðαðiÞ
k
ZαðjÞ

k
Þr1. Specifically,

(i)
α ðiÞ
k ¼ α ðjÞ

k ) PðαðiÞ
k
ZαðjÞ

k
Þ ¼ 0;

(ii)
α ðjÞ
k ¼ α ðiÞ

k ) PðαðiÞ
k
ZαðjÞ

k
Þ ¼ 1.

2. PðαðiÞ
k
ZαðjÞ

k
Þ ¼ 1�PðαðjÞ

k
ZαðiÞ

k
Þ.

Definition 5. Let αðiÞk ; αðjÞk AAk be two row vectors of the linguistic

preference relation Ak. Then the similarity degree between αðiÞk and

αðjÞk is defined as

ρðαðiÞk ; αðjÞk Þ ¼ 1�jPðαðiÞ
k
ZαðjÞ

k
Þ �PðαðjÞ

k
ZαðiÞ

k
Þj:

Obviously, the smaller the value of ρðαðiÞk ; αðjÞk Þ, the smaller the
similarity degree of the linguistic preference vector αðiÞk and αðjÞk for
the linguistic preference relation Ak.

Property 3. 0rρðαðiÞk ; αðjÞk Þr1.

1. ρðαðiÞk ; αðjÞk Þ ¼ 03PðαðiÞ
k
ZαðjÞ

k
Þ ¼ 1 or PðαðjÞ

k
ZαðiÞ

k
Þ ¼ 1;

2.
ρðαðiÞk ; αðjÞk Þ ¼ 13PðαðiÞ

k
ZαðjÞ

k
Þ ¼ PðαðjÞ

k
ZαðiÞ

k
Þ ¼ 1

2.

From Property 3, we can conclude that the similarity measure
between row vectors αðiÞk and αðjÞk of linguistic preference relation Ak

takes the maximum value 1 when the dominance degree of αðiÞk
that dominates αðjÞk equals the dominance degree of αðjÞk that
dominates αðiÞk . That is to say, there is no difference between the
preference degree of alternative xiðxiAXÞ compared to all alter-
natives of X and the preference degree of alternative xjðxjAXÞ
compared to all alternatives of X given by decision dkðdkADÞ.

Based on the concept of similarity of degree, we define the
deviation degree between any two linguistic preference row
vectors of the linguistic preference relation Ak.

Definition 6. Let αðiÞk ; αðjÞk AAk be two row vectors of the linguistic

preference relation Ak. Then the deviation degree between αðiÞk and

αðjÞk is defined as

dðαðiÞk ; αðjÞk Þ ¼ 1�ρðαðiÞk ; αðjÞk Þ ¼ jPðαðiÞ
k
ZαðjÞ

k
Þ �PðαðjÞ

k
ZαðiÞ

k
Þj:

Property 4. 0rdðαðiÞk ; αðjÞk Þr1.

1. dðαðiÞk ;αðjÞk Þ ¼ 03PðαðiÞ
k
ZαðjÞ

k
Þ ¼ PðαðjÞ

k
ZαðiÞ

k
Þ ¼ 1

2;
2.

dðαðiÞk ;αðjÞk Þ ¼ 13PðαðiÞ
k
ZαðjÞ

k
Þ ¼ 1or PðαðjÞ

k
ZαðiÞ

k
Þ ¼ 1.

Similar to property 3, we also can give the explanation for the

deviation measure between row vector αðiÞk and αðjÞk of linguistic
preference relation Ak.

In fact, for any linguistic preference line vector αðjÞk of Ak, we use

αðjÞ
k ¼min

i
fakijjakijAAkg; and

αðjÞ
k ¼max

i
fakijjakijAAkg

to stand for the minimum and maximum values if the jth line

vector αðjÞk is given by the decision maker dkðdkADÞ for the
alternative xjðxjAXÞ compared to all of the alternatives
xiðxiAX; i¼ 1;2;…;nÞ. Then we also can define the similarity

degree and deviation degree between αðjÞ
k and α ðjÞ

k as well as the
corresponding properties.

In the following, we discuss the similarity degree and deviation
degree between any two linguistic preference relations in group
decision making.

Definition 7. Let A¼ ðaijÞn�n and B¼ ðbijÞn�n be two linguistic
preference relations. We denote αðiÞ ¼ ðai1; ai2;…; ainÞ and
βðiÞ ¼ ðbi1; bi2;…; binÞ as the row vectors of linguistic preference
relation A and B, respectively. Then we define the similarity degree
between A and B as follows:

ρðA;BÞ ¼ 1
n

∑
n

i ¼ 1
ρðαðiÞ; βðiÞÞ: ð3Þ

From the definition of similarity degree of any two linguistic
preference relations, the following conclusion is clear.

Theorem 3. Let A, B and C be any three linguistic preference
relations; then there are

1. 0rρðA;BÞr1;
2. ρðA;BÞ ¼ ρðB;AÞ;
3. ρðA;CÞrρðA;BÞþρðB;CÞ.

Proof. Let αðiÞ ¼ ðai1; ai2;…; ainÞ, βðiÞ ¼ ðbi1; bi2;…; binÞ and γðiÞ ¼ ðci1;
ci2;…; cinÞ be the row vectors of linguistic preference relations A, B
and C, respectively.

1. By Definition 5, there is 0rρðαðiÞ; βðiÞÞr1. Then we have

0¼ 0
n
r1

n
∑
n

i ¼ 1
ρðαðiÞ; βðiÞÞrn

n
¼ 1:

This proves 0rρðA;BÞr1.
2. It can obtained directly by Definitions 4 and 5.
3. For any linguistic preference relations A and B, if there is α i ¼ β i

(or α i ¼ β
i), the conclusion is clear. We will prove the result

for other cases. By Definitions 4 and 5, it can be easily obtained
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that

ρðαðiÞ; βðiÞÞ ¼ 2jα ðiÞ �β ðiÞj
jαðiÞ �αðiÞjþjβ ðiÞ �β ðiÞj

:

Then, there is

ρðαðiÞ; γðiÞÞ ¼ 2jαðiÞ �γ ðiÞj
jα ðiÞ �α ðiÞjþjγ ðiÞ �γ ðiÞj ¼

jα ðiÞ �γ ðiÞj
jα ðiÞ �αðiÞjþjγ ðiÞ �γ ðiÞj

þ jα ðiÞ �γ ðiÞj
jαðiÞ �αðiÞjþjγ ðiÞ �γ ðiÞjr

2jα ðiÞ �γ ðiÞj
jα ðiÞ �α ðiÞjþjγ ðiÞ �γ ðiÞj

þ 2jα ðiÞ �γ ðiÞj
jαðiÞ �αðiÞjþjγ ðiÞ �γ ðiÞjr

2jαðiÞ �β ðiÞj
jα ðiÞ �α ðiÞjþjβ ðiÞ �β ðiÞj

þ 2jβ ðiÞ �γ ðiÞj
jβ ðiÞ �β ðiÞjþjγ ðiÞ �γ ðiÞj

¼ ρðαðiÞ; βðiÞÞþρðβðiÞ; γðiÞÞ:

So, we prove that ρðA;CÞrρðA;BÞþρðB;CÞ holds because of the
arbitrary nature of the linguistic preference relations A, B and C.

This completes the proof. □

Definition 8. Let A¼ ðaijÞn�n and B¼ ðbijÞn�n be two linguistic
preference relations. We define the deviation degree between

A and B as follows:

dðA;BÞ ¼ 1�ρðA;BÞ ¼ 1
n

∑
n

i ¼ 1
dðαðiÞ; βðiÞÞ:

Property 5. Let A and B be any two linguistic preference relations;
then there are

1. 0rdðA;BÞr1;
2. dðA;BÞ ¼ dðB;AÞ.

It is easy to know that the method of defining the dominance
degree PðαðiÞ

k
ZαðjÞ

k
Þ between any two row vectors of a linguistic

preference relation Ak is nonlinear and therefore does not satisfy
the triangle inequality. Although the triangle inequality does not
hold for the deviation degree between any two linguistic pre-
ference relations, this does not affect the results of the application
for consensus measurement of group decision making.

By the definition of the similarity measure of any two linguistic
preference relations in group decision making, we have the
following result.

Theorem 4. Let A1;A2;…;Am be the linguistic preference relation
given by m decision makers dkAD ðk¼ 1;2;…;mÞ, where
Ak ¼ ðaðkÞij Þn�n, a

ðkÞ
ij AS ði; j¼ 1;2;…;nÞ, and

Â ¼ λ1A1 � λ2A2 � ⋯ � λmAm

be the group linguistic preference relation. Then there is

ρðÂ;AkÞZ ∑
m

l ¼ 1
λlρðAl;AkÞ; for all k:

Proof. By the definition of similarity degree of any two linguistic
preference relations, we have

This completes the proof. □

Actually, ρðÂ;AkÞ is the consensus measure between the collec-
tive (group) preference relation and each of the individual pre-
ference relations in group decision making with linguistic
preference information.

ρðÂ;AkÞ ¼ ρðλ1A1 � λ2A2 � ⋯ � λmAm;AkÞ

¼ 1
n

∑
n

i ¼ 1
ρ ∑

m

l ¼ 1
λlα

ðiÞ
l ; αðiÞk

 !

¼ 1
n

∑
n

i ¼ 1
1� Pð∑m

l ¼ 1
λlα

ðiÞ
l
ZαðiÞ

k
Þ �PðαðiÞ

k
Z∑m

l ¼ 1
λlα

ðiÞ
l
Þ

��� ���� �

¼ 1�1
n

∑
n

i ¼ 1
Pð∑m

l ¼ 1λlα
ðiÞ
l
ZαðiÞ

k
Þ �PðαðiÞ

k
Z∑m

l ¼ 1λlα
ðiÞ
l
Þ

��� ���
¼ 1�1

n
∑
n

i ¼ 1
min 1;max

∑m
l ¼ 1λlα

ðiÞ
l �α ðiÞ

k

ð∑m
l ¼ 1λlα

ðiÞ
l �∑m

l ¼ 1λlαl
ðiÞÞþðα ðiÞ

k �α ðiÞ
k Þ

;0

8<
:

9=
;

8<
:

9=
;

������
�min 1;max

αðiÞ
k �∑m

l ¼ 1λlαl
ðiÞ

ðαðiÞ
k �αðiÞ

k Þþð∑m
l ¼ 1λlαl

ðiÞ �∑m
l ¼ 1λlαl

ðiÞÞ
;0

8<
:

9=
;

8<
:

9=
;
������

¼ 1�1
n

∑
n

i ¼ 1
min 1;max

∑m
l ¼ 1λlαl

ðiÞ �∑m
l ¼ 1λlα

ðiÞ
k

ð∑m
l ¼ 1λlαl

ðiÞ �∑m
l ¼ 1λlαl

ðiÞÞþð∑m
l ¼ 1λlα

ðiÞ
k �∑m

l ¼ 1λlα
ðiÞ
k Þ

;0

8<
:

9=
;

8<
:

9=
;

������
�min 1;max

∑m
l ¼ 1λlα

ðiÞ
k �∑m

l ¼ 1λlαl
ðiÞ

ð∑m
l ¼ 1λlα

ðiÞ
k �∑m

l ¼ 1λlα
ðiÞ
k Þþð∑m

l ¼ 1λlαl
ðiÞ �∑m

l ¼ 1λlαl
ðiÞÞ

;0

8<
:

9=
;

8<
:

9=
;
������

Z1�1
n

∑
n

i ¼ 1
∑
m

l ¼ 1
λl PðαðiÞ

l
ZαðiÞ

k
Þ �PðαðiÞ

k
ZαðiÞ

l
Þ

��� ���¼ ∑
m

l ¼ 1
λl�

1
n

∑
n

i ¼ 1
∑
m

l ¼ 1
λl PðαðiÞ

l
ZαðiÞ

k
Þ �PðαðiÞ

k
ZαðiÞ

l
Þ

��� ���
¼ ∑

m

l ¼ 1
λl 1�1

n
∑
n

i ¼ 1
PðαðiÞ

l
ZαðiÞ

k
Þ �PðαðiÞ

k
ZαðiÞ

l
Þ

��� ���
 !

¼ ∑
m

l ¼ 1
λl 1�1

n
∑
n

i ¼ 1
dðαðiÞl ;αðiÞk Þ

 !

¼ ∑
m

l ¼ 1
λlð1�dðAl;AkÞÞ ¼ ∑

m

l ¼ 1
λlρðAl;AkÞ
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Theorem 4 shows that the consensus between the individual
preference relations and collective (group) preference relation is
greater than the weighted similarity degree of a given individual
preference relation with respect to other individual preference
relations in group decision making. Furthermore, the greater the
weighted similarity degree among all the individual preference
relations, the greater the consensus between the collective (group)
preference relation and each of the individual preference relations.

Definition 9. Let A1;A2;…;Am be the linguistic preference relation
given by m decision makers dkADðk¼ 1;2;…;mÞ, where

Ak ¼ ðaðkÞij Þn�n, a
ðkÞ
ij ASði; j¼ 1;2;…;nÞ. Then the acceptable consen-

sus threshold value between the individual preference and the
collective (group) preference relation in group decision making
with linguistic information is defined as follows:

T0 ¼ ∑
m

l ¼ 1
λlρðAl;AkÞ for all k:

Property 6. 0rT0r1.

Generally, compared with the acceptable deviation measure
threshold value αðα¼ 0:15Þ [64], which is determined by the
subjective judgment of the experts and does not have a uniform
numerical formula, here we present an effective expression to
calculate the acceptable consensus threshold value T0.

According to the above analysis and Theorem 4, the following
results are clear.

Corollary 1. Let A1;A2;…;Am, and B be mþ1 linguistic preference
relations, where Ak ¼ ðaðkÞij Þn�n, aðkÞij ASði; j¼ 1;2;…;nÞ, B¼ ðbijÞn�n;

bijAS. Let

Â ¼ λ1A1 � λ2A2 � ⋯ � λmAm: Then

ρðÂ;BÞZmin
k

ρðAk;BÞ:

Proof. From Theorem 4, we have

ρðÂ;BÞZ ∑
m

k ¼ 1
λkð1�dðAk;BÞÞ

¼ ∑
m

k ¼ 1
λkρðAk;BÞZ ∑

m

k ¼ 1
λkmin

k
ρðAk;BÞ

¼min
k

ρðAk;BÞ ∑
m

k ¼ 1
λk ¼min

k
ρðAk;BÞ

This completes the proof. □

Corollary 1 shows that the consensus between the individual
preference and the collective preference is more than the mini-
mum similarity degree of any two individual preference relations
in group decision making. Furthermore, the greater the similarity
degree of any two individual preference relations, the greater the
consensus between the collective preference relation and each of
the individual preference relations. Therefore, this method can
determine crucial issues of conflict and agreement among prefer-
ences of decision-makers, which affects the consensus of group
decision making with linguistic preference relations, and thus we
can improve the calculation of the individual preference, which
has a lower consensus with the collective preference, and obtain
the optimal problem-solving alternative for group decision
making.

Corollary 2. Let A1;A2;…;Am, and B be mþ1 linguistic preference
relations, where Ak ¼ ðaðkÞij Þn�n, aðkÞij ASði; j¼ 1;2;…;nÞ, B¼ ðbijÞn�n;

bijAS. Let

Â ¼ λ1A1 � λ2A2 � ⋯ � λmAm:

If ρðAk;BÞ ¼ 1ðk¼ 1;2;…;mÞ, then

ρðÂ;BÞ ¼ 1:

In order to verify the conclusions about the consensus measure
in practice, consider a group decision making problem with
linguistic preference relations involving an investment decision
for an investment company, as cited in Ref. [64].

Example 1. Suppose an investment company wants to invest
a sum of money in the best option. There is a panel with five
possible alternatives in which to invest the money

1. x1 is a car industry;
2. x2 is a food industry;
3. x3 is a computer industry;
4. x4 is an arms industry;
5. x5 is a TV industry.

One main criterion is growth analysis. There are five decision
makers: dk ðk¼ 1;2;3;4;5Þ. The decision makers compare these
five companies with respect to the growth analysis criterion by
using a linguistic scale

S¼ fs�4 ¼ extremelypoor, s�3 ¼ very poor, s�2 ¼ poor, s�1 ¼
slightly poor; s0 ¼ fair, s1 ¼ slightly good; s2 ¼ good, s3 ¼ very good,
s4 ¼ extremely goodg.

Then they construct their respective linguistic preference
relations.

Suppose that the linguistic preference relation B is given by
a leading decision maker, and the linguistic preference relations
A1, A2, A3 and A4 are given by the other four decision makers. All
five linguistic preference relations are listed as follows:

B¼

s0 s0 s2 s�1 s4
s0 s0 s�1 s0 s3
s�2 s1 s0 s2 s1
s1 s0 s�2 s0 s2
s�4 s�3 s�1 s�2 s0

0
BBBBBB@

1
CCCCCCA

A1 ¼

s0 s4 s4 s4 s4
s�4 s0 s3 s3 s3
s�4 s�3 s0 s2 s2
s�4 s�3 s�2 s0 s1
s�4 s�3 s�2 s�1 s0

0
BBBBBB@

1
CCCCCCA

A2 ¼

s0 s1 s2 s0 s4
s�1 s0 s�1 s0 s0
s�2 s1 s0 s�1 s3
s0 s0 s1 s0 s1
s�4 s0 s�3 s�1 s0

0
BBBBBB@

1
CCCCCCA

A3 ¼

s0 s0 s3 s1 s3
s0 s0 s�2 s2 s2
s�3 s2 s0 s1 s1
s�1 s�2 s�1 s0 s�1

s�3 s�2 s�1 s1 s0

0
BBBBBB@

1
CCCCCCA

A4 ¼

s0 s�4 s�4 s�4 s�4

s4 s0 s�3 s�3 s�3

s4 s3 s0 s�2 s�2

s4 s3 s2 s0 s�1

s4 s3 s2 s1 s0

0
BBBBBB@

1
CCCCCCA
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From Definition 7, we can calculate the consensus between the
preference relation B given by the leading decision maker and
each of the individual preference relations Ak ðk¼ 1;2;3;4Þ given
by other four decision makers as follows:

ρðA1;BÞ ¼ 0:817;

ρðA2;BÞ ¼ 0:719;

ρðA3;BÞ ¼ 0:811;

ρðA4;BÞ ¼ 0:52:

Without loss of generality, we take λ1 ¼ λ2 ¼ λ3 ¼ λ4 ¼ 1
4 ; then

the collective linguistic preference relation of A1, A2, A3 and A4 is
calculated as follows:

Â ¼

s0 s0:25 s1:25 s0:25 s1:75
s�0:25 s0 s�0:75 s0:5 s0:5
s�1:25 s0:75 s0 s0 s1
s�0:25 s�0:5 s0 s0 s0
s�1:75 s�0:5 s�1 s0 s0

0
BBBBBB@

1
CCCCCCA

From Definition 7, we have

ρðÂ;BÞ ¼ 0:768Z0:716

¼ 0:817þ0:719þ0:811þ0:52
4

¼ T0:

This is the conclusion of Theorem 4.
Furthermore, there is

ρðÂ;BÞ ¼ 0:768Z0:52¼minf0:817;0:719;0:811;0:52g:
This is the conclusion of Corollary 1.
By the calculated result, we know that the fourth preference

relation A4 has the lowest consensus 0.52 (0:52oT0 ¼ 0:716) with
the collective preference relation (given by the leading decision
maker) B. So, the method can obtain a higher degree of consensus
between the collective preference relation and the individual
preference relations by improving its calculation of the preference
of the decision maker d4.

4. Application of the consensus measure for multi-attribute
group decision making with linguistic information

Recently, evaluating the effect of multi-attribute group decision
making has become an important research topic [76,77]. There are
a variety of group decision making problems in real world
situations. Although many different decision analysis methods
have been used to deal with the same group decision making
problem, these methods usually cannot get consistent decision
results. Even if the same decision analysis method is used to deal
with the same group decision making problem, decision results
still vary with different weights of the attributes or the decision
makers during each decision making process. Therefore, effective
decision making indices are required to evaluate the results of
group decision making.

In this section, based on the existing multi-attribute group
decision making with linguistic information, the concept of the
similarity degree of any two linguistic preference relations given in
Section 3 was applied to evaluate the consensus degree of the
individual overall preference values with respect to the collective
overall preference values in multi-attribute group decision making
with linguistic information.

We firstly give the description of multi-attribute group decision
making with linguistic information.

Let X ¼ fx1; x2;…; xng be a discrete set of alternatives,
G¼ fG1;G2;…;Gmg be the set of attributes, ω¼ fω1;ω2;…;ωmgT be

the weight vector of attributes where ωjZ0;∑m
j ¼ 1ωj ¼ 1. Let

D¼ fd1; d2;…; dlg be the set of decision makers, and λ¼ ðλ1;
λ2;…; λlÞT be the weight vector of decision makers, where
λkZ0; k¼ 1;2;…; l, and satisfies ∑l

i ¼ 1λk ¼ 1. The decision maker
dkAD compares these alternatives with respect to all the attri-
butes G by the linguistic terms in the set S¼ fsαjα¼ �t;…;

�1;0;1;…; tg. Then the decision makers construct the decision

matrices A¼ fA1;A2;…;Alg, and Ak ¼ ðaðkÞij Þn�m, 1rkr l;

1r irn; 1r jrm, where the value of the elements aðkÞij ðk¼ 1;

2;…; lÞ represents the preference degree of alternative xiAX with
respect to the attribute GjAG.

We then present the definition of consensus degree between
the individual overall preference values with respect to the
collective overall preference values in multi-attribute group deci-
sion making with linguistic information.

Definition 10. For a given multi-attribute group decision making
process with linguistic information, suppose that X ¼ fx1; x2;…; xng
is the set of alternatives, 1r irn, dki are the individual overall
preference values given by decision maker dk for each of the
alternatives xi, and Gi is the collective overall preference values for
each of the alternatives xi. Then the consensus of the individual
overall preference values given by the decision maker
dkðk¼ 1;2;…; lÞ with respect to the collective overall preference
values is defined as

Ck ¼ 1�jPðdik ZGiÞ �PðGi rdikÞ
j:

It is easy to know that both dk
i and Gi are the n-dimension

column vector. Denote

d
i
k ¼maxfdikji¼ 1;2…;ng;

di
k ¼minfdikji¼ 1;2…;ng;

G
i ¼maxfGiji¼ 1;2…;ng;

Gi ¼minfGiji¼ 1;2…;ng:
Then, we have

Pðdik ZGiÞ ¼min 1;max
d
i
k�Gi

ðdi
k�di

kÞþðGi�GiÞ

8<
:

9=
;

8<
:

9=
;

Example 2. We select the example used by Refs. [77,78] to
illuminate the concept of consistency. Table 1 presents the
individual overall preference values and the collective overall
preference values which take the form of term indices.

From Table 1, we have

di1 ¼ ð4;354 4:354 4:522 3:486ÞT ;

Gi ¼ ð3:831 3:944 4:656 3:358ÞT :
Thus, we have

d
i
1 ¼ 4:522; di

1 ¼ 3:486;

G
i ¼ 4:656; Gi ¼ 3:358:

Then the consensus degree between the individual overall
preference values of decision maker d1 and the collective overall
preference values G can be calculated as follows:

C1 ¼ 1�jPðdi1 ZGiÞ �PðGi rdi1Þ
j ¼ 1�j0:501�0:499j ¼ 0:998:

Property 7. 0rCkr1; 1rkr l.
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The consensus of the individual overall preference values given
by the decision maker dk with respect to the collective overall
preference values depends closely on the value of Ck. Moreover,
the closer Ck is to 0, the poorer the consensus; conversely, the
closer Ck is to 1, the better the consensus.

In particular, if Ck ¼ 1, the individual overall preference values
given by the decision maker dk can be said to be in consensus with
respect to the collective overall preference values, i.e., for any
xiAX, there is d

i
k�di

k ¼ G
i�Gi.

In the following, we present the definition of weighted consensus
degree among of all the decision makers for a multi-attribute group
decision making process with linguistic information.

Definition 11. In a given multi-attribute group decision making
with linguistic information, the total consensus C is defined as

C ¼ ∑
l

k ¼ 1
λkCk:

Note that 0rCr1 holds.
Finally, in order to illuminate the effectiveness of the consensus

measure proposed in this paper, we use two typical examples of
multi-attribute group decision making with linguistic information,
based on Refs. [73,77,78]. We also compare the proposed method
with the existing methods to show its practicality and effectiveness.

Example 3. Consider the multi-attribute group decision making
process with linguistic information given by Refs. [73,78]. Ref. [77]
presents the weights of all decision makers, the collective overall
preference values and the individual overall preference values (see
Tables 1–4).

The results of the consensus degree in the example given by
Refs. [78,73] are calculated by the proposed method in this paper,
and the method of Ref. [77] is shown in detail, in Tables 5 and 6,
respectively.

From Table 5, the consensus degree in the example given in Ref.
[78], as calculated by the proposed method in this paper, is as
follows:

C14C24C3:

The results in the example, as calculated by the method of Ref.
[77], are as follows:

C24C1 ¼ C3:

Similarly, from Table 6, the consensus degree in the example
given in Ref. [73], as calculated by the method proposed in this
paper, are as follows:

C24C34C1:

The results in the example, as calculated by the method of Ref.
[77], are as follows:

C14C2 ¼ C3:

Compared to the results of the method given by Ref. [77], the
method proposed in this paper provided more differentiated
information for a given multi-attribute group decision making
process with linguistic information. Therefore, there is more
practicality and effectiveness of the proposed consensus measure
in realistic situations. Thus, the proposed consensus measure
could be helpful for selecting the aggregation operators in
dynamic or interactive group decision-making problems.

5. Conclusion and further remarks

As is well known, approaches to group decision making with
linguistic preference relations are widely studied both in theore-
tical and application aspects. This paper presents a new method
for the consensus measure between individual preference rela-
tions and the collective (group) preference relation of group
decision making with linguistic preference relations. Moreover,
we also give a tentative application of the consensus measure for
multi-attribute group decision making with linguistic information.
The main points include the following two aspects.

The idea of the definition for the consensus measure proposed in
this paper is based on the dominance degree among different

Table 1
The individual overall preference values and the collective overall preference values
given by Refs. [77,78].

Alternatives d1 d2 d3 Group

x1 4.354 3.820 4.020 3.831
x2 4.354 3.850 4.010 3.944
x3 4.522 4.570 5.090 4.656
x4 3.486 3.560 3.330 3.358

Table 2
The weights of decision makers given by Refs. [77,78].

d1 d2 d3

0.4 0.3 0.3

Table 3
The individual overall preference values and the collective overall preference values
are given by Refs. [73,77].

Alternatives d1 d2 d3 Group

x1 1.867 2.5624 2.173 2.2011
x2 0.9015 0.9447 0.565 0.8037
x3 2.6899 2.44 2.0962 2.4087
x4 1.0216 �0.0769 0.0889 0.3446

Table 4
The weights of decision makers given by Refs. [73,77].

d1 d2 d3

1/3 1/3 1/3

Table 5
The results of consensus degree in the example given in Ref. [78] by the proposed
method and the method of Ref. [77], respectively.

Consistency Def. 10 Ref. [77]

C1 0.998 0.9176
C2 0.95 1
C3 0.868 0.9176
C 0.9446 0.9417

Table 6
The results of consensus degree in the example given in Ref. [73] by the proposed
method and the method of Ref. [77], respectively.

Consistency Def. 10 Ref. [77]

C1 0.7824 0.9375
C2 0.943 0.875
C3 0.8814 0.875
C 0.8689 0.8958
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decision-makers (experts) in group d1; d2;…; dm for any alternative
xiAX compared to the other alternatives xjAX ðj¼ 1;2;…;nÞ with
linguistic information. The method can help to measure the con-
sensus between the collective (group) preference relation and each of
the individual preference relations in group decision making with
linguistic preference relations. Meanwhile, we apply the method to
discuss a kind of group decision making problem with linguistic
preference relations discussed in [64] and obtain conclusions similar
to those given by Xu [64]. The results show that the method of
consensus measurement proposed in this paper is valid. Moreover,
we establish a uniform formula to calculate the acceptable consensus
threshold value T0 for the group decision making problem. This is the
first contribution of the present paper.

Another main contribution of the present paper is to provide a
new way of evaluating the consensus degree of the individual overall
preference values with respect to the collective overall preference
values in multi-attribute group decision making with linguistic
information. The effectiveness of the proposed method has been
shown by comparing the existing results given by Ref. [77].

The proposed method can be extended to other types of
preference relations in a similar way. It will be interesting to use
the proposed consensus method to investigate the decision sup-
port model for group decision making with preference relations.
Future research should focus on the dynamic or interactive group
decision making problem by combining the proposed consensus
method and the existing results.
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Appendix A. The main results of group decision making with
linguistic preference relations in Ref. [64]

Theorem 1 (Xu [64]). Let A1;A2;…;Am be the linguistic preference
relation given by m decision makers dkADðk¼ 1;2;…;mÞ, where
Ak ¼ ðaðkÞij Þn�n, a

ðkÞ
ij ASði; j¼ 1;2;…;nÞ. Then

Â ¼ λ1A1 � λ2A2 � ⋯ � λmAm

is the group linguistic preference relation Â ¼ ðâijÞn�n and satisfies the
following conditions:

s� tr âk
ijrst ; âk

ij � âk
ji ¼ â0; âk

ii ¼ 0; k¼ 1;2;…;m:

In the following, we present the existing approach to measure
deviation in group decision making with linguistic preference
relations.

In Ref. [64], Xu defines the deviation measure and similarity
measure between two linguistic preference relations in group
decision making as follows.

Definition 1 (Xu [64]). Let A¼ ðaijÞn�n and B¼ ðbijÞn�n be two
linguistic preference relations; then the deviation degree between
A and B is defined as follows:

dðA;BÞ ¼ 1
n2 ∑

n

i ¼ 1
∑
n

j ¼ 1
dðaij; bijÞ;

where

dðaij; bijÞ ¼
jIðaijÞ� IðbijÞj

2t
:

This measure takes into account the difference in degree of
preference for alternative xi over xj in each of the linguistic
preference relations of group decision making. Based on Definition 1,
the relationship between any two linguistic preference relations and
any linguistic preference relations with the weighted combination of
all given linguistic preference relations are represented as follows:

Theorem 2 (Xu [64]). Let A1;A2;…;Am be the linguistic preference
relation given by m decision makers dkðk¼ 1;2;…;mÞ, and
A ¼ λ1A1 � λ2A2 � ⋯ � λmAm be their group linguistic preference
relation. Then

dðA;AkÞrmax
k

dðAl;AkÞ for all k:
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